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PREFACE. 


Though there are several works m our language that 
treat of detached parts of mechanics m a clear and 
comprehensive manner, there is no single treatise m 
which the entire subject of rational mechanics, in all 
its bearings and generality, is brought before the reader 
The consequence of this has been, that the Mechmique 
of Poisson is the work which is now m the hands of 
all who propose to acquire such a knowledge of the 
principles of mechanics as may qualify and enable 
them to extend their reading to the more abstruse 
works of Laplace, LaGiange, and also of Poisson him- 
self The object of the present translation is to render 
this treatise of Poisson more accessible to the English 
reader 

As several analytic operations and integrations arc 
taken for granted by the author, it has been suggested 
that the work would be still more easily understood, 
if the most difficult of these operations wore given m 
detail in the form of notes appended to the end of each 
volume It is hkcly the experienced reader may con- 
sider many of them to be superiluous, but as the object 
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of the translator was to render this woik accessible to 
the English student, whose acquaintance with the higher 
branches of the calculus was not so extensive as the 
author takes for granted, he trusts he will not be 
deemed unnecessarily diffuse if he has insisted in the 
notes more at length on several points, than the ac- 
complished reader may consider to be necessary 
The translator did not venture to make any change 
in the text, though m some few cases the author ap- 
pears to have fallen into mistake , see Nos 390 and 
607 He also retained the numerical coefficient which 
is given by the author for the dilatation of gas, which it 
appears from the experiments of Rudberg, ought to be 
00,364, instead of 00,375, see Scientific Memoirs, No 7 
The reader, however, will find all these points adverted 
to in the corresponding notes 
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INTRODUCTION. 


That which can affect our senses in any manner whatever, 
is termed matter . 

Bodies are such portions of matter as are bounded in 
every direction ; they must consequently have a determinate 
form and volume . By the mass of a body, is understood the 
quantity of matter of which it is composed. 

A material point is a body infinitely small in all its di- ^ 
mensions , s o that the lengt h of every line comprised in its 
interior, is infinitely small, that is to say, less than any as- 
signable length. A body of finite dimensions may be con- 
sidered as an aggregate of an infinite number of material 
points, and its mass as the sum of all their infinitely small 
masses. 

2. A body is in motion , when this body, or its parts, 
occupy successively different places in space. But space 
being indefinite and every where the same, we can only judge 
of the state of rest or motion of a body, by comparing it, 
either with other bodies, or with ourselves; and on this 
account, all the motions which we observe are necessarily 
relative motions. 

All bodies are moveable ; but matter never moves sponta- 
neously, for there i s noj^ason why a material point should move y 
in one direction rather than in another , and m fact, if we con- 
sider a body at the instant it passes from a state of rest to 
a state of motion, we may always observe, that this change 
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is owing to the action of an extraneous cause, i. e. of one 
without which we may conceive that this body may exist. 

Any cause which excites motion in a body, or which only 
tends to excite it, when its effect is interrupted or prevented 
by any other cause, is called force 

3 When several forces are applied at once to the same 
body, they modify each other's effects, in virtue of the con- 
nexion that exists between its parts, and which hinders them 
from assuming the motion, that the force to which it is sub- 
jected, tends to impress on each of them. It may happen, 
that these forces completely destroy each other’s effects, so 
that the body does not move at all , this particular state of 
the moveable body is termed equilibrium, in which the body 
remains at rest, though solicited by several forces, or m other 
words, the forces are said to constitute an equilibrium , 

Mechanics is the science which treats of the equilibrium 
and motion of bodies The part of which the object is, in 
general, to discover the conditions of equilibrium, is called 
statics . The part of which the object is to determine the 
motion which a body assumes, when the forces which are 
applied to it do not constitute an equilibrium, is called 
dynamics . 

As geometers have succeeded, as will be hereafter shewn, 
in all questions relating to motion to mere problems 

of equilibmm, the natural mode of proceeding would be to 
treat first of statics, and then to enter on the consideration of 
dynamics ; but in order to facilitate the understanding of the 
subject, it seems preferable, in a treatise designed for instruc- 
tion, to direct our attention to the elementary and simple 
parts of dynamics, before we enter on the consideration of the 
general questions of equilibrium. This is the order which 
will be pursued in the following treatise. 

4. In the case of a force acting on a material point, there 
are always three things to he considered, namely, the position 
of th is point, the intensity of the force, and its direction., that 
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is, the rectilineal space which it tends to cause to be described 
at its point of application Nevertheless, we must not sup- 
pose that a material point is the same with what is called a 
point m geometry, where this term denotes the extremity of 
a line, or the intersection of two lines which cut each other , 
neither is the space which a material point describes a line 
having only one dimension; but as this body is infinitely 
small m every direction, and as the breadth and thickness of 
the space, which the force tends to make it describe, are also 
infinitely small, the position and direction of this force can be 
determined in the same manner, as the position and direction 
of a right line aTe determined in geometry. 

Thus, the position of the point of application of a force in 
space, will be determined, in general, by means of its thiee 
coordinates parallel to the intersections of three rectangular 
planes ; and this will not leave any ambiguity with respect to 
the direction, when we take into account both the sign and 
magnitude of each coordinate. Sometimes also polar coordi- 
nates are employed , these are the radius vector of the given 
point, or its distance from the origin, the angle this radius 
makes with a fixed line drawn through the ongm, and the 
angle comprised between a plane passing through these lines, 
and a fixed plane passmg through the second. 

5. In order to measure forces, it is necessary to take some 
known force as unit, and then to express m numbers the rela- 
tions of the other forces to this unit , this requires that we 
Should precisely define what is meant when one force is said to 
be equal to another, double, triple, or quadruple .... of another, 
independently altogether of the particular nature of these differ- 
ent causes of motion. 

Two forces are said to be equal , when being applied m 
opposite directions to the same material point, or to two 
points connected by a right line, which is of an invariable 
length, they constitute an equilibrium. 

If, after having recognized that two forces are equal, we 
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apply them in the same direction to the same point* we shall 
have a double force ; if we combine in this manner three equal 
forces, we shall have a triple force ; if we combine four, we 
shall have a quadruple force , and so on. 

When, therefore, we say that a force applied to a material 
point is a certain multiple of another force, we understand 
that the first may be considered as made 'up of a cer tain 
number of forces respectively equal to the second, and acting 
m the same direction. It is by considering them in this 
manner, that forces can be regarded, whatever their particular 
nature may be, as quantities susceptible of being measured, 
which may, therefore, be expressed in numbers, like every 
other description of quantity, by referring them to the unit of 
their species. We may likewise represent their intensities by 
lines proportional to these numbers, which lines we lay off in 
their several directions, commencing at their respective points 
of application; one advantage effected by this is, that me- 
chanical theorems may be stated with great simplicity. 

6 . The points of application, and the intensities of forces, 
being thus determined, it only remains to shew how their 
directions are ascertained. 

Let m (fig. 1 ) be the point of application of a force, and 
let its direction be represented by the line md, in which case 
this force tends to cause the point m to move from m to d ; 
through the point m, conceive three rectangular axes ma, 
mb, Me, to be drawn, these will be, in general, parallel to the 
axes of the coordinates, and in the direction of the positive 
coordinates ; let a, /3, 7 , be the obtuse or acute angles which 
the direction md makes with these axes, so that 

AMD r: a, BMD r: /3, cmd — y ; 

this direction will he completely determined, when these three 
angles are given. 

In feet, if we only consider the two angles a and B, the 
line md must exist at the same time on two right cones, of 
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which the common summit is m, and of which the respective 
axes are ma and mb. Therefore it is necessary that a and j3 
should be such that these two cones may intersect; this 
will have place in the direction of two lines, drawn from M, 
situated in the same plane perpendicular to the plane amb, 
and which will make with the axis mc, two angles that are 
supplements the one of the other. Therefore the line md 
may have also two different positions, but as the angle y is 
also given, we know whether it is acute or obtuse, and we 
can select between these two positions that which answers to 
the direction of the force. This construction also shews, that* 
the three angles a, /3, y, cannot be arbitrarily taken. In fact, ' 
there exists between the cosines of the angles which the same 
right line md makes with three rectangular axes, the equation 

cos 2 a + cos 2 j3 + cos 2 y zi 1 , (1) 

which can be demonstrated by taking on md, reckoning from 
the point m, a line equal to unity, and then forming a rec- 
tangular parallelopiped, of which this line is the diagonal, and 
of which the three adjacent sides lie on the three axes ma,mb, 
mc. These three sides will be the cosines of the angles a, /3, 7 ; 
and as by a known theorem, the sum of their squares must 
be equal to the square of the diagonal, there results the equa- 
tion which has been stated above. 

7. In this treatise, the division of the circumference into 
360°, of the degree into 60 minutes, and of the minute into 
60 seconds, will be adopted. The letter tt will be constantly 
employed to represent the semicircumference of which the 
radius is equal to unity, so that we shall have 

7 r zzz 3,1415926 .... 

The fourth part of the circumference corresponds to aj 
right angle, or to the angle 324000 // (a), hence it follows, that 
the length of an arc corresponding to an angle, containing 1 
any number such as n of seconds, will be the fourth term of a _ 
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proportion, of which the three first terms are Jir n and 32400", 
and denoting this length by o> there will result(5) 

n 

" = 206264,8...* 

The logarithm, in the common system, of this constant divi- 
sor is 

5,3144251. 

i In numerical calculations, the arcs computed in this man- 
I ner ought to he employed in place of angles, which will not be 
[comprised under the trigonometric signs sin, cos, tang. 

In order that we may he able, hy means of the angles 
a > j3> y, to represent the direction of a force in all possible 
positions about its pomt of application, it is only necessary 
that they bejeckoned, from zero up to 180° inclusively. If, for 
example, the axis mc lies above the plane of the two other 
4xes ma and mb, the angle y will be less or greater than 90°, 
according as the right line md exists above or below this 
plane : it will be zero when the direction md coincides with MC, 
and equal to 180°, when md coincides with mc' the production 
of mc. The cosines of a, j3, and y, may therefore be positive 
or negative ; hut their sines will he always positive, because 
these angles never exceed 180°. 

In general, if we consider md' the production of any line 
md, in the opposite direction, it is evident that the angles 
which it makes with the three axes axe the supplements of 
it, (3, y. Therefore if we make 

a.md' —a/, BMd' = / 3 ', CMD' = y', 
we shall have 

cos a'zz — cos a, cos | 3 ' = — cos (3, cos y' — — cosy; 

hence it follows that the directions of two forces which act in 
opposite directions on the same point m, the one along md and 
" the other, along md', are distinguished from each other, by the 
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signs of the cosines of the angles which respectively correspond 
to them. 

8. In place of three angles a, |3, y, connected together hy 
equation (1), we may only employ two angles, perfectly in- w + 
<lej>endcnt w of each other, to determine the direction of a force 
In fact, let me he the projection of md on the plane amb, 
and let 8 he the angle which this projection makes with the 
axis mca, so that we have ame = 8. When the angle 8 is 
given, it will make known the position of the plane cme, and 
then the angle y will completely determine the position of 
the line md comprised m this plane. It is necessary that the 
angle 8 should be reckoned from ma in a definite direction, 
which may extend from zero to 360°; the angle y, as was 
before stated, is comprised between the limits zero and 180°. 
The projection of the diagonal of the parallelopiped, ad- 
verted to in No. 6, on the plane amb, will be the cosine of 
the angle dme, or equal to sin y If we project a second 
time this projection on the axis ma, this second projection is 
equal to first multiplied by cos 8 , moreover it coincides with 
the projection of the diagonal of the parallelopiped on this 
same axis ma, and consequently will be equal to cos a; there- 
fore wo shall have 

cos a = sm y. cos 8. 

In like manner we shall have 

cos /3 = sm y. sin 8. 

These two formulae will enable us to transform the equa- 
tions in which the angles a, /3, y, are made use of, into others 
in which we only employ y and 8* It is easy to perceive 
that they satisfy equation (1). 

9. There exists another equation that comprises equa- 
tion (1) as a particular case, and which will be frequently 
useful. 

In order to obtain it, let x , &, he the three coordinates 

of any point M (fig 2) referred to the thiee rectangular axes 
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oar, oy, o z. Let r denote its radius vector om, and a, |3, y, the 
acute or obtuse angles which this radius makes ■with the three 
axes, so that, for example, we may have 

com =: y. 

If from the point m a perpendicular mn be let fall on the 
axis ox, the right line on will be the ordinate z, and in the 
right angled triangle mon we shall have 
z = r . cos y , 

in like manner there results 

y — r.cos/3, x = r. cos a. 

Let m' be another point and let as', y\ r', a', (3', y', be 
respectively its coordinates, its radius vector, and the angles, 
relatively to this line ; we shall have 

x‘ — i ' cos a', y‘ — r'. cos (3', z‘ — r'. cos y'. 

Let m denote the distance mm', then we have the known 
relation 

u 2 = (x 1 - x) 2 + (y' — yf + (z‘ — z) 2 , 
and if e denote the angle mom', we shall have at the same 

tfrinA r 

u 2 — r 2 +• r 12 — 2rr'. cos s, 

in the triangle of which r, r ', and u are the three sides. 
Because 

a* +y 2 + 2 s = r 2 , x' 2 +y 12 + z^zzr' 2 , 

the first value of u 2 is the same thing as 

w* = r* 4-r' 2 — 2(araf + yy‘ + **0 » 
by comparing it with the second, we obtain 
rr‘. cos £ = xx 1 + yy' + *#'> 

and if in this equation, we substitute the preceding values of 
x,y,z, x' y' , z', there will result 

v cose= cosa.cosa' + eos/3. cos/3' + cosy. cosy'} (2) 

which it was proposed to find out. 
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When the two lines om and om / coincide, the angles 
a',[3 / ,y / , are the same as a, |3,y, and this formula is reduced to 
equation (1), When these two right lines are at right angles 
to each other, we have c = 90°, and consequently 

cos a cos q! + cos )3. cos /3' + cos y .cosy' = 0. 

n' By substituting in the values of x 9 y 9 z 9 those of cos a, 
cos j3, which have been found in the preceding number, we 
shall have 

f xzz r. smy.cos §, j/ = r.siny smS, « = r cosy; ^ 

m which formulae, the three variables r, y, 3, are the three 4 
polar coordinates of the point m, such as they have been de- 
fined in No. 4, and which will consequently enable us to 
transform rectangular into polar coordinates 

10 The consideration of projections which were made use 
of in No. 8, will be frequently adverted to in this treatise, it 
will therefore be useful here to explain their first principles. 

The projection of a right line on another right line, is the 
part of the latter which is comprised between two perpendi- 
culars let fall from the two extremities of the projected lme 
on the other Thus, the diffeiences x ' — x 9 y r — y 9 z ' — z 9 
of the extreme coordinates are the projections of the same 
right line mm 7 on the axes of x 9 y 9 z , and, from the first ex- 
pression which is given above for w 2 , it follows, that the sum 
of the squares of the projections of the same right lme, on 
three rectangular axes, is equal to the square of this right 
line If the projected line, and the lme on which it is pro- 
jected, exist in the same plane, the projection is equal and 
parallel to the base of a right angled triangle, of which the 
projected line is the hypothenuse, so that if l represents the 
length of this line, X that of its projection, and i the angle con- 
tained by these two right lmes, we shall have 

X =: l . cos u 

The projection of a plane surface on another plane, is the 

c 
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part of this plane which is terminated by the projection of 
the outline of the projected surface, that is to say, by the 
curve formed by perpendiculars let fall from all the points of 
this outline. Now the preceding equation likewise obtains, 
if m place of Z, the area of the projected surface be substituted, 
and m place of X, the area of its projection, i being then the 
inclination of one plane upon the other, which is evidently 
equal to the angle contained by the two perpendiculars to 
these planes. 

In fact, if the area of the projected surface be divided into 
a number of indefinitely small elements P^IBgud ^nlar to 
intersection, of its plaice with that on which the projection 
is made ; the projection of each element will be equal to this 
element multiplied by the cosine of their mutual inclination , 
consequently as this inclination is the same and equal to i foi 
all the elements, the sum of their projections or X, will be 
equal to their sum, or to the entire aiea l, multiplied by 
; cos *■ Efeftce it follows, that the squaie of the area of a 
plane surface, is equal to the sum of the squares of its pro- 
jections on three rectangular planes , this follows fiom equa- 
I tion (1), and from considering that the inclination on each 
1 plane is the angle which a normal to the given surface makes 
* with the perpendiculars to this plane(c). 

1 L When in a question, we consider a system of parallel 
forces, we may suppose that one of the three rectangular axes 
ma, MB, MC, (fig. 1) is also parallel to them. Then two of 
the three angles a, /3, y, the two last, for instance, will be 
right angles for all these forces , and the equation (1) will be 
reduced to 

cos 2 a = 1 j 

hence it follows that a = 0 or 180°. 

In this manner, the direction of each force will be deter- 
mined by stating, that it makes with the axis ma an angle, 
which either vanishes or is equal to 180°, but in this parti- 
cular case, it will be simpler to determine this direction by the 
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sign of the force, those forces which act in one direction being 
considered as positive, while those which act in an opposite 
direction are regarded as negative. 

In fine, the case of parallel forces will be the only one m 
which forces are considered as ^osjJive^nA negative , in all 
other cases, the quantities which represent the magnitudes of 
forces are considered in computations as pgsitiy§ ; and the 
variation of the sign will fall on the cosines of the angles 
which their directions make with fixed axes. 

12. What precedes respects the preliminary definitions and 
details that are required for determining the magnitudes and 
directions of forces, but as the method of infinitely small 
quantities will be exclusively adopted in the following treatise, 
it is necessary to advert to in this introduction, the principle# 
of the infinitesimal analysis, and among the formulae which are 
immediately deducible from them, to enumerate those which 
will be useful in the sequel. 

An infinitely small quantity is a magnitude iag&jhan any 
other given magnitude of the sa me nature. 

When we consider the successive variations of a magnitude 
subject to the law of continuity, the notion of infinitely small 
quantities is necessarily suggested Thus, time increases by 
degrees less than any assignable interval, however small. 
The spaces traversed by the different points of a body, like- 
wise increase by infinitely small quantities; for each point 
cannot go from one position to another, without traversing 
all the intermediate positions, and we cannot assign a distance, 
as small as we please, between two consecutive positions. There- 
fore, infinitely small quantities have a real existence, and are 
not to be considered as merely a means of investigation de- 
vised by geometers. 

An infinitely small quantity may be double, triple, qua- 
druple .... of another, and between such quantities any relations 
may exist, the deteimination of which is an essential object 
of the infinitesimal analysis. 
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If a and b be infinitely small quantities, and if the ratio 
of a to & be also infinitely small, b is what is termed an infi- 
nitely small quantity of the second order* For example, the 
chord of an arc of a circle being supposed infinitely small, the 
versed sine of the same arc is an infinitely small quantity of 
the second order, because the ratio of the versed sine to the 
chord is always the same as that of the chord to the diameter, 
and consequently becomes infinitely small at the same time as 
the second ratio. In like manner, if b be an infinitely small 
quantity of the second order, and if we suppose the ratio of 
c to b to he an infinitely small quantity of the first order, 
c will be an infinitely small quantity of the third order, and 
so on. Hence it follows, that a product composed of a num- 
ber n of infinitely small factors of the first order, must he 
ranged in the class of infinitely small quantities of the order 
it. The area of a surface infinitely small in all its dimensions, 
is at least an infinitely small quantity of the second order ; 
for it is less than the square of the longest line which can he 
drawn from one point to another of its outline, which is by 
hypothesis an infinitely small quantity. Likewise it is evi- 
dent, that a volume of which all the dimensions are infinitely 
small, is at least an infinitely small quantity of the third 
order, for it is less than the cube of the longest line drawn 
from one point to another of its superficies. 

This being premised, the fundamental principle of the infi- 
nitesimal calculus consists in this, that two finite quantities, 
which only differ from each other by an infinitely small 
quantity, must be considered as equal, since we cannot assign 
any inequality between them, however small. This is also 
true with respect to two infinitely small quantities of the first 
order, of which the difference is an infinitely small quantity of 
the second order, and in general two infinitely small quantities 
- of any order whatever, which only differ from each other by 
/ an infinitely small quantity of a higher order, may be con- 
sidered as quantities rigorously equal, and their ratio as equal 
to unity. 
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These principles may be expressed in a different manner, 
by stating that in a calculation we are permitted to neglect, 
without any apprehension of altering the results, either infi- / 
mtely small quantities added to finite quantities, or infinitely 
small quantities of any order, which are added to those of an 
inferior order. 

13. dx 9 the differential of an independent variable #, is an 
infinitely small increment ascribed to this variable ; dy the 
differential of y a function of x 9 is the corresponding increment 
of this function, reduced to the same order of magnitude as 
that of the independent variable, by the suppression of infi- 
nitely small quantities of a higher order , hence it follows, 
that this differential dy is always of the form xdx , x being 
another function of x . It may happen, that for some parti-i 
cular values of x , the differential coefficient x becomes infi- 
nite, which will render the differential x dx ind eterminate ; | 
but this case will not occur in mechanics. Let fx be 
a given function of a?, c a constant arbitrary, and f x + c ' 
the complete, or indefinite integral of fxdx. Let also a and b 
be two given constants. If the constant c be determined in 
such a manner, that this mtegral may be nothing, or com- 
mence when cc=: a 9 and if then x be assumed equal to 6, the 
result f b — f a will be what is termed the definite integral, 
taken between the hmits xzza and xzzb. We shall denote 


y 


it by agreeably to the very commodious notation 

proposed by Fourier; consequently, we shall have 



If we assign to x an infinite number of values, increasing 
successively from a to 6 by infinitely small differences, and if 
these differences (whether equaTor unequal) be assumed as the 
values of dx, it is easy to shew that the sum of all the values 
of the differential fxdx will be equal to the definite integral 
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Fi — pa. In fact, if infinitely small quantities of an order 
higher than the first, be neglected, we have by the definition of 
the differential 

p (# + dx) — zr fxdx . 

Therefore if 8 X , S 2 , 8 3 , . . . 8 nj denote an infinite number of 
infinitely small quantities, such that 

$i + $2 "I" ^3 + • • • * + 8» = b —*a , 
and if we take successively for x and dx, the pairs of values 
cc and §i> cl - 1 - Si and S 2 , cl -f- Si -J- $2 &nd 83 , . • . . * & — 8 n_ x 
and 8 tt , there will result 

* (fl 4" $ 1 ) — pa zr^/aSx, 

* (« + Si + s 2 ) - F (a + 80 =/(a + 8,) S 2 , 

* (« + «j + 8* + S 3 ) - r (a + 8x + S 2 ) =/(a + ^ + 8*)^, 


f 6- F(6-8„)=/(i_g n )g n> 
the sum of these equations is 

pi - pa=z^8 x +/(a + 8 X ) 8 2 +/ (a + 8 X + 8 2 ) .8 3 
+f(p — Sn) 8 W , 

which expresses the theorem, that was proposed to be proved. 

When the function^ becomes infinite, between the two 
limits a and i, this demonstration does not obtain, and the 
theorem feds. In this case of exception, which wdl not occur 
in this treatise, the definite integral has no connexion with 
the sum of the values of the differential, and it may be ne- 
gative when all these values are positive, or positive when 
they 9$e all negative. In order then to make this theorem 
^obtain, we should take care, that does not become infinite 
between # = a and xzzb, by causing the variable x to pass 
from the first to the second of these limits, through a series of 
imaginary values (d). 

The preceding theorem may be extended without difficulty 
to multiple integrals. Thus for example, if f(x,y) be a given 
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function of two independent variables x and y, and if we 
assign to these variables successively, series of values in- 
creasing by infinitely small differences, and if at the same 
time we assume the differences between the consecutive values 
of x to be equal to dx, and those of the consecutive values of 
y to be equal to dy , the sum of all the values oif{x, y) dxdy , 


will be the integral dxdy, taken between suitable 


limits. 

When the function fx contains a quantity a that has 
been considered as constant during the course of the integration, 


the value of the integral ^ fxdx will be itself a function of a 

Questions occur, in which this integral not being known in a 
finite form, it will be nevertheless necessary to determine \ts dif- 
ferential with respect to a.> Now, in this operation, two dif- 
ferent cases present themselves, according as the limits a and 
b are independent of a, or depend on it in some way In the 
first case, it will be sufficient to difference fx with respect to a, 
under the sign $, so that we shall have 


d 


Z fxdx 

da 



In fact, it follows from the theorem of the preceding num- 
ber, that the first member of this equation is the differential 
coefficient with respect to a of the sum of the values of fxdx 4. 
comprised between xz=.aaa.&x—b , while the second member 
is the sum of the values between the same limits, of the <Kif- ' 
ferential coefficient of fedoo taken relatively to a, anil it is 
evident, that these two sums are identically the same. In 
the second case, when a becomes a + da, the limit b becomes 

b + ~da, and on this account, the sum of the values of fodx, 
da 

or the integral ^fxdx is increased hy the value oifedx, 
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which answers to x^Jk and dx — ^r.*fa, ^at * s sa y> 

fb — dal at the same time, the limit a is changed into 
J da 

a 4- — da, this diminishes this integral by the value of fxdx, 
da 

dec * det - 

correspondmg to x zz <x and dx zz da , or of fa da > there- 


fore, on account of the simultaneous variation of the two limits 
a and b 9 produced by that of a, the integral will be increased 
by the differential 



and its differential coefficient with respect to a, by this coeffi- 
cient of da « Consequently, by adding it to the second mem- 
ber of the preceding equation, we shall have 




for the complete value of the differential coefficient 



When a does not occur in fx 9 if this quantity be one of the 
two limits b or a 9 and if these two limits do not depend the 
one on the other, this expression will be reduced to 



= — M 


which is, otherwise, evident of itself. 

Similar remarks are applicable to multiple integrals, of 
which the differential coefficients with respect to a quantity 
which m the first instance is considered as constant, may like- 
wise be obtained, by differentiating under the signs of mte- 
- gration, and by adding to the result the terms which depend 
on the variations of the limits, when they are functions of this 
quantity considered as variable 
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15. The integral calculus furnishes rules which enable us 
to determine either exactly, or by approximation, the nume- 
rical values of definite integrals, whether simple 01 multiple ; 
so that a problem is considered to be resolved, when we are 
enabled to express the unknown quantities by integrals of this 
nature. The problem is then said to be reduced to quad ) a- 
tw e$ 9 because on the one hand, a multiple integral is nothing 
else than a simple integral several times repeated, and also 

because on the other, an integral such as ^fxdx may always 


he represented by a square equal to the area of the plane curve, 
in which x and fa are the coordinates of any point whatever, 
and a and b the abscissae of the extreme points. 

Among the different formulae which are in use for deter- 
mining the approximate values of this integral ^fadx, we 
will cite the following, in which it is assumed that the functions 

fa and do not become infinite between the limits a and b. 
ax - 

Retaining the preceding notation, and moreover making 


dfx 

dx 




<Pfx 

dx % 


zzfx", &c 




If the differences S 19 S 2 , S 3 , &e. are not infinitely small, 
hut only very small, -when they are all equal and represented 
respectively by 8, we shall have by Taylor’s theorem 

p (a + 8) = ra +§/a + i&fa + &c. 
r(a + 28) = r(a+S) + 8/(« + 8) + } 8 2 /'(a 4- 3) + &c. 
f (ci 38) — p (cc -f* 28) 8 f (a 4» 2 8) *f" i (d -j- 28) + &c. 


f (a + nS) = v (a + (»$ — 8)) + §/(® + nS—8) 

+ /'(a + «S — 8) + &c. 

Therefoie, if we suppose w8 = b — a, we shall have, by 
taking the sum of these equations, 


n 
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Fj - ra = 8. (a + tS) + \ 8 a . Sf ( a +t8) 

-f i 8 3 2 /". (a + iS) + &c. 

* being an integer number or cypher, and the characteristics 
S denoting the sums which extend to the n values of i, taken 
between i — 0 and i — n — 1 . If we assume ,/S? and/e', fx' 
and fx", &c. successively, in place of fx and fx, we shall 
likewise have 

fb —fa — 8 Sf(a + * 8 ) + -J 8 2 2 f‘ ( a + i 8 ) + &c., 
fb —fa=z 82/' (a + 18 ) + Sec. 

This being established, if we wish to neglect powers of 
8 higher than the square, in the value of vb — Fa, we can, by 
means of the preceding equations, assume 

P 2 2/'(a + iS) = i§(fb -fa) - W(fb -fa), 

} 8 3 2 /' (a + * 8 ) = * 8 * (fb -fa), 

for the values of its two last terms ; its entire value will con- 
sequently become 

Fb-Fa- 82 /( 0 + 18 ) + 4 8 (fb -fa) - & 8 2 (fb -fa), 
or which is the same thing(e), 

fyxdx = 8 [\fa +f(a + 8) + f(a + 28) 

. . . . + f(a + «8 - 8 ) + i/&] - -JfcS® (fb -fa). 

This formula will be more exact according as the differ- 
ence S, or i (6 — a), is less, and as the values of fx vary less 

rapidly between the limits a and b. For the most part we 
can neglect the term depending on S 2 ; the formula will then 
only contain the values of fx, which may be given in num- 
bers, although, the form of this function is not known 

16 In the theory of infinitely small quantities, curves are 
treated as polygons? which consist of an infinite number of 
infinitely small sides. This implies that the chord of an in- 
finitely small arc is equal to this arc, or that we can assume 
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the ratio of their respective lengths to be equal to unity ; 
which can be plainly demonstrated in the following manner. 
Let umm'u' (fig. 3) be an infinitely small arc of a curve, let 
the chords m m 9 mm', m' m', be drawn, and let the third be 
produced to meet mt the production of the firsts in a point K. 
The arc mm/ is greater than the chord Mm', and less than the 
line mk + Km ' , therefore, if we prove that this line and this 
chord, when infinitely small, differ only by an infinitely small 
quantity of a hig her order, and that consequently we can 
assume their ratio to be equal to unity, it will follow d, fortiori , 
that the ratio of the arc mm' to its chord, is that of equality. 
Now if in the arc yimm' m 7 , there does not exist any singular 
point in which the direction of the curve changes abruptly, 
chords drawn from one of its points to two other will contain 
an angle differing from two right angles by an infinitely small 
quantity. Consequently the angle tkml' the supplement of 
mkm' will be an infinitely small quantity, denoting it by 8, 
and moreover, making, 

mk zz a, m'K = b, mm' zz c> 
we shall have in the triangle mKm', the equation 
c 2 zi a 2, + i> 2 4- 2 ab cos 8, 


which can be converted into 

c 2 = ( a +■ by — 4aZ>.sin 2 £ 8, 
(because cos 8 = 1 — 2 sin 2 ^ 

Consequently we shall have 

c 2 , 4 ab 


(a+by 




[a+b)‘ 


3. sin a |8. 


which expresses the square of the ratio of the chord mm' to the 
line mk 4 - k m*. Moreover as 

4 ab __ . __ r a — b \ z 

(a + 6) 2 ™’ \a+bJ 9 

it follows that the coefficient of sin 2 JS, can never become in- 
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finite, 'because it is always less than unity. Therefore, if we 
neglect infinitely small quantities of the second order, the 
ratio of c to a + b will be always expressed by unity. 

17. Considering a curve as an infinitesimal polygon, the 
tangents will be the productions of the infinitely small sides , 
at the point m, where the side is n, the tangent will be the 
indefinite line t'mmt. If sc, y, *, denote the three rectangu- 
lar coordinates of the point M, those of the pomt m will be 
x 4- doc,-, v + dy, z + dz. If ds denotes the element of the 
curve, i. e. its side ism, the differentials dx, dy, dz, will be its 
projections on the axes of x,y,z\ consequently, if a, fr y. 
be the three angles which the direction of the fine mt makes 
with lines parallel to these axes respectively, drawn throug 
the point M, we have 


dx M r._dy 
COia= ds’ C0S P-ds’ 


dz 

c°sy = ^, 


( 1 ) 


•r 


and likewise at the same time, 

dx 1 4- dy 2 + dz 1 = ds 2 . 

Assuming on the curve cmwsjw'm' a fixed point c, and 
supposing that s denotes the arc cm reckoned from this origin, 
this arc can be considered as the independent variable , con- 
sequently y, *, will be given functions of depending on 
the equations of the curve. In this case, ds will be positive, 
but dx, dy, dz, and consequently cos a, cos 0, cos y, may be 
either positive or negative. The angles a, 0, y, always refer to 
mT the production of the side mjm, or to the part mjbt of the 
tangent, the angles relatively to the other part mt' will be the 
supplements of «, 0, y, (No. 7.) As the direction of the 
tangent at the point me is determined by equations (1), we can 
deduce from them also the equation of the normal plane at 
this same point ; but this equation may be directly obtained 
in the fofiowmgjnaniier. Let h denote the radius of a sphere, 
the centre of which is at the point M, its equation will be 

{x' - a) 2 + [y' - yf + (*' - z? - 
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# 7 j y'> z 'i denoting the coordinates at the other extremity of 
the radius k. The equation of the sphere having the same 
radius, and of which the centre is at the point m, may he 
deduced from this, by substituting x + dx, y + dy, z + dz , 
in place of x,y,z, and if we subtract one of these equations 
from the other, we shall have, by neglecting infinitely small 
quantities of the second oxder( v / 7 ), 

(aZ-r- x)dx + (y' — y)dy+(. z ' — z ) dz — 0; 
which is the equation for the intersection of two spherical 
surfaces. As it is the equation of a plane of which x\ y', 
are the coordinates, it will be that of the plane of this curve, 
and consequently the required equation of the normal plane, 
because the intersection of these two spheres is a circle per- 
pendicular to the line jx' which passes through their centres M 

and m. . - 

If we divide this equation by ds, and then substitute for 

dxdy_dz their values ^ en by equ ation (1), it will become 
ds* ds’ ds 

<y _ x) cos « + (j/' - y) cos /3 + (z' - «) cos y = 0. 
Therefore if 

a(x‘ — x) + b C y 1 — y) + c (z' — z) 0, 

represents the equation of a plane drawn through a point of 
which the coordinates are x, y,z, and. perpendicular to the 
line of which the direction is determined hy the angles a, (3, y, 
it must coincide with the preceding; this requires that we 

should have 

a —h.co&a, b-h cos0, c-h cosy, 
h being an indeterminate factor. Moreover from equation (1) 
of No. 6, we can infer 

a* + + c* = A 3 ; 

hy means of which we aie enabled to determine the V#h» of 
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k in every particular, with the exception of the sign. Hence 
then there results 

CL r\ b 0 /ffi\ 

COSa=£, cos /3=p COSy=^; (2) 

which coincides with those known formulae hy means of which 
the direction of a perpendicular to a given plane can he de- 
termined. The reason why the sign of A is undetermined, is 
' because the plane has two sides, and the angles a, (3, y, may 
"f refer to this line considered indifferently as existing on one 
side or the other. 

18. The angle of contact is the indefinitely small angle 
“f contained between two consecutive tangents. Thus if mj» 
and mm’ (fig. 4) be consecutive sides of the curve, this angle 
at the point m is the supplement of wimm', or the angle 
imt, made by the tangent Tint and the consecutive one mm't. 
If we denote it by §, and suppose that the angles a, (3, y, 
refer always to the direction of mt , and if a', (3', f, denote 
what they become with respect to the direction of mt, we 
shall have in virtue of equation (2) of No. 9, 

sin* 8=1 — (cos a cos a' + cos /3 cos J3' + cos y cos y') 2 . 

Likewise by Taylor’s theorem we have 

cos a 1 = cos a + d.cos a + | .cZ* cosa + &c., 
cos (3' = cos/3 +d. cos/3 +^.d*c*s/3 + &c., 

COS y / = COS y + d.cosy cosy + &C. 

Now, if we substitute these values in those of sin 2 8» and if 
we take into account the equation 

cos* a + cos 2 /3 + cos 2 y = 1, 
and its differential 

coSa.d.cOSa 4- cos/3.d.cos/3 4*c°Sy*d.cosy.= 0, 

it is apparent that the finite quantities, and also the infinitely 
small quantities of the first order mutually destroy each other, 
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hence, therefore, if we neglect infinitely small quantities of 
a higher order than the second, we shall have 

sin 2 8 = — (cos o d 2 . cos « + cos /3d 3 . cos /3 + cos yd 2 .cos 7) ; 

(9) 

Moreover, if the preceding equation be differentiated, we 
shall obtain 

cos ad 2 cos a + cos [3d 2 , cos /3 + cos yd 2 , cos y 
4- (d. cos a) 2 + (d. cos /3) 2 4- (d . cos y) 2 = 0 , 

hence the preceding value of sm 2 8 will become 

sin 2 8 =. (d. cos a)* 4* (d. cos J3) 2 + (d, cos y) a , 

and this will be also the value of § 2 , because the infinitely 
small arc is equal to its sine. 

The differentials of cos a, cos /3, cos y, may be deduced 
from formulae (1) of the preceding number. For if the in- 
dependent variable be not specified, we shall have 

ds 2 cPx — dx.dscPs 
<fc0Sa = d? ’ 

and as we have 

ds 2 zr. dx 2 + dy 1 + dz 2 , 
dscPs z z dx (Pcc + dy cPy + dz cFz, 

consequently there results(A) 

d.cosa = (dyd^—dxd^y) (dz(Px — dv<Pz ) ; 
and in like manner 

d.cos J3 = ^ (dsdfy — dycPx) 4- ^ (dzdfy — dyd 2 «) t 

d.cos 7 = ^j( dxd*z—dzcPz ) + ^ (d^/d 2 * — d«d a j/) , 

now, if we take the sums of the squares of these three vari- 
ables, after some reductions, we shall find that the expression 
for sin 2 8 or 8 2 may be exhibited under the form(«) 
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^=. ~ [(dxd*y — dyd 3 xY + (dzd/x — dxd^zf 
+ (dyd*s — d/sd^f ] . 

The osculating circle is that which has two consecutive 
sides common with the curve, consequently at the point m, this 
circle is that which passes through the three points M,m, m', 
therefore the centre is at o the intersection of two perpendi- 
culars to Mm and mm' in the plane of these two consecutive 
elements raised at their points of bisection, and its radius is the 
right line mo. If these two elements be supposed to be 
equal j this line will bisect the angle umm' •, and we may 
assume this to be the case, without any apprehension that the 
value of mo will be altered , for it is easy to be assured that 
the numerical ratio of the two infinitely small sides mm and mm/ 
can only affect the magnitude of this radius by an infinitely 
small quantity, and it is consequently the same, whether the 
two consecutive sides be assumed to be equal or unequal. 
Denoting the length of the sides m m by ds, and that of the 
radius mo by p, the projection of p on urn will be \ds ; so 
that we shall have 

%ds = p.cosMJKO ; 

and because this angle Mmo is half the supplement of S, or 
equal to there will result 

\ds = p sin = Jpg, 

the arc being substituted in place of its sine. 

This being established, if the value of the radius of cur- 
vature was known in any other manner, we would have 

8 =*, 

P 

for the value of the angle of contact ; and conversely, from the 
preceding value ofS 2 , which has been given above, there would 
result that of p 

^ ds 3 

P [$xd 2 y~dyd?x) 2 ^{d%d?x — dxd 2 zy^{dyd 2 % — dzd z y )*] * 
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19. In order to have a complete knowledge of the nature of 
the curve at any point m, its osculating plane should be also 
determined, that is, the plane of the two consecutive sides m m 
and mm'. If this plane passes through the point m, its equa- 
tion may be represented by 

k(x'— a?)+B(y / — y) +c(s'— z) = 0j / 

y', being any coordinates -whatever, and because it must 
pass through the points m and m J , the first and second differ- 
entials of this equation, namely, 

Kdx' 4 - -ady' + c dz' — 0 , 
h.d l x' + b d 2 y' 4 c d 2 z' — 0, 

must be satisfied like the equation itself, by making x' = x, 
y'zzy, z' — z , so that we shall have 

A.dx 4" mdy 4 “ cdz — 0, A; ' ^ y) 
A.d 2 x 4- b d 2 y 4- c d 2 z = 0. 

The values of a, b, c, which satisfy these two conditions, 
are, as may be easily verified(A), 

c = d (dxd-y — dyd 2 x), 

B = d (dzd 3 x — dxd 2 z ), 

* a sc n { dyd 2 z — dzd 2 y ) , 

d being an indeterminate factor. By substituting them in the 
equation of the osculating plane, and then suppressing the 
factor which is common to all its terms, it becomes 

[z ' — z) (dxd 2 y — dyd 2 x) 4 m (y'—y) ( dzd % x — dxd 2 z ) 

4- (x' — x) (dyd 3 z — dzd 3 y) — 0. 

Naming X,ju, v, the angles that the normal to the osculating 
plane makes with the parallels to the axes of x, y, z. , drawn 
through the point m, we shall have by means of equations ( 2 ) 
of No. 17, 

» * , v , 4 t 4®" f 

/ { p* d 1 
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cos X = i (dyd'z — dzd?y), 
cos jul = ^ ( dzd 2 x — dxd 2 z), 
cos v = ^ (dscd 2 */ — dyd 2 x), 


( 3 ) 


J 


A 2 denoting the sum of the squares of the three numerators 
The infini tely small angle contained between two conse- 
cutive normals, which is the angle between two consecutive 
osculating planes, can be determined in the same manner as 
the angle between two tangents has been already determined. 
If we denote it by s, by a method similar to that employed in 
the preceding number, we shall have 

e 2 = (d . cos X) 2 + ( d cos y) 2 + (d . cos v) 2 . 

20. As the centre of curvature exists at the same time op. 
j the osculating plane, and on the intersection of two conse- 
cutive normal planes, we are enabled to determine its coordi- 
nates by means of the equations of these three planes, which 
now we can consider as known. 

The equation of the normal plane at m being (No. 17) 


( x ' — x) dx 4- (y'— y) dy + («'— z ) dz = o, 

that of the consecutive plane may be deduced from it, by sub- 
stituting x + dx 9 y + dy, z + dz, m place of x,y,z, conse- 
quently, the differential of the equation of the first of these , 
^ two planes taken with respect to x , y, z, namely, 

A *** ( x ' — x) $x 4- (y'~- y) d 2 y + (z'—, d 2 z = ds 2 9 


will be that of their intersection. 

From these two equations, we infer(Z) 

(x 1 — x) (dxd 2 y — dyd 2 x) zz [z'— z) {dyd 2 z — dzd 2 y) — d#*dy 9 
{y* — y) (dyd 2 x — dxd 2 y) = (z / — z) [dxd 2 z — dzd 2 x) — ds 2 dx ; 

and by means of the equation of the osculating plane, there 
results 
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z'~-z~~ [ dy ( dyd*z — dzd*y) — dx (dzd?x — dxd 2 z)~\ , 

CIS 

p denoting, in order to abridge, the same expression as in 
No, 18 We can obtain in the same manner 

y'-y-£\dx (dxd 2 y - dyd*x) - dz ( dyd?z - dzd'y )] , 

x'-x'=£ [dz (dzd 3 x - dxd 3 z) - dy {dxd*y - dyd*x )~\ ; 

as 

hence the three coordinates x^y'^z', of o the centre of the 
curve may be known, and, consequently, the direction of the 
curvature of which the radius of the osculating circle only de- 
termines the magnitude. If the squares of these values of 
x ' — x , y f — y> z* — z , be added together, we shall obtain, 
after all reductions^), 

(x'— x)* + O' - yf + (*' - Z Y — f> 2 > 

hence it follows that the quantity p is the distance of the point 
o from the point m, or the radius of curvature Mo, as we know 
from other considerations. 

*f ~\ 21 The formulae given in the five preceding numbers, 
! contam every thing which respects the direction and curvature 
* of any liuc 9 either of single or double curvature. With 
respect to any surface , we have also to consider its cur- 
vature, and the direction of the tangential plane. As to 
the curvature, the reader will find it fully discussed in the 
twenty-first volume of the Journal of the Polytechnic School, 
so that here we shall only concern ourselves with what res- 
pects the tangential plane and normal. At the point m, of 
which the coordinates are x , y, the equation of the tangen- 

tial plane may be represented by 

a (a;'- x) +*(y' - y) + c(z'- z) , 

wheie x'^y^z', are indeterminate coordinates. This plane 
must pass through m' another point of the surface infinitely 
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near to m, consequently tins equation must be satisfied by 
making x'~ x + dx, y* zzy 4- dy, z* ~ z + dz , or, its differ- 
ential taken relatively to x', y', z', must be tiue, when x , y, z, 
are substituted in place of these variables. Therefore we shall 
have 

h.dx -k b dy 4 - c dz = 0. 

The equation of the surface being 
dz~pdx + qdy, 

in which p and q are known functions of x , y, z , the pieceding 
becomes 

(a + pc) dx + (b + qc) dy zz 0 ; 

and as it must obtain for every direction which the line mm 
can assume, and consequently for every relation which can 
subsist between dx and dy, the coefficients of each of these 
differentials must be separately equal to cypher, hence results 

A 4-^C — 0, B + qC = 0. 

If the values of a and b be deduced from these equations, 
and if they be then substituted in the equation of the tangen- 
tial plane, we shall have 

z — p (V-a) -q(y'-y)zi 0. 

If a, b, c, denote the angles, which the normal at the point 
m, makes with the productions of jhe_coordinates x , y, z 9 we 
shall have by means of the equations (2) of No. 17, 


cos a = — 


cos b zz — 


cos c ss a 


V i + 

g 

V I + p 2 + s' 2 ’ 

l 


( 4 ) 


V 1 + p 2 4- f 

The radical "will be positive or negative in these three foi« 
mulse, according as the part of the normal in question makes 
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an acute or obtuse angle c with the line drawn through the 
the point m, in the positive direction of z. If co represents the 
element of the surface, of which the projection on the plane 
of x and y is dxdy> we shall have - 


dxdy — ± co cos c, 


according as c is acute or obtuse , for this element, which is 
infini tely small m every direction, lies in the tangential plane, 
of which the angle c, or its supplement, is the inclination to 
the plane passmg through x and y ; and the theorem of No. 
10 is true also m the case of the projection of an infinitely 
small plane surface. Consequently from what has been just 
established, we have 


== dxdy V 1 +.P 2 



the sign of the radical bemg always considered as positive. 
l be a given function of jz, y , z, and if 


If 


L = 0, 


represents the equation of the surface, which we have con- 
sidered, we shall obtain, by differentiating it successively 
with respect to x and y 


di, , c£l . 


dx 


(ii , dh . 
dv ® dz ~ 


If the values of p and q be determined by means of thesv 
equations, and then substituted in the equation of the tan- 
gential plane, it will assume the form 


+(y/ “ y) Si +( *'“ z ^Tz ~ °* 


dy 


in 


At the same tune, formulae (4) become 

dh , dh „ dh 

COSa = V 3P COsb = V d^’ C0SC ~ V ^’ 
which equations, foi the sake of abndging, we put 


( 5 ) 
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22 We shall here make a remark that will be useful in 
verifying and in deducing from one another, formulae which 
refer to different axes. 

Suppose that in any question all things were alike with 
respect to the three axes of the coordinates #, y, z. If an equa- 
tion x = 0, obtains with respect to the axis of x 9 a similar 
one y = 0 will have place for the axis of y 9 and likewise a 
third z=0, for the axis of z , and these two last equations 
Y = 0, z=0, may be inferred from xzz 0, by simple changes 
of the letters a?, y 9 z. The following is the manner m which 
these permutations are effected. 

In x let all quantities relative to the axis of a?, be substi- 
tuted in place of the corresponding quantities which respect 
the axis of y, then substitute these quantities instead of those 
which respect the axis of z , and finally, these last in place of 
the first, which respect the axis of x. By this mutual per- 
mutation z is deduced from x , by a second permutation of 
the same nature effected on z, we shall obtain y, and by a 
third permutation effected on y, we shall light on the first 
equation x For example, if these operations were instituted 
on equations (3) of No 19, of which the first respects the 
axis of #, the second the axis of y , and the third the axis 
of z, let the coordinates x , y, z, and the angles X, / u, v, which 
correspond to them respectively, be written down in the same 
line, but distributed into two classes , then m a second line 
let these six quantities be also arranged into two classes, but 
in a different order, so that we may have 

#3 z 9 X, fi } v ; 

This being done, in the first equation (3), let each of the 
quantities of the superior line be replaced by a corresponding 
quantity m the inferior line , it is evident that by this permu- 
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tation no change is produced in h , and the third equation (3) 
will be obtained. If now m this last, the quantities of the 
inferior line be substituted in place of those which correspond 
to them in the superior line, the second equation (3) will be 
given ; and by operating m the same manner on this equation, 
we shall arrive at the first equation (3), from which we set out. 

Each of these operations implies a change in the axes of 
the coordinates, in which we first make the axes of % and of y 
revolve in their plane, in such a manner that the axis of the 
positive xs may fall on the axis of the positive ys, then this 
last on the axis of the negative xs, and afterwards this axis 
of the positive ys thus displaced, and the axis of the positive 
zs are made to revolve in such a manner, that the first may 
fall on the axis of the positive zs, and this last on the primi- 
tive axis of the positive xs ; so that, finally, each axis of the 
positive coordinates takes the place of another axis of the 
positive coordinates. It is on this account, that the equations 
relative to the three axes of the coordinates may be inferred 
the one from the other, by simple permutations of letters, and 
without any change of sign, which would not be the case 
unless the three coordinates, and the quantities which relate 
to them, were changed simultaneously, in the manner which 
has been pointed out. 

23. As the following general observation is of frequent oc- 
currence, it will be useful to advert to it here, at the conclusion 
of this introduction. The equations which will come under 
our observation will frequently contain abstract numbers, 
such as the number ir, logarithms, trigonometrical lines, &c ; 
they will also contain other quantities of different natures, 
which will likewise be represented by numbers expressing 
their ratio to different units arbitrarily selected , however each 
unit must be the same for all quantities of the same species# 
But, if the magnitude of one or more of these units be changed, 
the numbers which express corresponding quantities* “will be 
changed in the inverse ratio of this magnitude ; notwithstand- 
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ing, however, this change, which is entirely arbitrary, the 
equations in which they occur must still subsist For this 
purpose, it is necessary that their form should satisfy certain 
conditions, which may be easily verified in each particular 
case, and which, in the most extended acceptation, may be 
termed the conditions of the homogeneity of quantities Every 
equation that does not satisfy these, will, on this sole account, 
be inaccurate, and ought to be rejected. 

Thus if v denotes a given function, and if 

F iff • • . • I, l ', • • • • ? * * * * ) = 0 » ( a ) 

in which equation f,f, . . . . denote forces, 1,1 ') .... lines, m, m', 
.... masses, t, t', ... times, then if n, n‘, n", n'", .... represent 
abstract numbers, and if, at the same time, we diminish the 
unit of force m the ratio of one to n, the linear unit in the 
ratio of one to n', the unit of mass in the ratio of one to n", 
the uni t of time in the ratio of one to n"', the numbers^,/ 7 , .... 

l,V, . . . . m, m', . . . t, f , .... will become nf, nf, n'l, 

n'l', n"m, n"m ri“t, n"'t and the equation (a) 

must still obtain, that is to say, we must still have 

p (nf nf , .... n'l, n'l ', .... n"m, n"m ', .... n"'t, n'"t ....) = 0, 

whatever may the magnitudes of n, n', n", n'". If the equation 
(a) contains the surfaces s, s', . . . . and the volumes v, v ', . . . 
their dimensions must be referred to the same unit as the lines 
l, l ', . . . . , and these quantities will consequently become n^s, 
n a s ', . . . n n v, w'V, .... by the change of this unit. 

The equation of No. 18, which gives the value of p, evi- 
dently satisfies this condition , for it only contains finite lines, 
or infinitely small quantities, p, ds, dx, dy, dz, <Px, dhj, cPz; and 
when the linear unit is changed, and each of the lines is mul- 
tiplied, in the manner pointed out, by the same number n', 
this numbei disappears, and so the equation will not be changed. 
The equation in the same number which expresses the value 
of S 3 , also satisfies the condition of homogeneity, since 8 s is 
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an abstract number which like this value does not change ^ 
with the magnitude of the linear unit. It will be impossible M 
for equation (a) to contain only one quantity of the same* 
species, when it contains but two, for example two forces 
/and/, if it be resolved with respect to one of them, we 
we shall have j s 

~ F (/ l) ly • • • Wl) W / 5 • • • • • *)j j 

it is necessary in order to secure the homogeneity of these quan- 1 
titles, that /should be a common factor to all the terms of the - 
new function f, or m other words, we must have 


/= N/, 

N bemg a factor which does not contain any quantity of the j 
same nature as / and /, nor vary with the unit of force. 
Sometimes the principle of the homogeneity of quantities will 
appear not to have place, when there is taken for the unit of 
force, one of the forces which are considered in the question, 
or for the linear unit, the distance between two of the mate- 
rial points to which the question refers , or for the unit of 
mass that of one of the bodies of the problem, &c But, then, 
if these units be arbitrarily changed, and it the force, the line, 
the mass, and time, which have been m the fiist place taken 
for units, be now expressed by <£, X, /x, 0, the other quantities 
of these different species which occur in the equation (d) will 

i f f IV mm 1 t f 

become ~~ , ■, . * . . ir ■, ... .77, nj • • • • j we must 

<p </> A A fJL fJL 0 0 

therefore have 



which equation may be written 

i?i j • » « » z, i , « • • • fi) ^ , . . • • 0, ty t , . . . .) » o, 

and this should now satisfy the condition of homogeneity 
T] indicates here a function which, m each case, may be de- 
duced from the given function f 

f 
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CHAPTER I 

OF THE COMPOSITION AND EQUILIBRIUM OF FORCES 
APPLIED TO THE SAME POINT. 

24. When a material point is subjected to the simultaneous 
action of several forces which do not constitute an equilibrium, 
it moves m some determinate direction, and this motion with 
which the point is actuated, may be ascribed to an unique 
force acting in this direction. This force is termed the re- 
sultant of the forces which produce motion in the moveable, 
and these last are called the components of the first. If the re- 
sultant be applied to the point in a direction directly opposite 
to that in which it acts, it will constitute an equilibrium with 
the components, because it tends to impress on the moveable a 
motion equal and opposite to that which it would receive from 
the simultaneous action of the components, and there is no 
reason consequently why it should move in one direction(a) 
rather than m the other. If all the components act in the 
same direction and along the same right line, it follows from 
what has been stated in No. 5, about the measure of forces, 
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that the resultant is equal to their sum. If the point is so- 
licited by two forces directly opposed to each other, and if 
the greater be resolved into two others, of which one is equal 
to the less, this last will be destroyed, and what remains, 
namely, the excess of the greater above the less, will be the 
resultant From these two propositions it follows, that if 
there be any number of components, of which some act in the 
direction of the same right line, and others in the opposite 
direction, the resultant will be equal to the sum of those 
which act in one direction, minus the sum of those which act 
in the opposite direction, and it will act in the direction of 
the greater sum. When the two sums are equal, the resultant 
is cypher, and the given forces constitute an equilibrium. 

24. There is also another case in which the magnitude and 
direction of the resultant may be very easily determined. 

Let ma, mb, mc, (fig. 5 ), be the directions of three equal 
forces applied to the point m, if these forces exist in the same 
plane, and if the three angles amb, bmc, cma, axe respec- 
tively equal to each other, or each to 120° , the point m will 
remain in equilibrio , for there is no reason why it should de- 
viate from the plane in which the three forces act, nor why it 
should move in one rather than in another of these three 
angles. Consequently, each of the three forces will be equal 
and opposite to the resultant of the other two. Now, if on 
the directions ma and mb of two of the forces, the equal lines 
mg and mh be taken to represent their intensities, and if the 
rhombus gmhk be completed, the diagonal mk will fall on 
md the production of mc , the angle mgk will be 60°, as will 
also be each of the other angles of the same triangle, which 
will be equilateral ; hence we shall have mk n mg , conse- 
quently mk, the diagonal of the rhombus constructed on the 
two forces mg and mh, represents the resultant of these two 
forces in magnitude and direction. 

This proposition is contained in another, which we now 
proceed to demonstrate in the case of two equal forces, the 
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directions of which make any angle whatever with each other, and 
which we shall afterwards extend to the case of unequal forces. 

\26>) The resultant of two equal forces always divides the 
angle comprised between their directions into two equal parts ; 
for there is no reason why it should be nearer to one of these 
two forces than to the other, nor why its direction should de- 
viate from their plane on one side, rather than on the other ; 
therefore, as its direction is known, it is only necessary for us 
to determine its magnitude. 

For this purpose, let ma and mb (fig 6) be the directions 
of the components, and let p denote their common value. 
Likewise let the angle amb be represented by 2a?, and let md 
be the direction of the resultant, so that we may have amd 
= bmd = x. Its intensity depends solely on the quantities P 
and x ; therefore, if it be denoted by r, we shall have 

r=/(p, x). 

In this equation, r and p are the only quantities of which) 
the numerical expression varies with the unit of force ; by the! 
principle of the homogeneity of quantities (No. 23), the func- 
tion f(i ?, x) must therefore be of the form Hence we - 

have 

R rr v$x ; 

and the question is reduced to the determination of the form 
of the function (f)X. 

For this purpose, let the four lines ma', ma", mb', mb", 
be drawn arbitrarily through the point m, so that the four 
angles a 7 ma, a /7 ma,b 7 mb,b /7 mb, maybe equal to each other, 1 
and respectively represented by z. Let the force p acting in* 
the direction ma, be decomposed into two equal forces, acting 
in the directions ma 7 , ma", that is to say, let the force p be re- 
garded as the resultant of two equal forces of which the value 
is unknown, and which act in the directions ma 7 , ma 77 ; if this 
value be denoted by q we shall have 


p = 
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for the same relation must exist between the quantities p, q ,z, 
as between the quantities R, p, ce. Likewise the force p acting 
in the direction mb, may be decomposed into two forces 
respectively equal to q, and acting in the directions mb' and 
mb", in this manner the two forces p will be replaced by the 
four forces q ; consequently, the resultant of these last ought 
to coincide in magnitude and direction with the force R, 
which is the resultant of the two forces p. Now, if q' de- 
notes the resultant of the two forces q, which act in the 
respective directions ma' and mb', this force will act in the 
direction md, and since a'md = b'md = x — », we shall have 

Q'= Q <j>(x — z). 

In like manner, the resultant of the two other forces a 
will act in the direction md, since this line also divides the 
angle a"mb" into two equal parts , and because a"md = b"md 
= x + », we shall have 

q" = q <f> [x + z ) ; 

q" denoting this second resultant. As the two forces q' and 
q" act in the direction of the same right line md, their re- 
sultant, which is likewise that of the four forces q, must be 
equal to their sum , consequently we must have 

r = q'+ Q" 

But we have already 

R = p <px — QQsstpx ; 

and by substituting this value of r and those of q' and q" in 
the preceding equation, there results, by suppressing the factor 
0 , which is common to all the terms, 

<px<t>z = (a? + *) + ^ (x — #). (1) 

This is the equation which must be resolved in order to obtain 
the expression of <px 

27 . It is evident that it may be satisfied by assuming 
$xzz 2cosa#;< 



APPLIED TO THE SAME POINT. 


39 


a being a constant arbitrary, so that we may have at the 
same time, 

<p% ~ 2 cos ax, 

$ (x ■+■ x) = 2 cos a (x + *), 

(x — x) = 2 cos a (x — x) ; 

and, in feet, if these values be substituted in equation (1), 
there results the known equation, 

2 cos ax cos az = cos a (x + &) + cos a {x — #). 

Now it is to be remarked, that this expression of the func- 
tion <f>x is the only one which satisfies equation (1), and more- f 
over, that in the present question, the constant quantity a is 
unity ; so that we have 


rj>x — 2 cos x. 


( 2 ) 


This is evident when x — 0 , for then the directions of the j » 

two forces coincide, and the Resultant R is equal to 2 p, which 
implies that <j>x = 2. 

If we admit that there is another value such as a of a, for 
which we have also = 2 cos a , then equation (2; will hire- % 
wise subsist for all values 2a, 3a, 4a, ... . £a, \a, ^a, ... oix, 
and generally for 


x — 


ma 

I" ’ 


( 3 ) 


m and n being any whole numbers whatever. In feet, if 
equation (2) is true for the three angles x,z,x — x, so that we 
have 

<t>x — 2 cos x, fx ~2 cos z, <j> (x — z) ss 2 cos ( x — z), 

it will be also true for a fourth angle x + z , for, in virtue of 
equation (1), we shall then have 

<j> (x + z) — 4 cos x cos z —2 cos (x — z) , 

which equation may be reduced to 

(* + «)= 2 cos (i x + z). 
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Thus, as equation (2) obtains for x zz 0 and x zz a, it fol- 
lows that it subsists for x zz 2a, and as it obtains for x = a 
and x zz 2a, it will also subsist for x zz 3a , by continuing in 
this manner, it appears that it will obtain generally for x zz ma . 
Now if we make ma zz 0 , we shall have 

00 = 2 cos 0 , 

from which it follows that equation (2) will likewise obtain for 
x zz |0, for assuming x = % zz £0, equation (1) will become 

(0£0) 2 =2cos0 + 2, 

consequently we shall have(6) 

0^0 = 2 cos ^0. 

If in the next place, we make x zz z zz {( 3 , we shall have 
by equation (1) and this last, 

(0i0) 2 = 2 cos £0 + 2, 0^0 = 2 cos |0 , 

and by continuing in this manner, equation (2) will be de- 
ft 

monstrated for x zz , that is to say, for all values of x com- 
prised in formula ( 3 ). 

Now, as the numbers m and n may be rendered as great 
as we please, and may even become infinite, these values of 
x may be made to increase by infinitely small quantities. 
Therefore formula ( 3 ) embraces all possible values of the 
angle or, and equation (2) is completely demonstrated, pro- 
0 vided it is true for a particular value xzz a, different from 
zero. Now by the theorem of No. 25 , the resultant r is equal 
j to p, in the case of x zz 60 ° , therefore in this case we have 

1 <px zz 1 zz 2 cos 60 °, 

hence equation (2) obtains for x zz 60 °, and consequently for 
all values of x. 

^ 28 ^ By means of this equation we shall have 
r = 2p cos x. 
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Hence if the resultant r and the two components p are 
represented, as in No. 25, by lines taken in their respective 
directions, reckoning from their point of application, the force 
r will be equal to twice the projection of p on its direction, or 
equal to the diagonal of the rhombus constructed on the two 
forces p. 

Now let two unequal forces p and Q be applied to the 
point m (fig, 7) in the directions ma and mb, also let their im- 
tensities be represented by the lines mg and mh, taken in 
their respective directions, and let the parallellogram mghk 
be completed , there are two cases to be considered, first, ^ 
when the angle amb is a right angle, and, secondly, when it 
is acute or obtuse. In the first case, let the two diagonals 
mk and gh be drawn intersecting in the point l , and through 
the points g and h, let gn and ho be drawn parallel to ml, 
meeting in N and o, the line drawn through the point M 
parallel to gh. mk and gh bisect each other at the point l, 
and since in a rectangle the two diagonals are equal, we have 

GL — LH Z2 LM. 

Hence each of the parallellograms glmn, hlmo is a rhombus, 
consequently it follows from the preceding proposition that 
the force mg may be considered as the resultant of the two 
forces mn and ml, and the force mh, as the resultant of mo 
and ml. Therefore, if instead of the two given forces there 
be substituted their components, we shall have for mh and 
mg the two forces mn and mo (which since they are equal 
and opposite, they mutually destroy each other) and the two 
forces ml, which added together give a resultant represented 
in magnitude and direction by the diagonal mk. In the 
second case, let ge and hf be drawn through the points g 
and h, perpendicular to the diagonal mk (fig. 8,) and the lines 
gn and ho parallel to this diagonal , likewise let nmo be drawn 
through the point m perpendicular to the same line. The two 
parallellograms gemn and hfmo will be rectangles, and their 

G 
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sides mn an d mo "Will be equal, as being the altitudes of the 
two equal triangles gmk and hmk By the first case, we can 
replace the forces mg and mh by their rectangular components 
me and mn, mp and mo , therefore, in place of the two given 
forces we shall have the two forces mn and mo, which destroy 
each other, as being equal and opposite, and the two forces 
me and mp acting m the same direction, which being added 
together will give (because me — fk) a resultant expressed 
in magnitude and direction by the diagonal mk Hence we 
may conclude generally, that the resultant of any two forces 
whatever, applied to the same point and represented by lines 
taken on their directions, reckoning from this point, is repre- 
sented in magnitude and direction by the diagonal of the 
parallellogram constructed on the two given forces. 

29. The following consequences may be immediately de- 
duced from this theorem. 

In the first place, it appears that all questions which can 
be proposed relatively to the composition of two forces into 
one or lelatively to the decomposition of one force into two 
^ . others, are reduced to the resolution of a triangle. In fact, 
the magnitudes of the resultant and of the two components 
are represented by the three sides mk, mg, gk, of the triangle 
mgk , and the three angles of this triangle are those which 
the resultant makes with each of the components and the 
supplement of the angle comprised between the components. 
It follows therefore, that any three of these six quantities, 
namely, the three forces and the three angles comprised 
between their directions, being given, the three remaining 
quantities may be found by the resolution of the triangle 
mgk ; this, however, supposes that m the number of data, 
there is one force at least. For example, let p and Q be the 
values of the two components, and m the angle contained 
between their directions , it is required to determine their re- 
sultant r and x the angle which it makes with the force p. 
In the first place, we have the equation 

»<£•*.» /few. /’ i r J> a 
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r 2 n p 2 + q 2 + 2pq cos m 9 

by means of which the value of r can be determined , and that 
of x can be deduced from the proportion 

sin x • sin m . . Q . R. 

If the three forces p, q, s, apphed to the same point M, 
(fig. 9,) m the directions ma, mb, mc, are in equilibrio, each 
of these forces must be equal and directly opposite to the re- 
sultant of the two others , and as this resultant exists in the 
plane of these two forces, it follows that these three forces 
must also exist m the same plane Let md be the production 
of mc , the resultant of p and q will act m the direction of md, 
and if it be represented by r, we shall have R = s. More- 
over, if the force r be compared with each of its components, 
we have, agreeably to what is stated above, 

r : Q : . sin amb sin amd, 
r : p : . sin amb . sin bmd ; 

and since 

sin AMD ;= sin amc, sin bmd ==: sm bmc, 
there results 

s . q . p * sm amb • sm amc : sm bmc ; 

this shows that when three forces are in equilibrio about the 
same point, the magnitude of each of them may be represented 
by the sme of the angle comprised between the directions of 
the other two. 

If from o, a point assumed on the direction of the resultant 
R, or on its production, the perpendiculars oe and op be let 
fell on the directions of the components p and q ; we shall 
have 

oe =z mo sin amd, op =z mo sm bmd. 

If, therefore, the two last terms of the proportion 
p : q : . sin bmd : sm amd, 
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be multiplied by mo, there will result 
p : q : : of : oe ; 

from which it appears that the components are in the inverse 
ratio of perpendiculars let fall on their directions, from any 
point in the direction of the resultant. Conversely, if the 
components p and q are in the inverse ratio of oe and of, per- 
pendiculars let fall on their directions, from any point o taken 
in their plane, this point will exist on the direction of the re- 
sultant , for if the two last terms of the last proportion be 
divided by m;o, the preceding will be obtained, which deter- 
mines this direction. 

30. The resultant of two forces being known, it is easy to 
deduce that of any number of forces applied to the same point 
and situated, or not, in the same plane. First, the resultant 
of two of these forces is taken, then this resultant is com- 
pounded with a third force, this will give a second resultant, 
which is compounded in the same manner with a fourth force, 
and so on, until all the given forces are exhausted. In this 
construction it is easy to perceive, that if the magnitudes of 
all the forces are represented by the sides of a portion of a 
polygon parallel to their respective directions, and traced in 
the direction of their actions, the resultant will be represented 
in magnitude and direction by the line which connects its two 
extreme points, and consequently closes the polygon. It is 
indifferent m what order the sides parallel to the forces succeed 
each other. When the polygon is closed of itself the resultant 
vanishes, and the given forces constitute an equilibrium. 

Hence it follows, that when there are but three forces 
which do not exist in the same plane, their result ant is repre- 
sented in magnitude and direction by the diagonal of a paral- 

lelopiped, of which the three forces constitute the adjacent 
sides. 

31. This reduction of any number of forces to one, may 
be effected in a simpler manner, by considering, first, the par- 
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ticular case of three rectangular forces, to which the general 
case may then be reduced. 

Let x, y, z be the three components, R their resultant, 
a , i, c the angles which it makes with x, y, z. From what 
has been already observed, r is evidently the diagonal of a 
parallelopiped of which x, Y, z are the three adjacent sides, 
now as this parallelopiped is rectangular, it follows that 

r s =x 2 4-y*+ z a . (a) 

It likewise follows that if the extremity of the diagonal r be 
joined to those of the three sides x, y, z, three right angled 
triangles will be formed, of which r will be the common 
hypothenuse , hence we have 

x == R cos a y y = r cos 6, z zz r cos Cy (b) 

which equations agree with the preceding, for the three 
angles a , b 9 c are connected by the equation (No. 6.) 

cos 2 a + cos 2 b + cos 2 c = 1. 

When the components x, y, z are given, equation (a) deter- 
mines the value of the resultant, and equations (b) determme 
the direction, by means of the three angles a, 6, c ; if, on the 
other hand, the force r is given, and it is required to decom- 
pose it, into three rectangular forces x, y, z, which make with 
it the given angles a> &, c, the values of the required forces 
will be immediately determined by means of equation (b). 
If one of the components, the force z for example, vanishes, 
r is then only the resultant of two forces x andY; it exists in 
their plane, and its direction depends solely on the two * 
angles a and b. These angles and the value of R are then 
determined by the equations 

R 2 =Z X 2 + Y 2 , X =Z R COS a, YZR COS J. 

32. Let us now suppose that m (fig. 1) is the point of 
application of any number of given forces. Let these forces 
be represented by p, p', p", & c., and for greater clearness, let 
the line md be the direction of the force p. It is unnecessary 
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to indicate the directions of the other forces in the figure. 
Let a, y be the angles which the direction md makes with 
the three rectangular axes ma, mb, mc, drawn arbitrarily 
through the point m. Likewise let a', p\ / be the angles 
which the force p' makes with the same axes, a", ft", y", 
those which correspond to the force p", & c . All these angles 
are given, and are supposed to include every angle from zero 
to 180° (No. 7), in order that the forces p, p', & C>J may 
have all possible positions about the point m. If each of these 
forces be resolved into three others in the direction of the 
axes MA, MB, MC, the components of the force p will be 


p cos a, P cos (3, p cos y ; those of the force p' will be p' cos a', 
P' cos P', p' cos y', &c. , and these components will act in the 
direction of the axes or of their productions, according as they 
are positive or negative. For example, as the direction md 
fells like the axis mc above amb, the plane of the two other 
axes, the component p cos y of the force p tends to elevate 
the point m, that is to say, it acts m the direction mc , and 
in this case p cos y is a positive quantity, because y is less 
than 90°. On the contrary, if this direction md fells below 
the plane amb, we would have 7 > 90° ; and the component 
P cosy win be negative, and, at the same time, it will tend 
to depress the point m, that is to say, it will act along the 
■production of mc. Therefore, taking into account the signs 
of the components, it appears from what has been stated in 
No. 24, that all forces acting in the direction of the same 

ams and its production, are reduced to one sole foice, equal to 
their difference. 


In this manner the given forces p, p\ p", &c , may be 
replaced by three rectangular forces, and if these last be de- 
noted by x, t, z we shall have 


X _ p cos a + p / COS a'-(- p" cos a" +, &c. 

V = P cos p + p' cos P' 4- p" cos P " +, &c. • (c) 

z = P cos y + J>' cos y' + P" cos y" +, &C. 

The values of x, y, z may be either positive or negative, 



APPLIED TO THE SAME POINT. 


47 


and their signs make known the direction of their action. If 
the force x is positive, it follows that it acts in the direction 
of the axis ma, or m the direction of the components p cos a, 
p' cos a', &c., which are positive , if it is negative, we must 
infer that it acts along the production of ma or m the direction 
of the negative components, and the same is true for the 
forces y and z. 

This being agreed on, let r be the resultant of the given 
forces p, p', p", &c., or of the three forces x, y, z , let also 
a, J, c be the angles which its unknown direction makes with 
the axes ma, mb, mc. The values of r, a, J, c will be given 
by equations (a) and (b), m which the formulae (c) are sub- 
stituted in place of x, y, z. The angles a, 6, c may be acute" 
or obtuse , but because the force r must be qlways a positive 
quantity, the signs o£ their cosines must be always the same 
as those of the quantities x, y, z, m virtue of equations (b)^, 
In this manner, the force r will be completely determined m 
magnitude and direction. 

^33yThe magnitude of the resultant r does not depend on 
the arbitrary direction of the axes ma, mb, mc, it depends 
solely on the magnitude of the given forces and on the angles 
comprised between their directions, and m fact, we may find 
an expression for it, which contains these quantities only* 

For this purpose, let fmp', pmp", p'mp'", &c , denote the 
angles contained between the directions of the forces P and p', 
p and p", p' and p 7// , &c. By equation (2) of N o 9, we shall have 

cos pmp / = cos a cos a 1 + cos j3 cos j3' + cos y cos y', 
cos pmp 7/ =: cos a cos a" + cos j3 cos ( 3 " + cos y COS y", 
cos p'mp^zz cos a' cos a"+ cos ]3 / cos / 3 n + COS y' cos y", 

&c. 

Wc shall likewise have 

cos 2 a + cos 2 j3 + cos 2 y = 1, 
eos 2 a' + cos 2 *4" cos 2 y / 'ZZ 1, 

cos 2 a" + cos 2 /3" + cos 2 y f/ ZZ 1, 

&c. 
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and, this being the case, if the squares of formulae ( c ) “be 
added, we sha ll obtain, by taking into account equation (a)? 

fk 2 = p 2 +p /2 + * ,/2 +,&c 

j + 2 pp 7 cos pmp' + 2 pp" cos pmp" 

4 . 2 p / p // cos p'mp" +, &c. 

for the value of the square of r which was required to be de- 
termined 

34. We may also deduce from a consideration of equations 
(b) and (c), a property of the resultant which will be useful in 
one of the following numbers. 

Let there be drawn through the point M, in any direction 
whatever, a right line, of which let the point o be the othe^r 
extremity, and let p'. A, A denote the angles amo, bmo, cmo> 
which this line makes with the three axes ma, mb, mc, if tho 
angles comprised between this same right line mo and tho 
directions of the forces r, p, p, &c , be denoted by rmo, pmo, 
p'mo, &c , we shall have, as has been just stated, by equation 
(2) of No. 9, 

cos rmo ~ cos g cos a + cos A cos b + cos A cos c, 

cos pmo rz cos g cos a + cos A cos j3 + cos A cos y 9 

cosp^o = cos g cos of + cos A cos /3 y + cos A cos y\ &c. 

From the first of these formulae and equations (h\ we 
obtain v ' 

ROOSRMO = XCOB^ + YCOSA-f Z COSA, 

and in virtue of the subsequent formulae, if, after having mul- 
tiplied the first of equations (c) by cos g, the second by 

eos A, the third by cos k, we add them together, there will 
result (e) 

B - ooS EMo = P • cos PMO + p' eos p/ Mo 4 . . 

which shows that the resultant b, resolved m any direction 
Mo, is equal to the sum of the components p, p', p", &c., re- 
solved m the same direction. 
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This being established, let the line mo be projected on the 
directions of the forces r, p, p', p " & c , and iet these 

jections be denoted respectively by r,p,p',p", & Cl , so that 
rzz MO cos RMO, 

p = M0 C0S PM0 J P / = Mo COS P'MO, &C., 

each of the quantities r,p,p',p", &c , being considered as 
positive or negative, according as the projection which it repre- 
sents, falls on the direction of the force, or on its production. 

Then, if the preceding equation be multiplied by mo, we shall 
have 

r i 

L Rr — P P + P P + p "p" + &c. jj ( d ) 

which expresses the property of the resultant that was pro- 
posed to be demonstrated. 

35 In order that the forces p, p', j>", & c ., may be in equi- 
libno, it is sufficient that the resultant r should vanish, and 
this condition is necessary, if their point of application m is 
entirely free , but the equation r = o, or 

x 2 +v 2 +z 2 =o, 

cannot have place, unless we have separately 
x = 0, y = 0, z = 0, 
that is to say, in virtue of equation (c), 

P cos a + P'. COS a 1 + p" cos a " + & c . — 0, ' 

Pcos/3 + p / cosj3 / +p"cosj3 // +& c . = 0, ■ ( e ) 

PC0Sy + p / c0S 7 / 4.p ,/ c0S'y // -|-&c. = 0. J 

Therefore these are the equations of equilibrium of a ma- 
terial point, which is supposed to be entirely free. In this- 
state, each of the forces that solicit it, must be equal and 1 
directly contrary to the resultant of all the others, which may I 4 
be easily verified in the following manner. 7 

Let r' be the resultant of the forces p', p", &c. Denoting 

H 
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the angles which it makes with the axes ma, mb, mc, by 
a\ b\ c 7 , &c., and in order to abridge, making 

^ x 7 z: p 7 cos ol + p 77 cos a 77 + &c., 

y 7 = p 7 cos j 3 7 + p 77 cos ] 3 " + &c , 
z 7 zz p 7 cos 7 7 + p 77 cos 7 " + &c. , 
we shall have, by No. 32 , 

x 7 z: r 7 cos a 7 , Y 7 = R 7 cos J 7 , z 7 z: r 7 cos c 7 , 
and consequently, in virtue of the equations of equilibrium, 

p cos a = — R 7 . cos a 7 , 
p cos |3 z - R 7 . cos 5 7 , 
p cos y =z — r 7 . cos c 7 . 

If the squares of each of the members of these equations 
be taken, and if they be then added together, we shall have 

p 2 zz R 2 , 

because by (No. 6) 

cos 2 a + cos 2 ]3 + cos 2 7=1, 
cos 2 a' + cos 2 V + cos 2 c 72 zi 1 , 

''therefore we shall have p zz ± r 7 , but as these forces must be 
re spectively positive , we must ta ke p z: r\ The preceding 
equations will then become 

cos a = — cos a 7 , cos /3 z: — cos b\ cos 7 = — cos c 7 , 

consequently, the angles a, /3, 7, are the supplements of a\ 6 7 , c 7 , 
and belong to a force, of which the direction is the production 
of the force r 7 (No. 7 ). It follows, therefore, that the force P 
is equal and directly opposed to r 7 the resultant of all the 
other forces p 7 , p 77 , &c. ; which it was proposed to establish. 

36 ) If the point m, to which the forces p, p 7 , p 77 , &c , are 
applied, be subjected to exist on a given surface, it is no 
longer necessary, in order to the equilibrium, that their re- 
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sultan t should vanish , it is sufficient if it be normal to the sur- 
face, because then the point m cannot slide m any direction on 
this surface , and moreover, this condition will be necessary ; 
for if it was not satisfied, the resultant might be decomposed 
into two forces, the one normal to the surface, which will be 
destroyed, the other a tangent to the surface which there is 
nothing to prevent from causing the moveable to slide. It is| 
only therefore necessary to d etermine i n each gage, the di rec-1 
tion of the resultant of the forces p^p', p^_&c_, and the n j 
amme if it is perpendicular^ t o the g iven surface^ in order to 1 
know whether the equilibrium exists ; but it is more conve- 
nient in practice to express, as has been done m the case of a 
free point, the conditions of the equilibrium by means of thej 
equations which exist between the data of the question. Now 
the normal component of each of the forces which acts on the 
point M, is destroyed by the resistance of the surface ; conse-* 
quently, this resistance is equivalent to a force equal and con- 
trary to all the forces destroyed. Hence it appears, that we 
may abstract from the consideration of the given surface, and 
regard the material point as entirely free, provided that to the 
given forces p, p', p", &c., a new force of an unknown mag- 
nitude and perpendicular to this surface be added. 

Therefore, if N represents this force, and if X, ji 9 v 9 denote 
the angles which its direction makes with the axes ma, mb, mc , 
each of the equations of equilibrium already given, will be in- 
creased by a new term, so that instead of equations (e), we 
shall have 


N.cosX + p.cosa +p'.cos a' + P /; . cos a! 1 + &c. = 0,' 
N . COS fl + p . cos (5 + p'. cos /3 ; + p f/ . cos /3" + &c. = 0, > 
n . cos v + p . cos y + p'. cos 7 ' + p". cos y u + &c. = 0,. 


(f) 


Let x 9 y 9 z 9 denote the three coordinates of m referred to 
the axes parallel to ma, mb, mc, and let l = 0, denote the 
equation of the given surface ; the direction of the force being, 
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by hypo thesis, that of the normal at the point m, we shall 
have, by means of equations (5) of No. 21, 

dL dij di* 

cos\ = v. s , cos/i = v.^, cos v = v . — , 

in which, in order to abridge, we suppose 

’=±[(£)M|)'+(§)T 

The sign is undetermined, because we do not know before- 
hand in what direction of the normal, the force v acts ; but V 
disappears in the e limin ation of n between equations (f) , and. 
by means of the formulse (c), we obtain(c) 


dh dh . 

y . — — x — = 0, 
d& dy 


dL <?L . 

2 -&- x * = 0 ’' 


for the two equations which are necessary and sufficient for 
the equilibrium of a material pomt subjected to exist on a 
given surface. 

^ 37. If the position of this point on this surface, is not 

known, equations (g) combined with the given equation l =? o 9 
will enable ns to determine the coordinates of the different 
points of this surface, in which the mateiial point may be in 
equilibria. When this position is given, we shall only have 
I to verify whether *, y 9 z , the coordinates of the points of ap— 
rplication of the given forces, satisfy equations (g). But, in 
wns case, th©e equations may be simplified by making one of 
the axes ma, mb, mc, as for instance the first, to coincide witlx 
one of the two parts of the normal , hence there will result 

cos X = ± 1, cos p, zz 0, cos y zz 0 ; 
and this changes equations (f) into the following 

±N + p.cosa + p' cos a' + p". cos a" + &c. = 0, 
p. cos/3 + v* cos j3' + p" cos (5 n + &c. = 0, 

P.COSy +P. COS'/ + p" COS 7 // + &c. ^ 0* 
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From the two last of these equations it appears, as is in- 
deed evident of itself that in the plane which touches the 
given surface at the point where the normal meets it, the 
components of the forces applied to the material point, con- 
stitute an equilibrium, in the same manner as if this surface 
did not exist at all. 

The resistance n which the surface opposes to the forces 
p, p 7 , p ;/ , &c., is equal and contrary to the pressure that it 
experiences from them. From equations (f) it appears, that 
in thej^e^o^e^uihbrium, this pressure is the resultant itself 
of these forces In practice, the magnitude of this force 
ought to be calculated by means of equation (a), in order to 
know whether the surface is capable of supporting it. If the 
moveable is merely laid on this surface, which is that of a 
solid body, it is moreover necessary that the direction of this 
pressure should be such as to press the moveable against this 
surface ; which condition, hy anyi 

equation, must be verified in each case by determining the] 
direction of this force, by means of equations (b). This veri- 
fication can be effected in a simpler manner, by means of the 
first of the three preceding equations. 

In fact, let us suppose for greater clearness, that the part 
of the normal with which the axis ma coincides, is situated in 
the concave part of the surface. As it is known whether the 
given angles a, a', a /; , &c., are acute or obtuse ; the sign of 
x, the sum of the components acting in the direction of 
this line will be known, and as the quantity n should be, 
positive, it is necessary that in the equation in question, that 
is to say, 

± n + x = 0, 

we should take the sign — or the sign + before n, according 
as the sum x is positive or negative. In the first case, we 
shall have cos X = — 1, and the pressure contrary to n will 
act in the direction ma; in the second case, we shall have 
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cos X — 1, and the pressure will act along the production of 
this determinate part of the normal. 

3 %j When the material point m, on which the forces r, p', p", 
&c , act, is constrained to exist on two given surfaces, or on 
their curve of intersection, it is sufficient, m order to insure 
the equilibrium, that the resultant of all these forces should 
be decomposable into two forces perpendicular to the given 
surfaces, and which will be destroyed by their resistances* 
Consequently, if there be added to the forces p, r', v f, 9 &c., two 
forces perpendicular to these surfaces, but of an unknown 
magnitude, we may then altogether abstract from the con- 
sideration of these surfaces, and consider the material point as 
entirely free. 

n, n 7 , being therefore these new forces ; X, /u, v, the angles 
which determine the direction of n with respect to the axes 
ma, mb, mc, and X', fi\ v', those which determine the direction 
of n 7 with respect to the same axes, equations (c) will become 


N.cosX+N'.cosX / +p.cosa+P / .cosa'+P // .cosa // + &c. = 0/ 
n.cosju+n'.cos/^+p cosj3+p'.cosj3 / +p".cosj3 // +&c.=0, ► 
N.COSv+N , .COSv , + P.COSy + P / .COS 7 / +P ,/ .COSy // + &C.=:0,. 


(h) 


Moreover, if x 9 y, #, denote the coordinates of the point M 
referred to axes parallel to ma, mb, mc, and if l = o, l/ = o 9 
represent the equations of the two given surfaces, the values 
of cos X, cos fi 9 cos v, will be the same as in the last case, and 
those of cos X', cos cos i/, will be obtained from them by 
changing l into l 7 . If these values be substituted in the 
three equations (h), and if n and N r be then eliminated be- 
tween them, the equation of equilibrium which the given 
^forces p, p 7 , p^ , &c., ought to satisfy, will be obtained ; also, 
if the position of the moveable on the intersection of the two 
surfaces is not given, this equation of equilibrium combined 
with equations l == o, i ! = o, will determine its three coor- 
jhnatesa?,y,s. £r« i'* X * f V ' 
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When the position of the moveable is given on the curve 
on which it should remain, the equation of equilibrium of 
the forces p, p', p /; , &c., may be obtained at once , by taking 
the axes mb and mc, to which the angles /*, j3,/3', &c v,y,y', 

&c , refer, in the plane of the normals to the two given jJ 
surfaces. The third axis ma will then fall on the tangent to 
their curve of intersection, it is, therefore, perpendicular to 
the normal forces n and n', so that we have X = 90°, X'= 90°, 
and likewise, m virtue of the first equation (h), 

p cos a + p'. cos a! + P ;/ . cos a" + & c. = 0, 
for the required equation 

This equation indicates, that the sum of the components “ 
of p, p', p", &c., acting tangentially to the intersection of the ' 
given surfaces, is equal to cypher, this is in fact the con- ' 
dition which must be satisfied, m order that the point m shall ‘ 
not shde on this curve. After having assured ourselves that 
it is satisfied, the values of the forces n and n', and the di- t 
rection m which they act, can be determined by means of the 
two last equations (h). If then two forces equal and contrary 
to n and n' be taken, and if these are reduced to one by the 
rule for the composition of forces, this will be the resultant of 
the forces p, p', p", &c , and will make known the pressure 
exerted on the given curve, to which it will be perpendicular. 

It appears from what precedes, that when the move-'? 
able is constrained to exist on a given curve , there is only one ! 
equation of equilibrium, that there are two when it is restricted j 
to move on a given surface , and three when the point is alto- 
gether free , so that the number of these equations mcreases, 
as they evidently ought, according as the possible movements 
of the moveable are less restricted. These different equa- 
tions may be all embraced m one formula , which will con- "t* 
sequently be the general equation of equilibrium applicable 
to any system whatever of material points. In order to obtain 
this formula, let us suppose that the moveable is transferred 
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from the point m, which it occupied in its position of equili- 
brium, to o another point infinitely near to m, and such that 
? v this displacement may be c ompatible with the condition t o 
^ a < wh ich the moveable ft, subject ed, if it is not altogether free. 
Let r,p,p% ,pP 9 &c , denote the projections of the infinitely small 
hne mo on the directions of the forces R, p, p 7 , p", &c., in the 
first position of the material point, and let each of these pro- 
jections be considered as positive or negative, according as it 
falls on the direction itself of the force to which it refers, or 
\ on its production. If the force r be supposed to be the re- 
! sultant of p, p 7 , p", &c., the jpxoduct R r will always vanish in 
the case of equihbrium , it will vanish for a material point 
entirely free, because then the resultant r should be equal to 
cypher, it will also vanish, for a point subjected to exist on 
a given surface or curve, because the force r must act in 
the direction of the normal, hence as the infinitely small hne 
i mo exists m the tangent plane, or on the tangent, r its pro- 
, , » jection on the direction of r will be equal to cypher Therefore 

by equation (d), which has been already demonstrated, and 
■which obtains equally when the hne mo is infinitely small, we 
have 

vp + p 'p' + p "p" + &c. = 0, (i) 

as often as the forces p, p 7 , p" & c ., constitute an equilibrium. 
Conversely, the equihbrium will subsist, when this equation 
obtains for all possible displacements of a material point en- 
tirely free, or constrained to exist on a given surface or curve* 
Every infinitely small hne, such as mo, which the material 
point can he made to describe, consistently with the conditions 
to which it is subjected, is called its virtual velocity , and the 
principle of equihbrium contained m the equation which has 
beeaa just expressed, is termed the principle of virtual veloci- 
ties. Now, if it be successively applied to the case of a 
material point entirely free, to one subjected to exist on a 
or constrained to remain on a given curve, we can, 

* out any difficulty, arrive at the equations of equilibrium 

1 'r* , w,.m ,4 
r ' ~ ^ >*> A 
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which have been already obtained. Each of the equations 
(e) may be deduced from formula (i), by taking for mo, the 
displacement of m on one of the axes ma, mb, mc , the equa- 
tions of equilibrium, which have place in the case of a point 
subjected to exist on a given surface, will be obtained by con- 
sidering its displacements in the direction of two axes traced 
m the tangential plane , and formula (1) furnishes immediately 
the equation of equilibrium of a point constrained to exist on 
a given curve, by: assuming for mo the element of this curve, 
and for p,p',p ,J > &c., the projections of this element on the 
directions of the forces p, p', p", &c. The angles which 
these directions make with the tangent to the curve being 
a, a', a", &c., we shall then have 

P = MO COS a, p f = MO COS a', p " = MO COS a", &C. , 

and if mo, which is a common factor to all the terms of equa- 
tion (i), be suppressed, there will result 

p cos a + p' cos o! + p" cos a" + &c. = O, 

as before 


i 



CHAPTER II 


OF THE EQUILIBRIUM OF THE LEVER. 

40. In this chapter the lever is supposed to be an inex- 
tensible right line or curve, of an invariable form, which can 
only turn in a plane about c, (fig 10,) one of its points, 
that is supposed to be fixed, and which is termed the prop of 
the lever. Most commonly there are only two forces applied 
to this machine , of which one is employed m keeping the 
other in equilibno; the first is termed the power , and the 
second the resistance . But, in order that our conclusions may 
be as general as possible, we shall suppose that any number 
of forces whatever directed in the plane of the lever, act on 
different points of this line; and the object of this chapter is 
to find the conditions of their equilibrium 

It is not proposed, in the present treatise, to apply the 
laws of equilibrium, which will be explained here, to the dif- 
ferent mechanic powers or machines. The student is referred 
to the various elementary treatises on statics for information 
on this subject , but as the law of the equilibrium of the lever 
is a fundamental principle of mechanics, it will be necessary 
for us to dwell on it here ; and we now proceed to show how 
this principle is connected with that of the composition of 
forces which act on a detached point 

41. When several forces are applied to a body which is 
su PP ose< ^ to he of an invariable form, the point of application 
of each of these forces may be transferred to another point of 
the body, assumed either on its direction or on its production, 
For example, if a given force p acts at e, the extremity of the 
lever, in the direction of the line ae, and if m be another point 
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belonging to this direction, which is supposed to be connected 
with the lever m an invariable manner, then we may replace 
the force p by another force of the same intensity, actmg at 
the point m m the direction of the line ma. In fact, we can, 
m the first place, apply to the point m two equal forces, and 
acting m opposite directions, the one along ma, the other 
along its production ma 7 ; moreover, if each of these forces be 
supposed equal to p, that which acts in the direction ma 7 will 
destroy the force p applied to the point E in the direction ba, 
because these two equal forces act in opposite directions at the 
extremities of the line me, which by hy pothesis is of an in- 
variable length , therefore, the only force which remains is p 
actmg at the point m m the direction ma, by which, therefore, 
the given force p, which acts at the point e, is replaced. 

Forces act frequently on those bodies, in which they excite, 
or have a tendency to excite, motion, either by pulling them by 
means of a string which is attached to them, or by pushing them 
by meansofabar that presses against their surface. As this string 
or this bar may be more or less extended or contracted, it is only 
when they cease to extend or contrg^ that they are considered 
as invariable lines, which represent the direction of each force, 
the action of which is then the same as if it was exerted im- 
mediately at the points of the surface of the body at which 
the se lines t gnninate Strictly speaking, a lever is not, as! 
has been supposed above, a line of an invariable form, it is a 
bar which is susceptible of flexure, however small it may be, * 
and which also contracts or extends by a small quantity in 
consequence of the forces which are applied to it. It would 
be extremely difficult to determine before hand, the form 
which it should assume , but it is only when it has attained 
this form, that it is considered as invariable , and it is to this 
figure, which differs very little from its natural form, that the 
conditions of equilibrium which we propose to investigate, arej 
referred. 

42 Let a second force q act at f, the other extremity of 
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the lever, in the direction fb, and let the two directions ea 
f and » be comprised in the plane in which the lever can 
turn ; these two right lines, or their productions, must meet 
in a certain pomt m, which, from what has been already es- 
tablished, may be assumed as the common point of applica- 
tion of p and q» This being agreed on, we can determine by 
the rule of the parallelogram of forces, the resultant of these 
two forces, of which resultant m will also be the point of ap- 
plication. Now, in order that it may be destroyed, and that 
the lever may remain in equilibrio, it will be necessary that 
its direction should pass through the prop c , and this will be 
sufficient, because by transferring this resultant to this point, 
which is fixed, it will be destroyed by its resistance. From 
what has been stated in No. 29, it appears that if from the 
point c, the perpendiculars cg and ch be let fall, on the di- 
rections of the forces p and q, we shall have in the case of an 
equilibrium 

p , Q . : ch : cg , 

and conversely, the equilibrium will subsist, when this pro- 
portion obtains. Consequently, if we denote the perpendi- 
culars cg and ch by p and q, the equation of equilibrium will 
be 

p P = Q q 

By the moment of a force with respect to a povnt x is, meant 
the product of this force into the perpendicular let fall from 
this pomt on its direction. Hence the condition of equili- 
brium in the case of the lever consists in this, that the mo- 
ments of the power and resistance, taken relatively to the 
prop or point on which the lever turns, are equal ; these two 
forces tending besides to mate the lever turn in opposite 
directions* 

If the lines cg and ch be supposed to be invariably at- 
tached to the lever, g and h may be taken for the points of 
application of the forces p and q, and whatever be the figure 
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ecf of the lever, it may be replaced by the bent lever gch 
(fig. 11.) The perpendiculars cg and ch, are termed the arms 
of the lever . The condition of equilibrium does not depend 
at all on the magnitude of the angle gch , this indeed is evi- 
dent d prion. 

In fact, if from the pomt c as centre, and with a radiusj 
equal to ch, we describe an arc of the circle hh', which is^ 
supposed to be m variably attached to the lever, and if at the I 
pomt h ; two forces equal to q be applied, acting in opposite! 
directions along the parts h'b' and hV' of the tangent at thisj 
pomt, it is evident that the force q acting in the direction 
h'b", will be destroyed by the force q acting m the direction 
1 ib , for as the two forces tend to make the system revolve in 
opposite directions, there is no reason why it should obey one 
m preference to the other. Hence the second of these two 
forces will be replaced by the force q acting m the direction 
hV, and the angle gch will be changed into the angle gch',| 
which may be greater or less, without the equilibrium beingj 
deranged. 

By this change, the angle of the two arms may become' 
180° or zero , the lever will then be strait ; the power and re- 
sistance will be parallel forces, acting m the same or in con- 
trary directions ; and m order to an equilibrium, it is always 
necessary that their intensities should be in the inverse ratio! 
of the lengths of the arms of the lever. 

43 % If r denotes the resultant of the two forces p and Q, 
which meet at the point m (fig 10), and m the angle amb 
comprised between their directions, we shall have (No* 29) 

r 2 = p 2 + q 2 + 2pq cos m, 


and the value of r will make known the loacl which the prop 
sustains m the case of equilibrium The direction of the force 
r applied to this pomt, will be along the lme cn, the pro* 
duction of mc. In figure 10, the point c is supposed to be 
situated between e and f, the points of application of the 
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power and of the resistance. In figure 12, the contrary is 
the case , but the same reasoning is applicable to both cases ; 
they differ from each other in this only, that m the first case, 
the forces p and q act on different sides of the lever, and the 
angle amb is acute, while m the second, they act on the same 
side, and the angle amb is obtuse. 

If, the three points e,f, c, remaining the same, the point 
of concourse of the three forces p, q, r, be supposed infinitely 
distant, these forces will become parallel. In the case of 
fig 10, as the angle m becomes then infinitely small, we have 
coswizz 1, and consequently 

R=P + Q 

In the second case, it is the supplement of the angle m 
which becomes infinitely small, hence we have cos m := — 1, 
and 

r = q — p, 

p being supposed Z q. Consequently, the resultants of two 
parallel forces is equal to their sum, when they act m the 
same direction, and to their difference, when they act in op- 
posite directions, and in the last case, the resultant acts in the 
direction of the greater force. In these two cases, the com- 
ponents p and q are in the inverse ratio of their distances from 
the resultant. 

This being so^if a common perpendicular to the three forces 
be drawn, and if a denotes gh the part of this line (fig. 13 
and 14) comprised between the two components p and q, and 
x the distance ch of the resultant r from the component Q, 
which is supposed to be the greater, we shall have 

p Q : x a qp x 9 

the superior or inferior sign is to be taken, according as p and 
q act in the same (fig. 13), or m opposite directions (fig. 14). 
Hence we obtain, 


p : q ± p x a, 
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and, consequently, 

av 

oo - — — 

Q ± P 

by means of which, the position of the resultant, of which the 
value is q ± p, will be determined. 

44. When the forces p and q act in opposite directions, 
and differ very little from each other, their resultant, which 
always acts m the direction of the greater, will be situated at 
a very great distance from the given forces. But when they 
are rigorously equal, this distance becomes infinite , which in- 
dicates that two equal and parallel forces, acting in opposite 
directions, cannot be replaced by a single force , and m point 
of fact, there is no reason why this unique force should act in 
one direction in preference to the other. 

Two such forces acting at the extremities of the same 
line gh, (fig. 15,) will cause this line to revolve about its 
middle point k , which effect cannot evidently be produced by 
the action of a single force They may be replaced m an in- 
finite variety of different ways by two other forces, which pro- ^ 
sent the same case, for their action is not at all changed, by 
applying, for example, to the points g and n along ge and 
hf the productions of the line gii, equal forces of any magni- 
tude whatever ; now the resultant of the forces acting m the di- 
rections GAand ge, and that of the forces acting in the directions 
hb and hf, will be also equal and parallel forces, acting in 
opposite directions along the lines gc and hd, and these re- 
sultants will replace the primitive forces, which act along ga 
and hb. If p denotes the common magnitude of these two 
forces, and a their mutual distance, each of these two quan- 
tities will be changed by the operation that has been indi- 
cated , but their product ^wiU Remain constant, as will I 
proved immediately. 

45. In fine, this particular case is the only one in which a 
system of any number of forces p, p', p", &c., existing in the 
same plane, and acting on material points connected together 
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in an invariable manner, cannot be reduced to a single force. 
For whether the two forces p and p 7 meet in a point, or are 
parallel to each other, they may be reduced to a single force 
Q, by the rule of the parallelogram of forces, or by that of 
the preceding number. In the same manner, this first resultant 
q and p 7/ the third given force, may be reduced to a single force 
of 9 then, the second resultant q 7 , and p 777 the fourth force to a 
single force q 7/ ; and so on until, all the given forces are re- 
duced to two only, which may themselves be reduced to a 
single force r, unless they fall under the case of exception of 
which we have been treating. 

In the general case, this force r is the resultant of the 
given forces p, p 7 , p 7/ , &c., and if to the components a force 
r 7 equal and contrary to r be joined, there will be an equi- 
librium in the system. The magnitude of r, and its position 
m the plane of the given forces does not depend at all on the 
order in which these forces are taken, m the successive re- 
ductions which have been indicated, for^if, m changing this 
older, we should arrive at s a force different from r in magni- 
tude and direction, one of these two forces taken m an oppo- 
direction would constitute an equilibrium with the other, 
inch is impossible. In order to an equilibrium of the forces 
P, p , p 7/ , &c., when they are applied to a lever situated in 
their plane, it is necessary, m the first place, that they should 
be reducible to one sole force ; for if they were reduced to 
sands 7 , two parallel forces not reducible to a single force, and 
if s 7 was the nearer to the prop, s' may be resolved into two 
parallel forces q and q 7 , acting in the same direction, of which 
the first will be directly opposed to s, and the second will pass 
through the prop , each of these two forces will be less than 
s 7 ors, the force q 7 will be destroyed, and there will only 
remain the force s — q, which will cause the lever to turn m 
the direction of s (a). The given forces being reduced to a 
unique force r, it is moreover necessary for the equikbrium of 
the lever, that this force should pass through the prop This 
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condition will be expressed by an equation, by means of the 
following theorem which we proceed to demonstrate. 

46. Let us first only consider two forces and their resultan?? 
The moment of this resultant with respect to a point situated in' 
the plane of the three forces, is equal to the sum or difference of 
the moments of the two components with respect to the same 1 
point, to the difference when the centre of the moments is 1 
situated within the angle of the components, or within, its 

jsuta. when th is p qint 
hcs without these two angles. In feet, let p and p' be these 1 
two forces, ma and ma' (fig. 16 and 17) their directions, <j 
their resultant acting along mb, c the centre of the mo- 
ments, p,p\ q, the perpendiculars c a, c a', c b, let fall from 
the point c on the directions of p, p', q. Let each of these 
three forces be resolved into others, in the direction of the 
hne mc and of kmk' perpendicular to this line, and let the 
perpendicular components be considered. We have evidently 

cos BMK zr sin BMC = 

c 

C denoting the length of the hne mc , hence the component of 
Q m the direction me will be equal to ^ In like manner, 

the components of p and p' perpendicular to mc will be — and 

P jP / C 

~ T ’ The y act m opposite directions when the line mc tra- 
verses the angle ama' (fig. 16), and in the same direction, 
when it falls without this angle. Now, the sum of these com- , 
ponents in the second case, and the excess of the greater over, 
the less, in the first, ought to reproduce the component of q, 
because q is the resultant of p and p 7 , consequently, if the i 
component of p be supposed to be greater than that of p', wel 
shall obtain, by suppressing the common divisor c, j 

Qq = vp ± p 'p', 
which was required to be proved. 


K 
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If the point c be supposed to be fixed, and if the perpen- 
diculars c a, c a',cb, constitute an invariable system, the forces 
p, p / , q, which may be conceived to act at ct, a\ the ex- 
tremities of these lines, can only produce a motion of rotation 
Tabout the centre of the moments. Now, it appears from the 
inspection of fig. 17, to which the superior sign of the pre- 
ceding equation refers, that when the point c falls without 
the angle amb, or its vertically opposite, the three forces 
p, p', q, tend to cause their points of application to turn in 
the same duection about the point c , on the contrary, when 
this point falls within one of these two angles, figure 16, 
which refers to the inferior sign, shows that the forces p and 
p' tend to cause the points a and a' to turn in opposite di- 
rections , and it is likewise evident, that in this case, the re- 
sultant Q tends to make its point of application turn in the 
same direction as the component which has the greater mo- 
ment. It appears from this remark, that the theorem wM* 

" which has been now demonstrated implies, that the moment 
of the resultant of the two forces is equal to the sum or dif- 
, ference of the moments of these two forces, according as the 
components tend to make their points of application turn in 
the same or in opposite directions about the centre of the mo- 
ments, and that the resultant tends to make them turn in the 
direction of the component, which has the greater moment. 

*— As this theorem obtains for forces of which the directions 
make any angle whatever, it must obtain also when th®y 
become parallel, this is, in fact, what it is easy to infer, from 
the composition of forces of this kind (No. 43). 

47. The advantage of this last mode of stating the problem 
is, that it can thus be easily extended to any number of forces 
p, p', p", &c., which act jn the same plane. The centre of 
moments being regarded as a fixed point, about which the 
forces tend to make the system, whose points of application 
are connected together in an invariable manner, to turn, the 
+ moment of the resultant is equal to the sum of the moments of 
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the forces which tend to make the system to turn m the same 
direction as it turns, minus the sum of the moments of the 
forces which tend to make it to turn in a contrary direction. 

For greater clearness, let the three first forces p, r', p", be 
supposed to make the system turn m one direction, and all the 
other forces in a contrary direction. Let the senes of reductions 
of No 45 be resumed, and let q be the resultant of p and p 7 , 
and q 7 that of q and f 77 , or of p, p 7 , p 7/ Likewise, let p,p 7 , p u 9 
Qy ? 7 j he perpendiculars let fall from the centre of moments on 
the directions of p, p 7 , p 7/ , q 7 , q , by what has been already 
established, we have 

Q 0 = vp + P 'p', ofq t = Qgr -b p "p", 
and, consequently, 

Q f q' =z -j- p 'p + p ft p u 

In like manner, if we denote by Qx the resultant of all the 
other forces p /7/ , p^, & c . , by q l9 the perpendicular let fall from 
the centre of moments on its direction, by p l,J ,p lv , &c., the 
perpendiculars let fall from the same point on the directions of 
P //7 , p lr , &c., we shall have also 

Qx q x = P 7 / 7 p 7// + p^ rr + &C. 

Now, r the resultant of all the given forces will be that of 
the two forces q 7 and Qx , hence if r denotes the perpendicular 
let fall from the centre of moments on the direction of r, and 
if we consider that these forces q 7 and Qx tend to produce a, 
revolution in opposite directions, we shall have 

Rr = ±(QY-Qi?i), 

according as Q'y 7 will be greater or less than q^i . In the first 
case, the force r will tend to cause the line to turn m the 
same direction as the force q 7 , and consequently in the same 
direction as the three forces p, p 7 , p 7/ Let the first case be 
that which obtains, by substituting for & q' and Q x g x their 
values, we shall then have 
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bt = rp +• py + p"p" — r 'V" ~ ** r p ir &c * ; (!) 

which equation contains the theorem we proposed to establish. 

If the centre of the moments be supposed to be at the prop 
of the lever to which the forces p, p', p"', &c., are applied, it 
is necessary in order to insure an equilibrium in this lever, 
that we should have 

pp t'p'+ p "p"— p "‘p 111 — v iv p iy — &c = 0, (2) 

since, in this case, these forces must have a resultant which 
should pass through the prop (No. 45), and forwhichwe have 
therefore^ = 0. 

j- 48 , Equation (1) can be rendered more general, by sup- 
posing that by resolutions and recompositions of the forces 
p, p', p", &c., they are transformed into other forces s, s', s", 
j &C.,’ which taken together are equivalent to the given forces, 

| if s s i' t & c „ denote the perpendiculars let fall from the 

centre’of moments on the directions of s,s', s",&c., we shall 
find by the same mode of reasoning, as in the preceding 

I number, 

\j S +sV+ S V+&c.=^+py+rV'-r / y"- pr ^' F - &c -( 3 > 

in which equation the moments of the forces s, s', s", &c., 
which tend to turn in the same direction as r, p', p", should 
be affected with the sign +, and the moments of the forces 
which, tend to turn in the same direction as p tf 9 
the sign — . The particular case in which the forces Pjr'jP', , 
&c„ are irreducible to a single force, is comprised in this, test 
equation. Let then s and s' be two equal and parallel forces, 
not directly opposed to each other , and let h denote their 
mutual distance. If the centre of the moments is situated 
between their directions, we shall have s + s' — h, they will 
tend to produce a revolution in the same direction about this 
point, therefore, their moments must be affected with the 
same sign, and there will result 

4* ^ k/t 
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If, on the contrary, the centre of moments does not exist 
between sands', and if we suppose $>«', we shall have 
s — s' = h , these two forces will tend to produce a revolu- 
tion in opposite directions , the moment of s must be affected 
with the sign 4* and the moment of s ' with the sign — ; and 
there will result 

ss — wSV = sA. 

Consequently, equation (3) will always become 
sA = vp + p'p' + p"p"— p '"p'l'— p irpir— &c. 

As the second member of this equation consists entirely of 
given quantities, it follows that if the values of s and h undergo 
any change, their product must remain constant, as has been 
already stated. It appears likewise from this last equation, 
that when its second member vanishes, the given force ^ cannot 
fall under the case of exception, m which they are irreducible 
to a single force , it follows, therefore, that equation (2) ex- 
presses at the same time that the forces p, p', p", &c., have ^ 
an unique resultant, and also that this resultant passes through 
the centre of moments, consequently this equation is necessary 
and sufficient to insure an equilibrium of the lever, of which 
this centre is the prop The resultant r which is obtained by 
the series of reductions indicated in No. 45, will express the 
pressure or load which the lever will have to support ; when 
it vanishes, the forces p, p', p", &c., will be in equilibrio in 
their plane, without the aid of this fixed point. 

£49j, The condition of equilibrium in the lever may also 
be expressed by an equation analogous to formula ( 1 ) of 
No. 39 

For example, let m, m', m", (fig. 18,) be the points of ap- » 
plication of three forces p, p', p", which act on the lever ecf ‘ 
m the directions ma, m'a', m"a", comprised in its plane. Let 
the lever turn by an infinitely small quantity about its prop c, 
m such a manner that m, m', m", may assume the positions 
m, 7 n', m" By the definition of No 39, the infinitely small 
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arcs m«», m 'm', W'm", -which may be assumed to be right 
lines, will be the virtual velocities of the points of 

application of the three forces, p, p', p". Let the perpendiculars 
ma, m'a', m"a", be let fall from m, m', m", on the lines 
ma, mV, m"a", or on their productions ; Ma will be the pro- 
jection of urn on the direction of the force p, which tends to 
make the lever turn in the direction of rotation that ensues , 
M'a' and m "a" will be the projections of m 'm' and m "m" on 
the productions of the two other forces p' and p", which tend 
to make the lever turn in the opposite direction. On this 
account, the first of these projections may be considered as a 
positive, and the two others as negative quantities. Let 
these three quantities be denoted by tt, *■', ir". It is evi- 
dent, in virtue of the principle of virtual velocities, that the 
sum of the given forces multiplied respectively by the pro- 
jections, thus defined, of the virtual velocities of their points 
of application, vanishes in the case of equilibrium , and con- 
versely, the equilibrium obtains when this sum is cypher, so 
that the equation of equilibrium of the lever is 

ptt + p V + p "ir" = 0 , (4) 

** * V 7 

and, in fect, it is easy to show that it coincides with that 

which has been deduced from the consideration of moments. 

■t ~^ or *his purpose, let p,p',p", denote the perpendiculars 

cg, cg', cg", let fall from the point c on the directions of the 

forces p, p', p", let c, c', c", be the distances cm, c'm', c"m", 

of their points of application from the point c , and y, y', y", 

the virtual velocities mb, u'm', m "m". As the infinitely small 

arc mjm may be considered as coincident with its tangent, the 

triangles m ma and cmg have their sides perpendicular to each 

other and are similar, hence we have 

and because 

Ma = T , MW = y, CG =p, CM = C, 

we obtain from it 
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In the same manner we shall have 


/_ JPY 


7T_ — 


& 


p //f y /; 


ir, it ", being by hypothesis negative quantities. Moreover, 
the form of the lever being supposed invariable, the three 
arcs urn, m'm', m "m", described in the same time, correspond 
to the same angle, and if they be divided by their respective 
radu cm, c'm', c"m", we shall have three equal ratios. De- 
noting by 0, the common magnitude of these ratios, there 
will consequently result 

1 — Hi — 

C C f "" * 

and, therefore, 

* = pO, ir* zz — ’ p% 7 r" zz - p"0. 

Now, if these values be substituted in equation (4), and if 
0, the factor common to all its terms, be suppressed, it will 
become 

— v'p — p "p ,J — 0 , 


which is in fact, the equation of equilibrium that we have been 
considering. Conversely, if this last equation be multiplied 
by 0, it will be changed into equation (4). The reasoning 
will be precisely the same, whatever be the number of given 
forces p, p', p", &c., and the direction in whioh they tend to 
make the lever to turn. 



CHAPTER III. 


OF THE COMPOSITION AND EQUILIBRIUM OF PARALLEL 
FORCES. 

50. It appears from No. 43, that the composition of pa- 
rallel forces may be deduced from the rule of the parallelo- 
gram of forces, by considering the point of application at an 
infinite distance, but by means of this same rule, we may also 
obtain the resultant of two parallel forces, by another way 
which it will be useful to know. 

Let p and q be the two components acting at the points 
e and f of the inflexible line ef, along the parallel directions 
ea and fb, either m the same direction as is represented in 
(fig 19), or in opposite directions as in (fig 20). No change 
will be produced m this system of forces, by applying to the 
extremities of this line, equal forces respectively denoted by 
s and acting m opposite directions, along its productions, 
ec and fd Let the force p 7 , which is supposed to act in 
the direction of ea 7 , that is comprised within the angle aec, 
be the resultant of the forces p and s applied to the point 
e, in like manner, let the force q 7 acting in the direction 
of the line fb 7 , which is comprised within the angle bfd, be 
the resultant of the forces q and s, then if the case of No. 44, 
in which the given forces p and q are equal and act m oppo- 
site directions, be excepted, the two lines ea 7 and fb 7 will not 
be parallel. Consequently, if k. their point of intersection be 
supposed to be invariably attached to the line Er, it may be 
assumed as the common point of apphcation of the two forces 
p 7 and q 7 (No. 41). Through this point K, let the lines e'f' 
and kh 7 be drawn parallel to the line ef and to the direction 
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of the forces p and ti, and if then each of the forces p' and q' 
be decomposed m the direction of these parallels, it is evident 
that we shall find again the components s and p directed along 
ke' and kh, and the components s and q directed along kf' 
and kh (fig. 19), or along kf' and kh' (fig. 20). Therefore, 
we shall have the same four forces as before, but all applied to 
the same point k. And if the two forces s be suppressed, 
there will remain the two forces p and q acting in the direction 
of the same line kh in the case of fig. 19, or along this line 
and its production kh' in the case of fig. 20, in which it is 
supposed that q is the greater of the two given forces. Hence, 
the resultant of these two forces will be parallel to them ; and 
if it be denoted by r, we shall have 

R = q =fc p, 

according as they act in the same or in opposite directions. 
In order to determine the point o, where its direction cuts the 
line ef or its production, let e' and f' be the intersections of 
the lines ae and bf with the line e'f', then the two quadri- 
laterals ee'ko, ff'ko will be parallelogiams, and if their 
diagonals ke and kf be taken to represent the resultants p' 
and q', we shall have 

s p . eo : KO, 
s • q . : fo : ko, 

for the ratios of the components. Hence we infer 
p. Q*:fo: eo; 

by means of which the position of the point o, which may be 
assumed as the point of application of the resultant R, can be 
determined. We can likewise infer 

r • Q ± p : ■ fo . ef ; 

Q • Q — p : . eo . ef; 

in which the superior signs refer to figure 19, and the inferior 

L 
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signs to figure 20, therefore, if the preceding value of r be' 
taken into account, we shall have in the two cases, 

p q r: fo eo ef; 

which shows that each of the three forces is proportional to 
the distance comprised between the points of application of 
the two others. 

This proportion, and consequently the position of the 
point 0, are independent of the angle at which the directions 
of the given forces are cut by the line bp, which may be any 
line whose extremities terminate at these two directions. 

51. We can now resolve, without any difficulty, all questions 
which may be proposed on the composition of two parallel 
forces into one, and on the decomposition of a force into two 
others parallel to it. However, we will not enter into any 
details on this subject, neither will we hereafter revert to 
the particular case of forces which are equal, but not directly 
opposed to each other, which has been excluded from the pre- 
ceding demonstration, since it has been sufficiently examined 
in No. 44. We proceed, therefore, to consider any number 
whatever of parallel forces, of which one part acts in one 
direction, and the other part in the opposite direction, and 
which, while they may or may not exist m the same plane, 
are supposed to be applied to points connected together in an 
invariable manner, as for example, to different points of the 
same solid body. 

The magnitude and position in space of the resultant of 
all the given forces, will be obtained by compounding two of 
these forces into a single one, then this last and a third into a 
single one, and so on, until all the forces are exhausted, pro- 
vided that the two last forces which are considered, do not fall 
under the case of exception of No. 44. This resultant will be 
evidently parallel to the common direction of the components ; 
moreover, it will be equal to the sum of those which act m 
one direction, minus the sum of those which act m the oppo- 
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site direction, and it will act in the direction of the greater 
sum. If, therefore, the first be considered as positive, and 
the other as negative quantities (No. 11), and if they be repre- 
sented by p, p 7 , p 77 , &c , and their resultant by R, we shall have 
always 

R=p + p / 4-p"+&c. 

52. If while the given forces are made to turn about their) 
points of application, their parallelism continues, the result-! 
ant of these forces will also turn about one of the points of its 
direction , for its point of application, which is found by com- 
pounding the given forces one after another, in the manner 
already pointed out, does not at all depend on the common 
direction of these forces, and consequently, it remains the same, ! 
when this direction changes. Thus, for example, let us sup- 
pose that the given forces are three in number, namely p, p 7 , p 77 , 
acting in the direction of the lines ma, m 7 a 7 , m 77 a 77 , (fig. 21 ) 
First, let nb be the direction of the resultant of p and p 7 , 
which resultant will be equal to p+ p 7 , let then n 7 b 7 be the 
direction of the resultant of p + p 7 and p 77 , this last force p 77 
being supposed in the figure to act in the opposite direction 
from p and p 7 , and to be greater than their sum. If now the 
three forces p, p 7 , p 77 , be supposed to turn about the points 
m, m 7 ,m", letaining their parallelism and the relative direction in 
which they act, and if Ma, mV, M 77 a 77 , be their new directions , 
In this new state, the resultant of the forces p and p 7 will meet 
the line mm 7 at the same point sr as before, since the position 
of this poi nt depends solely on the ratio of tho components, 
and not at all on the angle which the line mm 7 makes with 
then: directions (No. 50), it will now be directed along the hnc 
mb parallel to Ma, and M 7 a 7 , and it will be still equal to p-f p 7 . 
For the same reason, the resultant of p + p 7 and p 77 will meet 
the production of the line mm 7 m n 7 the same point as before, 
and it will act m the ducction of the lino m'b' parallel to mb, 
consequently, while the three forces r, r 7 , p 77 , turn about their 
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points of application m, m', m' 7 , their resultant will also turn 
about the same point n 7 . 

j 53. The centre of parallel forces is termed the point in 
which all the successive directions of the resultant intersect, 
(when its components revolve about their points of application, 
'which are supposed to be invariable. 

We shall see in the sequel, of what importance the con- 
sideration of the centre of parallel forces, is, especially in all 
questions respecting the equilibrium and motions of heavy 
bodies. We can already perceive, that if a solid body is soli- 
cited by any parallel forces whatever, and if the centre of 
these forces is determined and supposed fixed, the equi- 
librium will obtain in all positions which the body can assume 
about this point, provided that the given forces continue 
always parallel and applied to the same points of this body ; 
for then their resultant will constantly pass through the fixed 
point, which is sufficient m order that it may be destroyed. 

The rectangular coordinates of the centre of parallel forces 
depend, as we now proceed to shew, on the products of 
these forces multiplied by the coordinates of their points of 
application. As these products occur in a great number of 
cases, a particular denomination has been given to them , the 
product of a force into its distance from a plane, is termed the 
moment of the force with respect to this plane . Thus, p 
being the intensity of a force applied to a point of which the 
coordinates are a?, y, 2, the products P2, p y, pa?, will be the 
moments with respect to the planes of the axes of x and y, of 
the axes of x and 2 , and of the axes of y and 2 * In general, 
this species of moments has nothing m common with mo- 
ments which refer to a point, and which have been defined 
m No. 42. These depend upon the direction of the force, 
and are independent of its point of application ; on the con- 
tiary , moments with respect to a plane depend on the position 
of the point of application of the force, and are independent 
of its direction. These last are only made use of m the case 
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of parallel forces ; so that they may be either positive or ne- 
gative, according to the sign of the force and of the coordi- 
nates of the point at which it is apphed. 

54 Let m, m', m", & c (fig 22), be the points of apphca- 
tion of the parallel forces p, p', p", &c , of which it will be 
unnecessary to indicate the directions. Let the three rectan- 
gular axes ox, o y, o», drawn arbitrarily, be the axes of the 
coordinates , let x, y, #, be the coordinates of m, x', y', 
those of m', x", y", «" those of m", &c. , and let these coor- 
dinates and forces be supposed to be given quantities, which 
may be either positive or negative. Likewise, let q, q', q", 
&c., be the projections of the points m, m', m", &c , on the 
plane of the axes of x and y , so that we may have 

m = z, M 'q'=z', = &c. 

Finally, let Xj,y l} z l} represent the three coordinates of 
the centre of parallel forces, of which it is required to find 
the values. 

p '+ p', which is equal to the resultant of the two forces 
p and p' will meet at the point n, the line mm', oi its pro- 
duction, according as these two forces have the same or op- 
posite signs, but in each case we shall have 

• P + p' . MN mm'. 

Let k be the projection of n on the plane of the axes of 
a and y. Through the point m, let mgii be drawn parallel to 
the line qkq', meeting the hnes nk and mV at the points g 
and h, so that we may have 

MG Z GK = HQ 7 , 

we shall also have 

mn , mm' . . ng . m'h ; 

and from this proportion, combined with the preceding, we 
obtain(a) 

(p + p') ng =; x >/ m'h- 

If to this equation 9 we add the identical equation 
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(P + P') GK = P MQ + PW, 

there will result 

(p + p') NK = TZ + PV. 

The resultant of the two forces p + p 7 and p" will meet in 
a point n', either the line nm", or its production, according* 
as these two forces have the same or contrary signs , and if k' 
he the projection of n' on the plane of the axes of x and y, we 
shall find, as in the preceding case, 

( P + p") n'k' =z (p + p') nk + pV; 

consequently we shall have 

(r + v / + v ir ) n'k' = ?z + v ' z ' + 

In this manner we can continue, until all the given forces 
p, p', p" &c., are exhausted, and if R is their total resultant, 
we shall have finally 

R Z x = p z+ p V + p i/ z" + &c. 

Figure 22 supposes that all the points m, m', m", &c., n, n', 

| &c., are situated on the same side of the plane of the axes of 
j x and y, or that their ordinates parallel to the axis of z, have 
all the same sign , hut it is easy to perceive, that if the pre- 
ceding equation is true in this case, it will be also true when 
these ordinates are partly positive and partly negative. In fact* 

, if the plane of the axes of x and y he transferred parallel to 
itself, to any distance h from its primitive position, and if 
z, z', z", See., he the coordinates ofM, m', m", &c., and z x that 
of the centre of parallel forces relatively to this new plane, so 
that we may have 

| z l =z 1 — h, z — z-h, z'-z'-h, z 7/ = z" — h, &c. ; 

| and if from tire preceding equation the identical one 
j bA =: pA + p 'A + p "h 4. &c., 

i 

I he subducted, there will result 

L KZ a= PZ + P' Z / + P // Z" + &C., 
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m which equation the ordinates z, z', z", &c., may he either 
positive or negative. 

It appears, therefore, that in all cases, the moment of the 
resultant of any number of parallel forces with respect to a 
plane arbitrarily selected, is equal to the sum of the moments 
of these forces, with respect to the same plane. 

55 J If the moments with respect to the three planes of the 
coordinates, be taken successively, we shall have by the pre- 
ceding notations, 


Rail = Pa: + p V + v"x" + &c., 
rj/i = p y + py+p / y / + &c., 
RZi = rz + p 'z'+ p "z" + &c. ; 

and since 

R = P + P'+P"+&C., 


I (l> 
( 2 ) 


the three coordinates of the centre of parallel forces will be 
completely determined. If through this point a line be drawn 
parallel to the given jorces, in the direction of the sign indi- 
cated by r, the direction of the resultant will be obtained. 
These four equations embrace, in the most general manner, 
the theory of parallel forces. 

The sum of the moments of the forces is zero, with respect \ 
to every plane passing through the centre of parallel forces , 
for, if this plane be assumed to be that of the axes of x and y, 
it is necessary that we should have z x — 0 , and consequently 

p z + v’z' -I- v"z" 4 - &e. = 0 , 

In the particular case in .which p, p y , p", &c., are reduced 
to two equal forces acting in opposite directions, their sum "t 
r = 0 , hence the values of will be infinite. Con- 

sequently, the centre of parallel forces is at an infinite distance, 
or rather it does not exist at all, no more than the resultant. 

*56, When all the points of application m, m', m", &c., of 
the given forces are situated in the same plane, it is evident, 
from the nature of the centre of parallel forces (No. 52), that 
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this centre, if it exists, must also lie in this plane, this is in 
feet what may be inferred from equations (1 ) and (2) . 

— Let a, b, c, be three given constants, in this ease we shall 
have 

' z zz ax + by + 
z' — ax' + c i 
z n ~ ax" +by" + c, 

&c. 

If these values of z , z\ z r \ &c., be substituted in tho third 
equation (1), it becomes 

: RZi = (px + pV + P u Qc n + &c.) a 

+ (?y + p y + p "y" + &c.) b 
*4" (p 4" p f *4“ p f/ + &c.) Cm 

By means of the two other equations (1), and of equation 
(2), the coefficients of a, b, c , may be replaced by , Rjft, n } 
and if then, the common factor n be suppressed, there results 

*i = + by x + c, 

jfrom which it appears that the centre of parallel forces exists 
f in the same plane as the pomts m, m', m", &c. 

This centre may be likewise found, when all these points 
exist on the same right line, and then the first of equations (1) 
suffices to enable us to determine its position, provided that 
this line be assumed to be the axis of x. Moreover, if tho 
forces p, p , p /7 , &c., are perpendicular to this line, the moments 
which have been considered at page 76, are the same with 
those which refer to a point o, the origin of the abscissae 
and die first equation (1) coincides with equation (I) of No. 
47. In &ct,^ it is easy to perceive, that among the given 
rces p, p , p , &c., those which tend to produce a revolution 
a oqt the point o, in the same direction as the resultant R, are 
all forces of which the sign is the same as that of their dis- 
tances x,x 3 % , &c„, from this point, and that those which 
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tend to produce a revolution in the opposite direction, are 
forces of which the sign is contrary to that of these same dis- 
tances , consequently, the moments of the first must be added, 
and those of the second subtracted, agreeably to what has 
been stated in the number already cited 

57. The equations of equilibrium of the parallel forces 
P j E j &c , may be easily deduced horn the theorem which 
has been just established. 

If there is no fixed point in the system, it is necessary, in 
order to an equilibrium, that, if one of these forces be ab- 
stracted, for example the force p, r' the resultant of all the 
others should be_ equjrt and d irectly opposed to p. Smcc then 
the forces p and r' are equal and directly opposed to each 
other, they must be equal and affected with contrary signs, or 
in other words, we must have p + r'=0. But r' is the sum 
of the components p', p", &c., it therefore follows, that 


E +p'+ p"+&c. = 0, (a) 

which is the first equation of equilibrium. In order to express' 
besides, that the forces p and r' are directly opposed to each 
othei, let a, /3, y, be the three coordinates of the centre of 
parallel forces p', p", &c , so that we may have 

R'a = pV+ p'V'+ &c., 
r'/B=pV+pY'+&c, 
n'y = p V + p "z" + &c. , 


then this centre being the point of application of their result- 
ant r , it is necessary that it should lie on the direction of the 
force p, in order that a' may be directly opposed to this force, 
or, which comes to the same thing, this centre and M the point 
of application of the force p should exist on the same line 
parallel to the common direction of the given forces. If 1 
therefore, for greater simplicity, the plane of x and y be as- j 
sumed perpendicular to this direction, it is necessary that these I 
two pomts should exist on the same perpendicular to this I 
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plane, they will then have the same projection on this plane; 
consequently, their coordinates parallel to the axes of x and y 
will be the same, so that we shall have 

a — x 9 (3 — y, 

hence, if x and y be substituted in place of a and j3 m the 
first two of the preceding equations, there results, because 
n' = — p, 

I px + pV + p'V' + &c. — 0, 

py + p'y' + y /! + &c. zz 0 , 

which equations indicate that the sum of the moments of all 
the forces p, p', p", &c., is cypher, relatively to the planes of 
!the axes of x and z 9 and of the axes of y and z, parallel to their 
direction. 

Thus it appears, that in order to an equilibrium of these 
forces, it is necessary that equations (a) and (b) should ob- 
tain simultaneously Conversely, when these three equations 
are satisfied, the equilibrium has place , for we shall have, in 
virtue of these equations, 

k/ = — p, n fa — px, n'/3 — — py , 

and, consequently, 

a — a?, (3 = y, 

so that this resultant will be equal, and directly contrary to 
the force p which has been omitted It is not necessary, in the 
preceding proof, that the two planes relatively to which the sum 
of the moments of the given forces is zero, should be perpen- 
dicular the one to the other , it is sufficient if they are parallel 
to the direction of these forces, and it is easy to perceive, that 
if this condition is satisfied with respect to two planes(J) 
parallel to this direction, it will be equally so with respect to 
all others. 

Hence we may infer, that m order to the equilibiium of a 
system of parallel forces applied to a solid body entirely free, 
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it is necessary and it suffices — first, that the sum of these forces 
be equal to zero ; secondly, that the sum of their moments be 
nothing, with respect to any two planes parallel to their com- 
mon direction When all the forces exist in the same plane, 
this second condition will be already satisfied with respect to 
this plane, and it suffices that it be so likewise with respect to 
some one other plane. 

>58. If one of the poin ts of th is solid body is supposed to 
be fixed, it will suffice for the equihbnum of parallel forces, 
that the sum of their moments should be cypher with lespect 
to two planes passing through this point and parallel to theii 
direction, and it will be no longer necessary that their result- 
ant should be equal to cypher , for then the distances of this 
resultant from these two parallel planes will be cypher, it will 
therefore coincide with their intersection, and be destroyed by 
the resistance of the fixed point(c). 

When this point is the centre of parallel forces, the sum off! 
the moments will be zero with respect to all planes passing 1 
through this point $ consequently the given forces constitute ! 
an equilibrium, whatever be their common direction, which we 
already know from other considerations (No. 53). 

If the sohd body is retained by a fixed axis, about which 
it has solely liberty to turn, it will suffice, in order to the equi- 
librium of parallel forces applied to its different points, that 
the sum of their moments should be zero, relatively to the 
plane drawn through this axis parallel to their direction ; for 
as then their result ant lies in this plane T it will meet the 
fixed axis, and must be destroyed by its resistance. When the 1 ] 
fixed axis is itself parallel to the given forces, the plane inj 
question is indeterminate , consequently the condition of oqui- ] 
librium does not obtain, which indeed, it is evident of itself, i 
must be the case, since the forces, which are all parallel to a i 
fixed axis, cannot cause a sohd body to turn about this line, sdl 
that in tbs case the equilibrium obtains mdependently of theirq 
intensities, and of their distances fiom tbs axis. J 



CHAPTER IV. 


GENERAL CONSIDERATIONS RESPECTING HEAVY BODIES AND 
CENTRES OP GRAVITY. 

59. The force which, precipitates bodies to the surface of 
the earth when they are let to descend, is termed mdifferently 
gravity or weight. It acts on all material points, in directions 
perpendicular to this surface, or in the direction of vertical 
lines. The directions of gravity in different places of the 
earth, must therefore, when produced, converge towards its 
centre, because its form is nearly spherical, but considering 
the mag nitude of the radius of the earth, relatively to the 
dimensions of those bodies, which are generally considered, 
we may, without sensible error, assume that for all the ma- 
terial points of the same body, gravity acts in parallel di- 
rections. 

Direct experiment proves, that the intensity of this force 
at the surface of the earth varies with the latitude ; and that 
/^in the same vertical, it likewise varies withjhe elevation^ 
* above this surface. But it is necessary that the changes of 
height and latitude should be very considerable, in order that 
these variations may become sensible, and they are evidently 
not so, m the extent of a body of ordinary dimensions. 

60 . It follows from this that the resultant of the parallel 
forces, that act on all the points of a heavy body, (which 
forces are infinite in number,) is i ndepen dent of its form ; this 
resultant is what is termed the weight of the body. In homo- 
geneous bodies, the weight is evidently proportional to the 
volume , but daily experience shows, that bodies of different 
natures have not the same weight under the same volume ; 
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this may either arise from this, that the attraction of the' 
earth, which is the principal cause of gravity, as will appear 
in the sequel, depends on the nature of the material points on 
w r hich it acts, or from the circumstance that heterogeneous 
bodies contain, under equal volumes, different quantities of 
material points which are equally heavy. We will explain in 
another chapter, how philosophers have inferred from the ob- 
served motion of heavy bodies, that it is the second of these 
cases which obtains in nature. 

It results from this, that the weight of any body is in a 
ratio compounded of its mass and of the intensity of gravity 
in the place where it is situated. Hence, if we denote this 
weight by p, the mass by m, and the measure of gravity by g 9 
we have 

p = gM. 

This quantity g , which is independent of the particular 
nature of each body, is thus the weight of what has been 
arbitrarily assumed to represent the unit of mass. In the sequel 
it will appear how its value has been determined in different 
points of the earth, by means of the motion of bodies sub- 
jected to the sole action of gravity. We may likewise write 

p = iov, 1 

w denoting the weight of the body, which represents the unit 
of volume, and v its volume. The weight w is what is termed 4 
the specific gravity of the body that is considered, a denomi- 
nation which is evidently improper, for gravity is common to 
all bodies of different species, and therefore, there ought to be 
substituted for it, t he denomination specific weight. 

Finally, if d represents the mass, under the unit of volume ^ 
of the body which is considered, d will be what is termed the 
density of this body, and we shall have 

M = dv, p = gnv. 

The preceding are the equations which obtain between the 
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five quantities* p, g f m, d, v, each of which should he expressed 
numerically* by referring it to a unit of its species. 

61 The gramme , or unit of weight, is that of a cube of 
distilled water, of which one side is a centimetre, taken at its 
greatest density, which we know has place at about the 
temperature of 4° of the centigrade thermometer. This weight 
r vanes with the latitude and elevation of the place, m which it 
exists , however as the weights of other bodies, which it is 
made use of to ascertain, vary exactly in the same ratio, it 
i follows that the weight of any body expressed m grammes, is 
\ every where the same, and that there is no occasion to specify 
jm what latitude, or at what elevation it has been determined. 
According to the experiments of M Hallstrom, the weight of 
a cube of distilled water, of which one side is a centimetre, at 
the temperature zero, is 

0*““, 9998918. 

The density of distilled water at this last temperature, is 
most commonly assumed as the unit of density. The densities 
of a great number of substances have been determined by 
experiment, and expressed in numbers by means of this unit. 
Thus, for example, the density of mercury at this same tem- 
perature is, 

13,5975, 

and it increases or diminishes by 

1 

5550’ 

for each degree of increase -or diminution of the temperature. 
The density of air, taken also at that of melting ice, and when 
the barometrical pressure is 76 centimetres at the observatory 
of Paris, is found to be equal to 

1 

769,4 J 
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and for each variation of a degree in the temperature, it varies! 
in a contrary sense, bv ’ ! 

* 0,00375, 1 

hko that of every other gas. v-i 

As the weight of a column of mercury which expresses the J 
barometrical pressure, varies with the latitude and elevation 
above the surface of the earth, the density of the air, sub- 
jected to a pressure of a given height, varies at the same 
time. It is on this account, that it is not sufficient merely to 
assign this height, it is likewise necessary to specify in what 
place the observation has been made. The ratio of the 
density of mercury to that of air, corresponding to the pre- 
ceding numbers, is 

10462. 

Whenever a phenomenon, such as, for example, caloric, can 
be ascribed to a material substance, this substance must be 
acted on by gravity, and the expression imponderable should 
refer solely to matter of which the density is so feeble as to 
elude all our means of investigation , so that its presence does 
not increase m an appreciable manner either the weight or 
mass of the body of which it constitutes a part, however con- 
siderable the quantities of it are, that may be supposed to 
exist m the body 

62 As weights are forces with which we are most famili ar, 
and of which the relative values may be determined by means 
of the balance, with the greatest precision and facility, it is 
natural for us to make use of them, in comparing forces of 
different natures. Thus, when the muscular force of an 
animal, or any other force, acts on a body by the intervention 
of a chord attached to its suiface, we can always conceive 
that this force is equivalent to a certain determinate weight, 
or we can even, without changing its direction, substitute for 
its action, that of this weight, by suspendnig it at the extre- 
mity of the chord, this chord havmg been previously made to 
pass over a fixed pulley properly placed. 

The weight furnishes us with the most commodious measure 
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of the mass , in fact, -without the aid of gravity it would he 
extremely diffic ult to determine the ratio of the masses of two 
bodies It will appear in the sequel, that this measure may 
, „ algo be strictly inferred from the mutual collision of two 
u bodies , but it is much simpler to substitute for the ratio of 
the masses, that of the weights, to which it is equal in every 
part of the earth, in virtue of the equation p = #m. Never- 
theless, as the weight is only a seco ndary, property of bodies 
which may be rendered altogether insensible, by transferring 
them to a sufficiently great distance from the earth, without 
any change whatever taking place in the masses, we should 
be able to obtain a conception of the equality and relation of 
the masses, independently of the consideration of the weight ; 
this point will be adverted to in a subsequent part of this 


treatise. 

63. Since all the points of a heavy body are solicited by 
parallel forces, it follows, that if it be made to assume succes- 
sively different positions with respect to the direction of these 
forces, their resultant will constantly pass through a given point 
of this body ; this point, which m geneial has been designated 
the centre of parallel forces (No 53), is in this particular case 
termed the centre of gravity. Its c hj i racten stic property in solid 
[bodies, which aTe subjected to the sole action of gravity, con- 
sists in this, that if it be supposed fixed, the body to which it 
appert ain s remains in equilibrio in all possible positions about 
|this point, since m all these positions, the resultant of the forces 
applied toall the points of thebody passes through thefixed point. 
"" It also appears, that when a heavy solid body is retained by 
another fixed point, it is necessary, and it suffices in order to 
an equilibri um, that the right line which connects this point 
with the centre of gravity should be vertical , this centre may 
however exist indifferently, above or below the fixed point. 
In fact, as the weight of the body is a vertical force applied 
at its centre of gravity, its direction will coincide in this hypo- 
thesis, with the light line which connects this centre with the 
fixed point, or with its production, consequently this force 
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will be destroyed by the resistance of the fixed point, just as 
if it was immediately applied to it 

For the same reason, if a heavy solid body be sus- 
pended to a fixed point, by means of a thread, of which the 
inferior extremity is attached to a point of its surface, the di- 
lection of this thread will be vertical in the state of equilibrium, 
and its production will pass through the centre of gravity of 
the body. This will be also the case when the same body is 
suspended from the fixed pomt by attaching any other point 
of its surface to the inferior extremity of the thread, and the 
successive productions of the thread drawn in the interior of 
the body, will intersect m its centre of gravity , this furnishes 
us with a practical method of determining the position of this 
centre in a body of any form whatever, whether homogeneous 
or heterogeneous 

In all questions relating to the equilibrium of a solid body, 
we may abstract from the consideration of the weight of its -) 
different parts, provided that there be added to the given 
forces which act on the body, a force equal to its weight, andj 
applied vertically to its centre of gravity Thus, for example, * 
m the case of the equilibrium of the lever, m the number of ( 
given forces of which the sum of the moments is cypher, with \ 
respect to the prop, there should be included the weight of* 
the lever, acting in the direction of gravity, at its centre of] 
gravity (No. 47). ^ 

64. When GandG', the centres of gravity of the two parts 
of a body are known, and also their weights p and p' 9 k the 1° 
centre of gravity of this body may be immediately obtained , 
for this centre is the point of application on the line gg', of 
the resultant of the parallel forces p and p' 9 which act in the 
same direction at its extremities g and g', and wc conse- 
quently have, m order to determine it, 

gk gg' p' p + p\ 

In like manner, if k and g, the centres of gravity of a body Jl 

N 
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, and of one of its parts, be known, and if p an dp be the respective 
■weights of the body and of this part, g' the centre of gravity 
of the other part may be deduced from them , for this point will 
be situated beyond the point k on the production of the line 
gk, and its distance from the point & will be determined by 
the proportion 

gg' gk . . p : p — p. 

If a body is divided into any number of parts of which the 
weights and the centres of gravity are known, its centie of 
gravity may be deduced by a series of proportions; but it is 
more convenient to determine its three coordinates by means 
of the theorem which has been established respecting the mo- 
ments of parallel forces (No. 54). 

For this purpose, let p,p',p", &c , be the weights of the 
different parts of the body, and p the total weight, so that 

p = p + p' + p" -)- &c. 

Likewise, let x , y, z, be the coordinates of the centre of 
gravity of the part of which p is the weight, x', /, z', those of 
the centre of gravity of the part of which p' is the weight, &c. 
All these quantities are supposed to be given , andif x u y„ 
be the coordinates of the centre of gravity of the entire body, 
referred to the same axes as the preceding, we shall have, by 
the theorem just cited, 

p®i = pv + pV+pV -f &c., 

p yi -py + pV + p"y" + &c , 

PS, = pz + p'z’+fz"- j- &c. , 

by means of which the values of x u y v ,z x , can bo determined. 

65. In these equations, the weights may be replaced by the 
masses to which they are proportional. Therefore, if m, m', m", 
&e , denote the masses of the different parts of the body to 
which the weights represented by p,p r ,p", &c., are proportional, 
and if m denotes the entire mass, so that 
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M~m 4-m / +m // + &c., 

there will result 

m#! =r mx 4- wV+ mV + &c , 
m y x == my + rnfy' -f m u y n + &c , 
+ + mV + &c. ; 


to 


from which it appears, that t]he centre of gravity isiade]^d$nt j 
°f the ij^nsjh^y of gravity, and that it will be always the same I 
point of the body, m different latitudes and at different ele- ' 
vations above the surface of the earth. It was the consider- ; 
ation that this point does not imply the action of gravity, 
and that it depends solely on the masses and on their respective 
positions, which induced Euler, and other authors, to term it j 
the centre of inertia ; however the denomination of centie of I 
gravity has more generally obtained. ^ 

If the mass m be supposed to be divided into an infinite 
number of infinitely small parts m, m", &c., we may 
assume whatever point of each of these we choose for its centre 
of gravity, since the coordinates of all the points of the same 
element, parallel to the same axis, differ only from each other, 
by infinitely small quantities. In this case, the second mem- 
bers of equations (1) will consist of an infinite number of in- 
finitely small terms, the sums of which will be definite inte- 
grals, extended by the theorem of No. 13 to multiple mtc- 
gials. Consequently, we can always, by the rules of the 
integral calculus, determine, exactly or by approximation, the 
centre of gravity of any body whatever, ^lt^out knowing that 
of any of its parts. 

In a body of which all the parts arejhomogeneou^ their 
masses are to each other as their respective volumes ; we may, 
therefore, substitute the volumes for the masses m equations 
(1), and if the entire volume be represented by v, and the 
parts corresponding to &c., by v, v', v", &c., we 

shall have 
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V ZZ V + v' + V 11 + &C., 

YXl = VX + ttV + V V + &C. 

=z vy + v'y' + v !l y u 4 &c , 
xzi zzvz+ v'z' + v u z u + &c. 

The point which is determined by means of these equa- 
tions, is the centre of parallel forces applied to all the points 
of a body, and proportional to the elements of its volume , 
this pomt is termed the centre of gravity of the volume , 
although a volume has neither weight nor mass In like 
manner, the centre of parallel forces applied to all the points 
of a surface, or a line, and proportional to their elements, is 
termed the centre of gravity . Its coordinates are determined 
by substituting in the preceding equations, for the volumes 
v, v 9 v", & c , either the areas of the surface and its parts, or 
the lengths of the line and its parts. 

66 . The masses m, m , m ", &c , and the mutual dis- 
tances of their centres of gravity, are connected together by 
an equation which may be easily deduced from equations ( 1 ). 
For this purpose, let the origin of the coordinates be placed 
at the centre of gravity of m ; and these equations will then 
become 

mx + mV + mV 4- &c. = 0, 
my + m’y' + m l, y u + &c. zz 0, 
mz 4 m'z 7 + mV + &c. = 0 . 

By squaring the first, there results 

m n x n + m //2 # //2 + &c« = — 2 mW- 2 
— 2 mWa? // ~ &c. 

If to the two members of this equation, there be added the 
quantity 

m (m' 4 - m u + &c.) x 2 + m' (m + m n + &c.) x n 
4 rn n (m + m' 4- &c.) x ra 4 &c., 
there will rcsult(a) 
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M (m$+m f x n -\-m f 'x ,a + &c.) rz x / )*+ x u f 

+ c . 

In the same manner, the second and third equations (1) will 
give 

m (mf+ m’y 12 + m // y' J2 + &c.) = mm , (y-y r ) 2 + mm' , (v-u "\ 2 
+ V r> 

“K+ rn'z^Jf r n"ts ,a + &c.) = mm' (z—z , f+nm"(z-z ,, f 
+ m'm" (z‘ — z ") 2 + &c. 

Now, if these three last equations he added together, and 
if we make 

* a + y 1 4- z 2 = r 2 , 
a;' 2 + y’> + z l2 = r' 2 , 
x " 2 4. y " 2 4. z " 2 = r" 2 , 

& c., 

(a? - *')* +(y- y') 2 + 0 - O* = p 2 , 

(* - x "y + 0 — y") 2 + (* - *")* = /o' 2 , 

(*' - + (y' - y'f + (z'~ z"f = P " 2 , 

&C-, 

we shall hare 

m (jwj 2 + mV 2 + jw'V " 2 + &c ) = mm' p 2 + 

+ m'm" p ' 12 4. &c , 

for the equation which it was proposed to obtain, and in 
which p, p', p", &c., are the mutual distances of the centres of 
gravity of m, m', m", &c., and r, r', r", &e., the distances of 
these points from the centre of gravity of m. 

67. We can also infer from equations (1), a remarkable) 
property of the equilibrium of a material point entirely free,/ 
It may be stated in the following manner. 

Let o be the point in cquilibno (fig. 23) ; and let the 
forces which solicit it be represented in magnitude and di- 
rection by the lines oa, oa',oa", &c.; if their extremities 
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A, a', a", &c.j be the centres of gravity of egual masses, the 
point o will be the centre of gravity of this entire system. 
In fact, if equations (1) be applied to these masses, and if 
their number be supposed to be w, we shall have 

nx x zz x + 

ny l = y + y' + y"+&Q . 9 
nz x zz z + + z " + 

On the other hand, if the angles which the force a makes 
with three rectangular axes drawn through the point o, be 
a, j3, 7, and if a', y be what those angles become rela- 
tively to the force oa', and a", / 3 ", y'\ what they become re- 
latively to the force oa", &c., the equations of equilibrium of 
these forces will be 

oa cos a + oa' cos a' + oa" cos a" + &c. ~ 0, 

OA cos /3 + oa' cos / 3 ' + oa" cos j 3 " + &C. zz 0 , 
oa cos y + oa' cos y f + oa" cos 7" + &c. = 0, 

Now, if the origin of the coordinates be placed at the point 
o, the coordinates of the points a, a', a", &c., will be 

x ~ oa cosa, y — oa cos|3, z — oa COS7, 

X 9 = oa' cos a , y 9 = 0A f cos j 3 ', ^ = oa' cos 7', 

x 9 '= oa"cos a", y” zz oa"cos j 3 ", zz oa"cos 7", 

&c., 

therefore we shall have, in virtue of the equations of equi- 
librium, 

x + x r + &"+ &c = 0, 

y + 2/+ y''+ &c. = 0, 

z + d + z 9 ' + &c, =1 0 ; 

hence we infer 

x x — 0, y x zz 0, z x zz 0, 

for the coordinates of the centre of giavity of equal masses , 
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consequently, this centre will coincide with the point o, which 
was proposed to he demonstrated. 

68. There are several particular cases in which the centre 
of gravity is immediately known. Thus, the centre of gravity 
of a sphere, or of an ellipsoid, is evidently the centre of the 
figure; that of a parallellopiped is at the intersection of its 
four diagonals, that of a cylinder whose bases are parallel, at 
the middle point of its axis. The centre of gravity of a 
circle, or of an elhpse, is likewise in the centre of the figure, 
and that of a parallellogram at the intersection of the two 
diagonals. The centre of gravity of a right line is m the 
middle point of this line , hence may he inferred, without any 
difficulty, the centre of gravity of the perimeter of any polygon 
whatever, either by a series of proportions (No. 64), or by the 
equations of the moments of parallel forces. It appears in 
like manner, that when the centres of gravity of a triangle and 
of a triangular pyramid are known, we can deduce, by one or 
other of these methods, the centres of gravity of any given 
polygon, or polyhedron, since they may be respectively de- 
composed into triangles, or triangular pyramids. 

But in general, the deteimmation of centres of gravity 
requires the application of the integral calculus, and in the 
following chapter, we propose to furnish all the requisite dc- 
tails for this purpose. 



CHAPTER V. 


DETERMINATION OF CENTRES OF GRAVITY 

Centres of Gravity of curved Lines. 

69. Let s be the arc of the given curve, terminating at 
any point M, and measured from a fixed point c. Likewise, 
let x, y, z, be the three rectangular coordinates of M This 
curve may be considered as a polygon of an infinite number 
of sides, ds will be the side, or the element, of the curve 
which corresponds to the point m , and m whatever point the 
centre of gravity of this element may be, we can assume x,y,z, 
for its three coordinates, as they cannot, in point of fact, differ 
from those of m, except by infinitely small quantities. 

Let l denote the length of the determinate part of the 
curve, of which it is required to determine the centre of gra- 
vity, and let s 0 and S] represent the given values of s which 
refer to the two extremities of l. Let *j, y\, *i> be the co- 
ordinates of the centre of gravity of this arc l, referred to the 
axes x, y, z By the theorem of No. 13, the sum of the values 
of each of the products xds, yds , zds, in the entire extent of l, 
will be a definite integral taken from s = s 0 , to szzs lf x,y,z, 
being considered as functions of s, depending on the nature 
of the curve m question. Hence we shall have (No. 65) 

-**=$***> *>=£»*■ =$»;'*■ (i > 
for the three equations, by means of which x, y, z, can be de- 
termined. 

Suppose, for example, that the given line is a right one, 
and that its part l terminates at the point c, so that we have 
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So-. 01 , s, = l. Let a, 13, y, denote the three angles which 
this part l makes with the axes drawn through the point c, m 
the direction of the positive xs, ys, zs Likewise let a, b, c, be 

the three coordinates of the point c ; for any point m we shall 
have 

x = <z + s cosa, y~b + s. cosj3, 2 = c + f. cosy. 

By substituting these values in equations (1), integrating 
and then dividing by l, there results(a) 

aj, = a4-^cosa, y, = b + ilcosfi, z 1 = c+ilc os 7 ; + 

which indicates that the centre of gravity of the line l, is 
situated at its middle point, as we know ought to be the case. 

70. When it is proposed to find the centre of gravity of a 
plane curve, if its plane be assumed to be that of the axes of 
x and y, the two first equations (1) suffice to enable us to de- 
termine the position of its centre of gravity in this plane. 
Moreover, if the portion l of the curve be symmetrical on 
each side of the point c, we shall have * = an d a, - ft , 
the centre of gravity will be situated on the normal raised at 
the point c ; and if this line he taken foi the axis of x, it will 
be sufficient to determine the value of x u which will be fur- 
wished by the equation 

**=$-*/«*• 

The arc of a circle is comprised in this particular case, by 
assuming for the axis of*, the diameter which passes through 
its middle point. If the origin of the coordinates be at the 
centre of the circle, and ifwe denote its radius byo, we shall have 


* = a. cob-, 

a 


for 


point m , hence we infer(&) 


lx\ — 2 a 2 sin 


2 a : 


and if c be the chord of the arc l, we shall have 


f 
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c = 2asm^ 5 l%\~ac, 

from which it appears that %, the distance of the centre of 
gravity of an arc of a circle from the centre of the circle, is a 
fourth proportional to the radius, the chord, and the arc. 

71 As the equation of a plane curve mates known one of 
the two variables in a function of the other, if the value of y 
is supposed to be given in a function of a:, we shall have 

ds-V l + % ds > 

and if « and 0 denote the values of x, which refer to the two 
extremities of the arc l, instead of the preceding equations, 
we shall have 



” If the given curve be a conic section, we can obtain by 
the ordinary rules, the values of the integrals contained in the 
two last equations (2), under a finite form And in the case 
of the parabola, we can likewise obtain the value of the in- 
tegral of the first of these equations, so that the two(c) co- 
i ordinates of the centre of gravity of an arc of a parabola may 
be always obtained in functions of a and (3 the abscissae of its 
extiemities By a theorem of Landens, the arc of the hyper- 
bola may be expressed by means of two arcs of the ellipse and 
of an algebraic part , as to the arc of the ellipse, it must be 
considered as a function irreducible to other simpler functions ; 
however, by means of very extensive tables of this function, 
computed by M. Legendre, their numerical values may be 
i computed to a very close approximation. Hence, when the 
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numerical values of a and /3, and those of the axes of the 
elhpse or hyperbola are given, it will be easy to compute the 
value of l, and consequently, x x and y u the coordinates of the 
centie of gravity of an arc belonging to one or other of these 
two curves. 

72, Let the arc of the cycloid be taken for another ex- 
ample of the application of equations (2). In this curve, the 
length, the area, the surface, the volume generated by its 
revolution, and the cooidmates of their centres of gravity, can 
be determined exactly. The drawing of a tangent at any 
point of this curve is also extremely simple , its evolute is 
another cycloid, and moreover it may demonstrated, that by 
a series of successive developments, any curve whatever ap- 
proximates more and more to coincide with the cycloid, and it 
rigorously (o?) coincides with it after an infinite number of de- 
velopments. We shall likewise see in the sequel, that the 
cycloid is a curve which possesses very remarkable properties 
with respect to the curvilinear motion of heavy bodies. This 
singular combination of such a number of curious proper- 
ties of different descriptions, all appertaining to the same 
curve, has rendered the consideiation of it extremely useful, 
and of very frequent application in geometry and mechanics 5 
Its equation may be obtained in the following manner. 

As the cycloid is a plane curve acb (fig 24), generated by 
a given point m of the circumference of a circle, while it rolls 
without sliding on the right line ab, if the generating point 
commences to move at the point a, when it arrives at the 
point b of this line, the interval ab will be equal to the circum- 
ference of the given circle We may also perceive, that its 
diameter will be equal to the perpendicular cb, let fall from 
the summit of the cycloid on ab, and that it divides the curve 
into two parts symmetrically equal Therefore, if c denotes 
the radius of the given circle, we shall have 

AB = 2 7tC ? CD ~ 2 e. 
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In any position whatever of the circle, let hg be its di- 
ameter perpendicular to the base ab, and h its point of con- 
tact with this line. From the point m let the perpendiculars 
mk and mp be let fall on gh and ab, and let 


APzzp, pm=j; 


we shall have 


ah = ap + mk = p 4- </2cq — q\ 


( . \^2cq — q i \ 

arcMH = e.arcf sin= \> 

But as the generating circle rolls without sliding on the 
line ab, it follows that we have constantly 

ah = arc mh , 

hence the required equation of the cycloid will be 

T ( V<lcq-q*\ 

p 4 V2cq —q— c.arc^sm= ) J 


for the point of which the coordinates are p and q. 

By differentiating, we ohtain(c) 

. 1 d( l 

P ~ v/ 2 cq — q 2 * 

for its differential equation. From which it appears, that the 
two chords mg and mh of the generating circle are the tan- 
gent and normal to the cycloid at the point m. If the radius 
of curvature at the same point he determined by the known 
formulae, it will he found equal to twice mh ; hence it follows, 
that if mh be produced so that hn = mii, the point n will be 
the centre of curvature If in the same manner, the line cnn 
be made double of cd, the point e will be the centre of cur- 
vature of the cycloid at c the summit of the cycloid ; and henco 
it is easy to perceive, that ane, the evolute of the semi-cy- 
cloid amc, is an equal cycloid, reversed in such a manner, that 
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its summit c is transferred to a, and its origin a to e. It fol- 
lows also that length of ame, or of amc, is equal to the right 
line ode, and consequently, the entire length of the cycloid is 
equal to four times the diameter of the generating circle 
73. In the different applications of the preceding equation, 
it will be more convenient to transfer the origin of the coordi- 
nates to the summit c (fig. 25), and to take for the axes of a 
and y , the lines cx and cy, which are respectively perpendicular 
and parallel to the base ab. Hence, if from any point m a 
perpendicular mp be let fall on cx, we shall have 

cp r zoc, mp == y. 

By comparing these coordinates with the preceding, it 
appears that 

p —l7ra—y, qzza — x, 

((^deno ting t he diameter cd of the generatmg circle.) Hence, 
if these values be substituted in the differential equation of the 
cycloid, and if a be put instead of 2 c, it will become 

, ( a - cc) dx 

dy= w 

from which we obtam(/) 

ds-V -dx, 

X 

and if the integral of this equation be taken so that it may 
vanish when * = 0, there results 

s — 2 V' ax, 

for the length of the arc cm, of which the origin is at the 
summit. At the point a we hare x-a, which gives, as 
before, 2 a for the length of the semi-cycloid cma It may bo 
remarked here, that the equation 4 ax of the cycloid is 
similar to that of the parabola, from which it only differs in 
this, that the ordinate y is leplaccd by the arc s. 
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If the two last equations (2) be applied to the determination 
of the centre of gravity of the arc cm, we shall have 



m which the integials must be taken in such a manner that 
they may vanish with x . By substituting for s its value, there 
results 

2#i y'xzz^Vxdx, 2y 1 V / x = 

Hence we obtain 

a?i = > 

from which it appears, that the centre of gravity of an arc 
m'cm, which is symmetrical on each side of the summit c, and 
which must therefore exist on the line CD, is distant from the 
point c, by one-thnd of cp, reckoning from the point c. By 
integrating by parts, we obtain (#) 

§v^ = 22 ' v/ *~ 2 $ v/ * £ ^' 

Therefore, if we substitute for dy its value given by equa- 
tion (a), we shall have 

y v \/ x = yV x — a—xdx , 

and, consequently, 

Vi- y + 3^ [(a - *)* - aV~a\ , 

and this combined with the value of completely determines 
the centre of gravity of the arc cm In the case of the semi- 
cycloid, we have % = a and y — \na, hence there results 

*i - Vi-a Qj r — $). 

74. When a plane curve revolves about a line comprised 
in its plane, which line may be taken as the axis of the ab- 
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scissse, it will generate a surface of revolution, tlie area off 
which can be expressed in terms of the length of this curve 
and of the ordmate of its centre of gravity*. 

In order to demonstrate this, let x and y be the abscissa 
and ordmate of m any point of this curve, and s the arc cm 
terminating at this point, and measured from the fixed point 
c , the element ds will generate the surface of a truncated cone, 
and its middle point will describe a circumference equal to 
^(y + idy), or simply to 2n y, because dy is infinitely 
small By the known rule, therefore, 2ir yds expresses the 
element of this surface. Hence if s 0 and s x denote the values 
of $ 3 which answer to the two extremities of the generating 
curve, and s the surface generated, we shall have by the theo- 
rem of No. 13, 

s~2r^ Sl yd$. 

vS{\ 


It should be observed here, that this expression implies 
that the generating' curve is not intersected by the axis of x, 
if it is, then its parts situated on the opposite sides of this axis 
will describe two different surfaces, of which s expresses only 
the difference With this restriction, the expression will 
always obtain even when the generating curve is one which 
returns into itself, and in order to apply it to this ease, it 
will be sufficient to substitute for s± the arc s 0 increased by tlie 
entire circumfeience of this curve. 

This being established, wc obtain by comparing this for- 
mula with the third equation (2), 

- s = 2nly ^ 

which shews that s the surface generated is equal to l the length 
of the generating curve, multiplied by 2 wj/i the circumference 
described by the centie of gravity This theorem will enable 
us to determine the value of s at once, without any compu- 
tation, and from the mere inspection of the curve, whenever 
the centre of gravity of the generating curve is known; it 
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will not be of any use, if it is necessary to compute the or- 
dinate y i, since this computation would be the same as that of 
s. Let us suppose, for example, that the generating curve is 
a circle , if we denote its radius by #, the distance of its centre 
from the axis of rotation by e, we shall have, on the supposition 
that c is not less than a 9 

l = 2 ra } y l = c, 

and, consequently, 

s = 47 r^ac. 

When the circle touches the axis of rotation, we shall have 
czza, and the surface generated will be equivalent to a square, 
of which the side is equal to 2? ra 9 the circumference of the 
generating circle(y). 

II . — Centres of Gravity of Surfaces, 

75. Let a, y, 2 , be as before, the coordinates of any point 
m, and x i9 y lt z Xi those of the centre of gravity which it is re- 
quired to determine , let z be considered as a given function of 
# and y 9 and therefore 

dz _ dz 
dx~ P’ dy 

then if w be the element of the given surface which corresponds 
to the pomt m, we shall have (No. 21) 

= dxdyV 1 + q*. 

In whatever point of w the centre of gravity of this element 
exists, its coordinates differ by infinitely small quantities from 
V* z 9 ma y therefore take wx, ojy 9 oz 9 for the moments of 
with respect to the three planes of the coordinates, and con- 
sequently there will result (Nos. 13 and 65) 

\ = $S<u, \x x =z §xu>, Xy x = §yu> 9 \ Zl = > 
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X denotes the area of the portion of the surface, of which the 
centre of gravity is required, and the double integrals are sup. 
posed to extend to all the elements of X. 

In the case of a plane surface, if it be assumed to be that 
of the axes of x and y, the quantities p and q "will he cypher, 
and we shall have only to consider the three equations 

X = \ldxdy, \x x - §xdxdy, X«/ t = Hydxdy. 

If X be terminated by the curve abc (fig. 26) , to each abscissa 
* or op, there corresponds two ordinates pm and pn, which we 
shall denote by y and y' s and which will be given in functions 
of x, by the equation of this curve ; also if a and (3 be the ab- 
scissae od and oe of the points a and B where the tangents 
are parallel to^the ordinates, then the integrals should be taken 
first from y r — pn to y — pm, and then from x s a to x = (3; 
by this means there will result 


X = $a(y-y / )dx> 
*®i=5a (y—y')xdx, 
&*“*") dx ‘ 


( 1 ) 


If the area X, instead of being circumscribed by the reentrant 
curve abc, is comprised between two different curves and be- ‘ 
tween two right lines parallel to o y the axis of the ordinates, *" 
the value of y should be deduced from the equation of the su- 
perior curve, and that of y' from the equation of the inferior 
curve, and the distances of these two parallels from the point 
o should be assumed for a and /3. In the case of most fre- 
quent occurrence, ox, the axis of the absciss®, replaces the 
inferior curve; consequently we shall have y ! ~ o , and simply 

* Mzz^yxdx, XyjZZ^Py'dx, 


( 2 ) 
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by means of which the area and centre of gravity of a portion 
of a plane surface comprised between a given curve, the axis 
of the abscissae and two ordinates of this curve, can be deter- 
mined. It may be remarked, that equations (1) can be also 
obtained in the following manner • — Let the area abc be di- 
vided into elements such as mnn'm' infinitely small and pa- 
rallel to the axis o y. Let u denote the length of the line mn ; 
if through its two extremities there be drawn lines parallel to 
the axis ox, then whether triangles, infinitely small of the se- 
cond order, be added or subtracted from the element mnn'm', 
its magnitude will not be changed, consequently this element 
will be equal to udx. If v is assumed to denote the distance of 
the middle point of mn from the axis ox , x and v may be taken 
for the two coordinates of the centre of gravity of this element; 
for it is evident that they only differ from it by infinitely small 
quantities. Therefore, from the other notations already re- 
ferred to, we shall have 

X = ^udx, \x x =. ^ xudx, Xy x = ^ vudx . (3) 

Moreover, as y and y J denote always the coordinates pm and pn 
which refer to the same abscissa, we have likewise 

u — y-y 1 , vzz\(y + y')> 

from which it appears that these last formulae coincide with 
equations (1). 

76. 1 For the first example, let the centre of gravity of the 
triangle abc (fig. 27) be required. 

Let the origin of the coordinates be placed at the vertix 
c, and let the axis of x be perpendicular to the base ab ; if we 
represent this base by b, and the height cd by h 9 and if through 
any point p in the line cd, there be drawn mn perpendicular 
to this line, cp and mn will be the variables x and u 9 and we 
shall have the proportion 

u : x : . b : A, 
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from which we deduce 



We shall have besides, a zz o 9 j3 =: A. By means of these 
values, the two first equations (3) will give 

X = \bh, Xx^^bh*; 

from which results 

#1 = §A. 

It will not be necessary to calculate the value of y ; for if b is 
the middle point of ab, and if the line ce be drawn it will bi- 
sect all the elements of the triangle parallel to ab, and will, 
consequently, contain its centre of gravity. Hence, if on CD 
there be taken a part 

cf z= f CD z= at 19 

and if fg be erected perpendicular to cd, the point G in which 
it meets ce will be the centre of gravity of the triangle. As 
the line fg cuts cd and ce into proportional parts, we shall 
also have 

cg = § ce; 

from which it appears that the centre of gravity of a triangle 
exists on the line which joins its vertix with the middle point 
of the base, and its distance from the vertix is two-thirds of 
this line, and consequently its distance from the middle point 
of the base is one-third of the same line. 

77. This theorem may be also demonstrated without the 
aid of the integral calculus in the following manner : 

In fact, as it has been proved by the decomposition of the 
triangle abc (fig. 28) into elements parallel to ab that its cen- 
tre of gravity exists on the line cd, which connects the vertix 
c with d, the middle point of this side, so, by decomposing 
the triangle into elements parallel to the side ca, it may be 
shown in the same manner, that this centre of gravity exists 
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also on the line be drawn from the vextix b to e the middle 
point of ca; consequently this point must be at g, the inter- 
section of the two lines cd and be. But, if the line be be 
drawn, it will be parallel to cb, since it cuts ca and ab into 
proportional parts, from which there results 

DE CB AD AB 1 : 2, 

DG CG : DE CB * 1.2, 

so that dg will he half of cg, and consequently the third of 
cd, which it was proposed to demonstrate. 

It is evident from this, that the three lines which are drawn 
from the three angles of a triangle to the points of bisection of 
the opposite sides, intersect m the same point, which is agree- 
able to a known theorem. 

If the vertices a, b, c, of the triangle are the centres of 
gravity of three equal masses, the centre of gravity of these 
three bodies will coincide with that of the triangle , for, first, 
the centre of gravity of the two masses which answer to a and 
b is found at d, the point of bisection of the line ab ; and then 
the centre of gravity of these two masses and of the third will 
be g, a point in the line cd, so situated, that is half of CG, 
or a third of CD. 

It follows from this, and from the theorem of No. 67, that 
if there he applied to g the centre of gravity of a triangle, 
forces represented in magnitude and direction by the lines g a, 
gb, gc, drawn from this point to the three vertices, these three 
forces will be in equihbrio. 

-f 78 . Knowing the centre of gravity of a triangle, it is easy 
to deduce successively those of a circular sector or segment. 

Let cadb (fig. 29) be the sector, and c the centre of the 
circle If the arc adb he considered as a portion of a polygon 
of an infinite number of equal sides, the sector may likewise be 
decomposed into equal triangular elements which will have all 
these sides for bases, and their common vertix at the point c. 
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Let the force which acts on each of these elements be applied 
at their respective centres of gravity; and as the distance 
from the point c of each centre of gravity is two-thirds of the 
radius of the circle, there will result a system of equal and pa- 
rallel forces applied to all the elements of the arc a / d / b / de- 
scribed from the point c as centre, and with a radius equal to 
| cd. Consequently, the centre of gravity of the sector will 
be the centre of these parallel forces, that is to say, the centre 
of gravity of this arc a / d / b / . Now, if a y l, c denote respec- 
tively the radius cd, the arc adb and the chord ab, the analo- 
gous quantities corresponding to a 7 d 7 b 7 , will be § a, f Z, f c, 
therefore if g be the required centre of gravity, we shall have 
by the theorem of No 70, 

2 ac 

*= 37 ’ 

{x being equal to cg). 

Now let s, s 7 , Si, denote the surfaces of the sector cadb, of 
the triangle cab, and of the segment adbe ; if their centres of 
gravity, which will evidently be on the radius cd, terminating 
at d, the middle of the arc adb, he g, g 7 , g 15 and if a?, # 7 , x l9 
denote the distances of these three points from the centre c , 
when parallel forces and proportional to s, s 7 , s x , are applied to 
them, the first will be the resultant of the two others ; therefore, 
m considering the moments of these forces, we shall have 


sx zz s V + Six } . 

Besides, we have 


s =: \al, x 


2 ac 
37 


And if ce, the altitude of the triangle of which the base is ab 
or c, be denoted by h 9 we have likewise 


Hence, as 


s'zz^ch, x'=z$h. 
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Sj = s — s' = ^ ( al—ch ), 
the equation of moments ■will become 

ia a c = i ch 2 + 1 (al—ch) * I ; 

by means of which, the distance of the centre of gravity of 
the segment adbe, from the centre of the circle, can be deter- 
mined, forsmce 

. . I . I 

c— 2 a sin—, h — a. cos 
2 a 


we can deduce (t) 


Xl = 


4 a 2 sin 3 

2a 

3(/— -asin 


When the arc l is the semi-circumference, we have l = ira; 
the sector and the segment coincide, as also the distances so 
and Xi, of which the common value is 

4 a 

% X 1 q“~ • 

07T 

79. If the three conic sections be taken successively for 
the curve to which formulae (2) refer, the integrations can 
be effected by the known rules, and the values of x x and 
the two coordinates of the centre of gravity, may be obtained 
in a finite form. As this example has been merely adverted to 
as an exercise of the calculus, we will not enter into any do- 
tails, but pass on to the determination of the centre of gravity 
of the area of the cycloid. 

Let cpm (fig 25) be the segment of which it is required 
to determine the centre of gravity , if the abscissa cp and thfr 
ordinate pm be denoted by x and y 9 as in equation (a) of No« 
73, it is necessary that the integrals contained in formulae (2) 
should vanish when xzz o 9 and these formulae will become, by 
integrating by parts, 
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\zzxy — ^xdy, 

AiCj = %a?y — Hx?dy, 

^1= l x f — l xydyi 
the new integrals likewise vanishing at the same time as «. 

In virtue of equation (a), we have 

\xdy—%Vcm^- tfdx; 

but if n be the point where the ordinate mp meets the circle de- 
scribed on cn as diameter, this last integral expresses the semi- 
circular segment cnp; therefore, if in order to abridge, the 
area of this semi-segment be denoted by y, we shall have 

X = xy — y. 

In the case in which the point m coincides with the point 
a, we shall have * 



*_CD = c ysDAs Jjro, y ~^ra\ 

and consequently, 

A = f 7r a 2 . 

Hence it appears, that the area of the semi-cycloid is triple 
of that of the semicircle cnd, of which the radius is la, or in 
other words, the area of the entire cycloid is three times that 
of its generating circle. We shall have in like manner , 

Sar% = $ x /ok - a; 2 , dx, 
or, what is the same thing, 

S*%= la S ✓«»-«» dx - S(4a - x) V^^dx. 

The last integral may he obtained at once, and because it 
must vanish when x = 0, we shall have(£) 

A®i = l&y — lay — x*)i, 

by means of which the value of a* may be obtained from that 

01 Ae 

In the case of the semi-cyloid cad, in which we have at 
the same time 
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xzza, y — lira, y = lira% X = 
there results 



for the distance of its centre of gravity from the axis c y. 
Hence the centre of gravity of the area of the entire cycloid 
is at the distance of seven-twelfths of the height cd from the 
summit c. 

With respect to any other segment, such as cmp, the ordi- 
nate j/i should also he determined, this, however, requires a 
much more complicated calculus. 

80. In virtue of equation (a), we have 

\xydy — ^y*/ ax— x 2 dx, 

and as the value of y given in No. 73 may be written as fol- 
lows . 

_ C (\a—x)dx a C dx 

^ ^]/aX — X 2 2 — g. 2 ’ 

if we assume 

f _ , 

J V ax — x l * 

this integral being supposed, as in the other cases, to vanish 
when x = 0, we shall have 

y = V'ax-x 2 ^- \az ; 

from which results(Z) 

Ixydy— lax?— Jar* + ax^aPdx. (5) 

Because we made 

y — ax — a?dx, 
we shall have by partial integration 

IzV' ax—aPdx — zy — %yd#. 

The expression for y may be written as follows, 


(6) 
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, 2 (* dx c(\a—xfdx 

and by integrating the second tern by parts, there results 
7 — v/ g F — a? ~ (\ a ~ x )^ ax — x * — ax—x^dx; 


hence we infer (m) 

7 = ^d*z — £ (£« — x)V ax — x?, 
and because V' ax — x~dz =: dx, we shall consequently have 
$7 dz — T \ a¥ — i(ax — of*) 

If these values of y and %ydz be substituted in equation 
(6), there will result (n) 

S’ z V ax — dx — -jig a 2 .z 2 — ^ aa:— ® 2 -f- K aw3—a, ) 2 > 

which changes equation (5) into 


+ £<ra 2 — \x* 1 

J 


( 7 ) 


+ -5^a 3 ^*~ a:) "/a® 

By means of this value and that of z, namely : 

( a — 2a:\ 
z — arc ^cos =: — — — J , 

the third equation (4) will not contain any unknown q uan tity, 
and will, therefore, make known the value of j/ it for any 
segment whatever such as cmp. 

In the case of the semi-cycloid cad, we shall have 

x — a, z— arc (cos == — 1) — ir , 
and formula (7) will be reduced to 


^xydi/ = a z (^ + ^j, 


y = \tt a, X = $ 7 ra\ 
Q 


and because 



114 


CENTRES OF GRAVITY OF SURFACES. 


the third equation (4) will give 



which, together with the value of x Y given in the preceding 
number, will completely determine the position of the centre 
of gravity. 

81. Let s be the area of a zone of a surface of revolution, 
comprised between two planes perpendicular to its axis of 
figure. The centre of gravity of s will be on this axis , if 
this axis coincides with that of x , and if x x denotes the distance 
of this centre from the origin of the coordinates, a and ]3 being 
the distances of the two planes which bound s, from the same 
origin ; the determination of the centre of gravity of this zone 
will be reduced to that of the value of x v . 

Let s be resolved into elements of which each is the sur- 
face of a truncated cone described by the infinitely small side 
of the generating curve, as in No 74; that which corresponds 
to the point m of this curve, the coordinates of which are x and 
y , will be equal to 27 ry\/ dx* dy 2 , its centre of gravity will 
be also on the axis of a:, and the distance of this point from the 
origin of the coordinates can he assumed to be equal to a?, since 
it can only differ from x by an infinitely small quantity. This 
being so, (by Nos 13 and 65,) we shall have 


s = y +%*>. 


y being considered as a function of x, -which is known from the 
equation of the generating curve. 

If, for example, this curve is the arc of a circle , by placing 
the origin of the coordinates at the centre, we shall hare 

y — V a i — x l , 

{a denoting the radius,) from which there results(o) 
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s =s Siratffr^a, 
m»i = ira C/3 a — a 5 ), 

and, consequently, 

*i = K/3 + a); 

from which it appears, that the centre of gravity of a spherical 
zone, is in the middle point of the part of the diameter comprised 
between the two planes that terminate it, and which is perpen- 
dicular to these planes. 

The cycloid will furnish us with two examples of the 
application of formulae (8), by causing- the are cm to turn suc- 
cessively about the axis car, and the axis c y. 

In the first case, m virtue of equation (a) of No. 73, we 
shall have 

s zz 27 rv'a^y—-^, =z 2tt\/ a^y\/%dx> 

the integrals being taken in such a manner, that they may 
vanish at the point c, where a>=0. By partial integration, 
and taking into account the value of dy^ furnished by equation 
(a), there arises 


s rz 47 xyV ax — 47r a — x dx 9 

s *\ ~^-y x x\/a—x.dx, 

and, consequently,^) 

s -AttyV ax + ~V~a (a—x)$ 

4 7 r , q 

S^1 = ( a — #)* 




16 , 


45 


w 


, 3 . 


by means of which the surface generated by the arc cm, which 
is concave towards the axis of the figure, and the distance of 
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its centre of gravity from the point c, are determined. When 
this arc becomes the semicycloid ca, we have x zz a and 
yzz^Tra, and, consequently, 

s = 2 t to 2 (7 r — |), sx 2 =z (tt — T 8 7 ). 

In the second case, it is necessary, m order to be able still 
to apply equation (a) of No. 73, to transpose x into y, in for- 
mulae (8), which by this means will become(y) 



sy, — iTt^xy 'S/l + ^dx, 


y x is the distance from the point c, of the centre of gravity of 
s situated on the line cy, and the integrals are supposed to 
vanish at the point c, that is to say, when x = 0 By means 
of equation (a), we shall have 


s = 27 r ^x\/~dx zz ^£-x \/ ax , 

J x o 

* 

‘the value of will be the same as that of sx x of the first 
*case, and by dividing it by this value of s, the distance from 
the point c, of the centre of gravity of the surface generated 
'by the arc cm, which is convex towards the axis of the figure, 
will be obtained. When this arc becomes the semi-cyloid ca, 
the surface generated will be equal to 4tira 2 i in which case 
* also, the value of the distance y x will bo 


'yi=f (»—■&)• 

It may be remarked here, that when the same arc of a 
curve turns successively about two rectangular axes, which 

I P&ss trough one of its extremities, the value of the second 
member of the second equation (8) continues to be the same, 
consequently the distances of the centres of gravity of the two 
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surfaces which are generated, from this extremity, are in thel 
inverse ratio of the areas of these surfaces. J 

83. If the curve abc (fig 26) turns about the axis oa?, 
which is comprised m its plane, but does not meet it, its sur- 
face will generate a solid of revolution, of which the volume, 
denoted by v, may be expressed by means of the area of this 
surface and of the ordinate of its centre of gravity. 

For if all the notations of No. 7 5 be retained, it is easy to 
perceive that we shall have 

r= {y 1 - f 2 ) dx, 

in fact, the infinitely small slice of this volume, generated by 
MNNVthe element of the generating area, will be equal to ny 2 dx 
Tty 12 doc the difference of two cylinders of which the radii are 
pm and pn, and whose common altitude is dx , for we may 
neglect the infinitely small volumes of the second order, which 
are generated by the triangles that are added or taken from 
this element, by drawing through the points m[] and n lines 
parallel to the axis ox. Now by comparing this expression of 
v, with the third formula (1) of the number cited, we obtain(r) 

v= 27rXyx; 

from which it appears, that the volume generated by A, r the area 
of a plane curve, is equal to this area~multiplied by 2n^ l9 the 

circumference of the circle described by its~ centre of gravity 

a theorem analogous to that of No. 74. By means of t his ex- 
pression the volume v can be determined when the centre of 
gravity of X is known d prion . It will also subsist, when the 
generating surface, m place of being circumscribed by a reen- 
trant curve, is comprised between two different curves, and be- 
tween two perpendiculars to the axis of the figure, provided 
that this axis does not pass between these two plane curves. 

If the generating area is a semicircle revolving about its 
diameter, the distance of its centre of gravity from this 

of rotation will be equal to (No 78), the radius being de- 
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noted by a ; hence the length of the circumference described 

by this point will be and as the area of the semicircle is 
£ira 2 , we shall have 

v-1 i£ 

~ 3 5 

which is, in fact, the volume of the sphere. 

If the reentrant curve abc is an ellipse of which a and b 
are the two semi axes, and c the distance of its centre from the 
axis of rotation ; the area X will be, as is well known, equal to 
Tab, and as its centre of gravity is evidently the centre of the 
figure, we shall have yj — c , hence there will result 

V = 2 T*abc; 

whatever may be the inclination of one or other of the axes of 
the ellipse to the axis of rotation. 

1 84. It is evident that the segment of the solid of revolution 
comprised between two planes passing through the axis of 
figure, is to the entire solid, as the angle contained between 
these two planes is to four right angles, or, which is the same 
thing, as the arc described between the two planes, by the cen- 
tre of gravity of the generating area, is to the entire circumfe- 
rence 2 Ty x . Therefore, denoting the length of this arc by l, 
and the volume of the corresponding segment by l, we shall 
have (s) 

l = IX, 

X being always the generating area, which, by hypothesis, is 
not traversed by the axis of rotation. 

This formula may be extended in the following manner to 
other segments which do not belong to solids of revolution. 

Let us suppose, in fact, that a plane curve moves without 
sliding or turning in its plane, and in such a manner that this 
plane may be constantly perpendicular to a given line, which 
may be either a plane curve or one of double curvature. In 
this motion, the same point of this plane will always remain 
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on the directrix, and the other points will describe curves si- 
milar to this hue. Let X, l, Z, denote respectively the area of 
the generating curve, the volume generated by this surface, 
and the length of the curve described by its centre of gravity. 
If l was the arc of a circle, l would be a segment of a solid of 
revolution, but m all cases Z may be divided into infinitely small 
parts, each of which will coincide with the osculating circle 
that corresponds to it. Let a denote one of these parts, and 
v the volume of the corresponding segment of L ; then if it be 
supposed that the planes perpendicular to its direction, by 
which v is terminated, intersect each other m a line, that does 
not traverse the area of the generating curve, this element v of 
Jj will be a segment of a solid of revolution , and by the pre- 
ceding equation we shall have 

v zr aX. 

Hence, by taking the bum of all the values of v, and observing 
that the factor A is constant, it will follow that the volume is 
equal to the product of l and X, as in the case of a solid of re- 
volution The rule that results from this equation h zz XI, 
is very useful m practice, and susceptible of a great number ofj 
applications , however, we should never forget that it does not. 
obtain when the consecutive generating planes intersect on thc| 
surface generated, and form by their successive intersections 
what is termed by Monge, arete de rebroussement 

85 The consideration of the centre of gravity furnishes 
likewise a rule for enabling us to determine the volume of a 
prism or of a cylinder with any base whatever, which is cut by 
a plane inclined to this base. 

Let y be the area of a section of the cylinder perpendicular 
to its sides, X the area of the inclined section which terminates 
it, 0 the angle of these two planes, u any element whatever 
of X, s its projection on the plane of y, or the corresponding 
element of the area y, which is itself the projection of X. By 
the theorem of No. 10 we have 
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y ZI X COS 0, CZ fa) COS 0. 

This being agreed on, let X be the surface to which the general 
formulae of No. 75 refer, and let 0 be the inclination of its 
plane on that of x and y . If the third of these formulae be 
multiplied by cos 0, we shall have, (by making this constant 
factor to pass under the sign $$) in virtue of the values of y 
and £, 

yZi = $$Z€, 

| Now, this double integral is the volume of the truncated 
cylinder comprised between the two sections y and X, de- 
composed into elements infinitely small and perpendicular to 
y, in which, however, it is always implied that these two sec- 
tions do not mutually intersect , it follows, therefore, that the 
►'truncated cylinder is equal to a right cylinder having the same 
«/ \ <base y, and for an altitude, z x the distance of the centre of 
jjgravity of the inclined section from this base. 

This theorem is evident in the ordinary case, in which the 
base of the cylinder is a circle, and the inclined section an 
ellipse , for if through the centre of this curve a plane be 
drawn parallel to the base, the volume of the cylinder is not 
changed, for the segment which is cut off from it is evidently 
equal to that which is added to it. 

If the areas denoted by y and X mutually intersect each 
other, the volume will consist of two segments, of which the 
integral will express the difference and not the sum. 
When the cylinder is terminated by two inclined sections, 
whose areas do not intersect, it may be always divided into 
two parts, of which the common base and perpendicular to the 
sides of the cylinder does not intersect either the one or the 
other of these two sections ; and as their centres of gravity 
exist on the same right line perpendicular to this base, it is evi- 
dent that the entire volume will be equal to the area of this 
base multiplied by the mutual distance of these two points. 
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III. Centres of Gravity of Volumes and of Bodies. 

86. The determination of the centre of gravity of a volume 
depends, in general, on several triple integrals; but there are 
some bodies for which the position of this centre is determined 
by simple integrals. It is these which we propose first to 
consider. 

The centre of gravity of a cone or of a pyramid with any 
base whatever exists on the right line which connects its sum- 
mit with the centre of gravity of the base , for this line meets 
all sections parallel to the base, in corresponding points which 
are their centres of gravity, and which can also be taken for 
the centres of gravity of the infinitely small elements of this 
body, that are parallel to its base. Consequently, the line in 
question contains the centre of gravity of the pyramid or of 

the cone, and there only remains to determine its position on 
this line. 

Let l and x be the area of the base and that of a parallel 
section, and let h and x denote the perpendiculars let Ml 
from the vertix on them planes , it is evident that 

x : l x 2 : A 2 , 

and, consequently, 



Moreover, we may take xdx for the element of the volume of 
the cone or of the pyramid , and if v denotes the entire volume, 
and the value of x corresponding to the section which con- 
tains the centre of gravity, we can obtain, as in the preceding 
questions, 

v = ^ xefe, xx L zz x xdas 

By substituting for x its value, and performing the integra- 
tions, there results 

R 
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bh bh 2 

V = T* Wl = T’ 

from which we obtain 

00 x ™ ^ At 

But if through the centre of gravity a plane be drawn parallel 
to the base, it will cut the height h and the line drawn from 
the s ummi t to the centre of gravity of the base, into propor- 
tional parts, it follows, therefore, that the distance of the 
centre of gravity of a cone or of a pyramid with any base 
whatever, from the summit, is three-fourths of this line, and 
therefore one-fourth of it, reckoning from the base. 

87 . In the case of a triangular pyramid, this theorem may 
be demonstrated without the aid of the integral calculus. Let 
abcd (fig. 30) be this pyramid. Likewise let e and f be the 
centres of gravity of the faces acd and bcd , let the lines BF 
and ae be drawn, their productions will meet in h, the middle 
point of the side cd , and then in the plane ahb, let the lines 
af and be de drawn intersecting in a certain point g. This 
point will be the centre of gravity of the pyramid abcd , for 
by resolving it into elements parallel to the base acd, it is 
evident, as in the preceding number, that its centre of gravity 
must exist on the right line be , and by resolving it into ele- 
ments parallel to bcd, it is likewise evident that this point 
appertains to the line af, and as these two lines exist m the 
same plane they must cut each other, consequently their inter- 
section a will be the required centre of gravity 

Now, m the triangle abh, the line ef is parallel to the 
base ab, since it cuts the sides ah and bh into proportional 
parts, that is to say, in the ratio of one to three, reckoning 
from H ; we shall have therefore 

FG GA : EF AB EH AH 

and, consequently, 


fg . ga . . 1 3 
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so thatFG is the third of ga, or the fouith of fa, 'which was to 
he proved. 

Hence it may be shown that if a, b, c, d, the four sum- 
mits of the pyramid, be the centres of gravity of equal masses, 
the point g will be the centre of gravity of these four masses, 
for it was already shown in (No. 77) that the point f is that of 
the three masses which are situated in b, c, d ; and then the 
point g so taken that gf is the third of ga, will be the centre 
of gravity of these three masses and of the fourth. 

It follows from this (No. 67) that if to the centre of gra- 
vity of the pyramid, forces be applied, represented in magni- 
tude and direction by lines drawn from this point to the four 
summits, these four forces will be in equilibrio. 

® The centre of gravity of a triangular pyramid being 
thus determined, it is easy to deduce that of a pyramid or 
cone of any base whatever, by decomposing this base into a 
finite or infinite number of triangles , the centre of gravity of 
this pyramid or cone must exist at the same time in the line 
drawn from the summit to the centre of gravity of the base, and 
in that plane parallel to the base, which cuts all lines drawn 
from the summit to this base, in the ratio of three to four, 
measuring from the summit, which agrees with the result of 
No. 86 

The centre of gravity of a spherical sector may be also 
deduced from it. In fact, if this sector be decomposed into an 
infinite number of pyramids, of which the common s ummi t is 
at the centre of the sphere, and whose bases are the infinitely 
small elements of the base of the sector, their centres of gra- 
vity must all exist on the base of a concentric sector, the 
radius of which will be three-fourths of that of the given 
sector , hence we infer that the centre of gravity of the given 
sector will be the same as that of the base of the concentric 
sector , by means of which consideration its position may be; 
determined 

Let the spherical sector be generated by the circular sector 
cadb (fig. 29) revolving about the radius cd, which is drawn 
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to the middle of the arc ab. The triangle cab and the circular 
segment adb will generate, at the same time, a cone and a 
spherical segment , and the centre of gravity of this segment 
can bo determined when those of the spherical sector and of 
the cone are known. 

For this purpose, let v x , v, v', denote the respective volumes 
of these bodies, and X\, x, x', the distances of their centres of 
gravity from the point c, we shall have 

v = v' + Vi, vaj = v'a:' + v^. (a) 

Lot a denote the radius cd, c the chord ab, and / the sa- 
gitta de of the arc adb. Relatively to the cone, we shall 
have(r) 

v' = •t’s 7rc s ( a — /), x'—\ (a —f). 

j The base of the spherical sector will be equal to the product 
| of the sagitta and of the circumference of the great circle, or 
] to 2irq/J(#) and the value of its volume will be the product of 

this base and of \ a, ’or — If from the pomt c as centre, 

and with a radius equal to f cd, an arc of a circle, such as 
a'dV, be described, the centre of gravity of the surface gene- 
rated by this arc will be in the middle point of the sagitta d'e' 
(No. 81 ) ; or, in other words, at a distance from the point c 
equal to cd' — J d'e', the value of which is £ (a — \f) (t). 
Therefore, as by what has been stated, this centre of gravity 
is that of the spherical sector v, we shall have 

v ~ — g , x — 4 (a — £/)• 

By substituting these different values m equations (a), it be- 
comes 

1 7r «y = (a—/) + Vx, 

J ira*/(a— £/) = -fa 7 tc® (a—/)* + v^; 

by moans of which the values of Vx and x\ can be determined. 
If l denote the length of the aic ab, we shall have(v) 
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c = 2asin^, f=a(l- cos ^), 
hence there results 

w M ( l l l\ 

V ‘ ~ — V -” 03 Ta 


x x \ 


3 a sm 4 ^- 

2 a 


8 ( 1 — cos ~ | sm *^ eos±y 

When the arc / is the semi-circumferance, it is equal to ira, 
and, consequently. 


v = 


27 ra 3 


*i = 


3 a 

T* 


89. The volume and centre of gravity of every bodyW 
which is symmetrical with respect to its axis, as for example , 
an ellipsoid, may likewise be determined by simple integrals. 
Let x , y } z , be the three rectangular coordinates of any point 
of the surface , let the axis of the figure be taken for that of 
x, and let x denote the area of the section perpendicular to 
this line, which corresponds to the extremity of the abscissa x. 
If the volume be decomposed into infinitely small elements 
perpendicular to the axis of the figure, xdx may be assumed 
equal to the volume of any element, and x may be taken as 
the distance of its centre of gravity from the origin of the co- 
ordinates. Therefore, if we denote by v a slice comprised be- 1 
tween two sections corresponding to the given abscissae a and 
/3, and by Xi the distance of its centre of gravity from the 
origin of the coordinates, we shall have 

I 




xdx, rx-i 


= ^x xdx. 


In the case of the ellipsoid, the equation of the surface is 


8 . v 2 z* 


a r 
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a, b, c, denoting the three semiaxes. Those of the section x 
■will be(aO - - 



x = .5c(l-5), 

and, consequently, ' 

* = -*> 0-«)(l-i±^±A’), 

from which we deduce 

* - 3Q + /3) (2q»-q»-0») 

1 4 (3 a 2 — a^-— a j3 — j3 2 ) * 

If this formula be applied to the spherical segment which has 
been considered in the preceding number, we should take 



which gives 

^_ 3a(l + C08 J_) 8in2 _L 

4 C 1 ~ cos i+ sin 2 i ) 5 

this expression may he shown to coincide with the value of a* 
already found, by multiplying both its numerator and denomi- 

7 * 

natorby 1 — cos — . 

2a 

In order to obtain the" entire value of the ellipsoid, it is 
necessary to make /d — a, and a = — a , which gives 

_ 4 irabc 
3 * 
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This value of the volume is also furnished by the triple inte-^ - ' 
gral SSSd* dy dz, extended to all the elements of the space ter- i {/ 
mmated by the surface of the ellipsoid , but by making ! 

® — ax', y — by', z — ex', ^ 

the equation of this surface becomes 

® /2 + 2/ /2 + * /2 = 1 , 

and the triple integral is changed into 

abc^dx'dy'dz ' . 

This new integral should be extended to all the elements of ' 
the space circumscribed by the surface which answers to the 
preceding equation , consequently it will express the volume 
of the sphere of which the radius is unity ; and as this volume f 

is equal to it follows that expresses, as before, the J 

volume of the ellipsoid. 

90. Bodies which are symmetrical with respect to an axis, 
comprise solids of revolution. In what follows respecting such 
bodies, the axis of the figure will always be taken for that of 
the abscissae x. If then a solid of this nature be supposed to 
be generated by a plane area comprised between two given 
curves, and the perpendiculars to the axis of x which corres- 
pond to x — a and x = /3, and if y and y' denote the ordi- 
nates of these curves with respect to the same abscissa x, it is 
necessary to make 

x = ir(f-y a ), 

in the formula? of the preceding number , this gives 

v = if ^ (y 1 —y*)dx, vxi = it (y 2 — y' 2 ) xdx 

In the most usual case, namely, that in which the interior 
curve coincides with the axis of the figure, wo shall have 
y‘ — o, and simply 
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V = w$jVk, VX X =7T y'xdx. (b> 

The cycloid furnishes also, in this case, examples of the 
application of these formulae, in which all the integrations may 
be effected under a finite form. 

In the case of the convex solid generated by the revolution, 
of the area cmp (fig. 25) about the axis cx, there will result 
by partial integration 

v = nxy 3 — 2ir$a; ydy, 
v;n = \trx 1 y % — n-S x*ydy, 

the integrals being so taken that they may vanish at the point 
c, that is, where x~ o. Therefore, in virtue of equation (a) 
of No. 73, we shall ha ye(y) 

v = irony 3 — 2ir\yV ax — x 1 dx , 

varj zz £ ira?y 3 — ir\xy V ax—x 3 . dx ; 

and the calculations of these values can be effected by moana 
of transformations similar to those of No. 80. In the case of 
the volume generated by the semicycloid cab, we obtain 

7ra 3 /9ir J .\ (637r 2 — 64)a 

'-Tnr-V’ *■= 1 2(9^-16) - 

In the case of the convex solid, generated by the revolution 
of the area cmp about the axis c y, it is requisite previously to 
change x into y and y into x in equations (b) ; from which 
there will result 

v = t T$x 2 dy, vy x = 7 r^x 2 ydy , 

yi being the distance of the centre of gravity, which exists on 
the axis cy 9 from the point c, and the integrals beings supposed 
to vanish at the point c. Therefore, in virtue of eqxiation (a) 
of the cycloid, we shall have 


v — 7r^x V ax — x 2 dx 9 vy x = 7 rtyx\/ ax — x*dcc. 
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The first integral can be obtained without any difficulty, and 
the second by transformations similar to those of No 80, In 
the case m which cm is an entire semicycloid, we shall have 



91. Let now, a? 15 y l9 z l9 be the rectangular coordinates of 
the centre of gravity of a body of any form whatever, homo- 
geneous or heterogeneous, of which the mass is represented by 
M. From what has been already stated in No. 65, it appears, 
that in order to determine these three unknown quantities, M 
must be divided into indefinitely small parts, consequently the 
preceding sums must be changed into integrals in the second 
members of equations (1) of this number. By this means, we 
shall have 

= SSS y d *h = ffizdm ; (1) 

dm being the differential element of the mass of the body cor- 
responding to the coordinates a?, y, z. Naming p the density 
of this same element, and dv its volume, we shall also have 

dm — pdv. 

The rectangular parallelopiped of which the adjacent sides 
are parallel to the axes of x 9 of y, and of z 9 and respectively 
equal to the differentials dx 9 dy 9 dz 9 may now be assumed for 
the element dv of the volume , hence there will result 

dv = dxdydz . 

If the body be homogeneous, its density will be constant; and 
denoting its volume by v, we shall have 

m = pv; 

thus equations (1) will become 

Vtfi = SSS ocdv, yy x = %ydv 9 vz t =s SS \*d». (2) 

If the body be heterogeneous, two different cases may occur; 
either this body will consist of homogeneous parts of a finite 

s 
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magnitude, and the density will only vary from one part to the 
other, in which case we can apply equations (2) to each of them, 
and then the centre of gravity of the entire body can be had 
from knowing the centres of gravity of all its parts (No. 64). 
Or the density will vary by insensible degrees m the interior of 
the body , and then we should make use of equations (1), in 
which p ought to be a given function of x, y, z. 

We should however remark, that in the case both, of a 
homogene ous and he terog eneous body, the division of the mass 
into infinitely small elements of which the densities are the 
same, or vary only by insensible gradations, supposes that this 
body is constituted continuous matter. But this is not the 
case in nature, in which the bodies are, on the contrary, made 
up of detached material parts, and separated from one another 
by empty spaces, which in point of magnitude are comparable 
to the parts occupied by the matter In the following chapter 
f we revert to this observation, and we will show that for- 
I mulse (1) and (2) may, notwithstanding, be applied to bodies 
| as they exist in nature, just as if matter experienced no dis- 
| continuity in its interior. 

(92j> It will be sometimes necessary, in order to facilitate 
the integrations, to employ the polar coordinates of each ele- 
ment dm in place of the coordinates x, y, z. In this case, Mr 
denotes its radius vector, 0 the angle which it makes with the 
axis of the positive xs, and ip the angle comprised between the 
plane of these two lines and that of x and y, we shall have 
(No. 9) 

x = r.cosfl, y zz r sin0. cosip, zszr.shx9.Bva.ip. 

We should also, at the same time, express dv by means of the 
differentials of those new variables r, 9, ip. There are general 
formula fox the transformation of independent variables in 
multiple integrals , but the expression of do , namely, 

dv = r 2 . sin Bdrdddifi, 

may be also found directly, as will be shown immediately. 
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If pdv be put in place of dm, in equations (1), and if the values 
of x, y, z, in polar coordinates be also substituted in these 
equations, they will become 


mj»x ss $$$ pr 3 sin0. cos Odrdddip, 
m yx — $$$ pr 3 am 2 d .cosip drdOdip, 
M Zy = § < §pr 3 sin 2 0 . sin xp drddd\p, 


( 3 ) 


to which should be joined the equation 

m = SSS pr 2 sm6drd0d\p.^\ 

As to the limits of these triple integrals, they will be different 
according as the origin of the coordinates is placed without or 
within the body. When this origin is itself one of the points 
of m, we should first integrate from r = o to r = u, in which 
u denotes a function of j9 and given by the equation of the 
giyd^Qe, this being done, we should then integrate from 0 = 0 
and xp = 0 to 0 = ir and \p = 2tt, beginning with either of the 
angles 0 or ip as we please. Generally speaking, the limits 
will be more complicated* when the origin of the coordinates 
does not belong to the mass m. In this case, let u and v/ re- 
present two given functions of 0 and ip, w and <*/, two functions 
of xp, and a and a, two given angles , if the question was re- 
specting a portion of a body comprised, on one part, between 
two surfaces of which the equations are r = u and rz=.u ' ; and on 
the other part, between conic surfaces, which have for a com- 
mon axis that of a?, their common summit being also the origin 
of the coordinates, and for equationsJJ = ; finally, 

between the two planes passing through this axis, and which 
make the angles a and a', with the fixed plane from which 
the angle xp is reckoned. We should integrate first from r = u 
to r = u'i then from 0 = <u to 9 = a/ , and finally, from xp = a 
to ^= a'. For example, let us take for the two first surfaces 
those of two concentric spheres having their common centre 
at the origin of the coordinates, and of which the radii are 
a and af , at the same time, let the bases of the two cones bo 


JJ 


> 
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^circles, or in other words, let the angles w and &>' be constant; 
moreover, let the density be solely a function of r , so that the 
■ portion of the body which is considered, appertains to a sphere 
composed of concentric strata infinitely slender, each of which 
has the same density throughout its entire extent, and which 
density vanes from one stratum to another, according to a given 
function of the distance from the centre. By making, in order 
to abridge, 

prtfr = a, ^pr'dr = b, 

and performing the integrations relative to 0 and \f/, we ob- 
tain^) 

M = A (a'— a) (eosw— cosw 7 ), 

MXi ss Jb (a'— a) (cos 3 tij— cos 8 w'), 
m = $ B (sin a 7 — sm a) (a/ — w — J sin2a/+ Jsin2 w), 

M«, =^B (cosa— cosa') (a/— to— ^sm2w / + Jsin2w); 

j by means of which equations, the values of x lt y u z u will be 
had, which, in this example, cannot be deduced from equations 

!o> 

If die mass m forms a complete ring, so that we have 
a' = a -f 2 w, there will result y x — 0 and z t = 0, that is to 
say, the centre of gravity will he situated, as we know it 
should he, on the axis of this ring ; the value of a? its distance 
' from the centre of the sphere, of which this ring is a part, 
will be (o') 

_ b(cosw 4- cos o') 

',*i 2 a * 

If the sphere he homogeneous, the density p being then con- 
stant, we shall have 

a = i p (o' 3 — a 3 ), b = t p (o' 4 — a 4 ). 

When the portion of the ring that is destitute of matter dis- 
jappears, we shall have w = 0 , and finally, if it changes into a 
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spherical sector, we will also have a = 0 5 hence there will ] 
result 


3a f 

= -g- (1 + coso/) ; 


this accords with the value of the quantity denoted by x in 
No. 88 , as appears by observing that the value(J / ) of the sagitta j 
denoted by/will be a\ 1 — cos^ 7 ), and that the radius is a'. 

(93/ la order to obtain the expression of dv 9 the differential 
of the volume, in terms of the differentials of the polar cck 
ordinates, let m (fig. 31) be supposed to be the point of which 
the coordinates are respectively r, 6, ^ , so that o being their 
origin, om will be the radius vector r, 6 the angle moo; com- 
prised between this radius and a fixed axis ox 9 and the 
angle which the plane of the^e two right lines makes with a 
fixed plane drawn arbitrarily through the second. Let m 7 be 
any point situated on the production of om, of which let the 
radius om' be denoted by /•'. From the point o as centre, and 
in the plane m'o#, let the arcs mn and m'n', comprised be- 
tween the two lines omm' and onn 7 , be described, and let the 
angle no# be denoted by 0 ' , finally, let the plane of this 
angle turn about the axis ox, and let \p f represent, in its new 
position, the angle which it makes with the fixed plane. 
In this motion, the area mm'n'n will generate a volume 
mm'nn'pp'q'q, which we shall represent by u. Now, this area 
being the difference of the two circular sectors m 7 on 7 and mon, | 
is equal to ' 

K^-rW-0). ; 


Denoting the perpendicular let fall from its centre of gravity 
on the axis ox by u, uty—ip) will be the length of the arc / 
that this centre will describe about this line. Therefore, by 
the theorem of No. 84, we shall have 


v = $(r , + r)(r'-r) 
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This being established, if the three dimensions of u become 
infinitely small, and if, in consequence, we make 

r x — rz= dr, 6 f — 6 := d9, \p' — = d\p, 

the factor r' + r will, at the same time, be reduced to 2r ; we 
can also take for u the perpendicular mh let fall from the point 
M on the axis ox, which is equal to r. sin0, and which only" 
differs from u by an infinitely small quantity ; finally, u will be 
changed mto dv, and its value will be 

dv = r 2 sin 0 drdO dip, 

which it was proposed to determine. 

In fact, it is evident that this volume dv may be consi- 
dered as a rectangular parallelopiped, the three adjacent sides 
of which are mm 7 or dr , the infinitely small arc mn, the centre 
of which is at the point o, and whose length is rd9, and the in- 
finitely small arc mp, which has its centre at the point h, 
and for length r.amQdip, 

mnqp, the base of this parallelopiped, is the element of the 
spherical surface of which the centre is at the point o and the 

* radius equal to r. Therefore, representing it by d<r, we have 

d(TZz r 2 emOdOdip, dv = d<ydr. 

Denoting the element of the spherical surface, of which the 
jc radius is taken for unity by dw, we shall also have(c') 

dcj = sin 0d8d\p, dv z: r 2 drdu >• 

By integrating this expression of du from 0=rOand^ = Oto 

* & = T = 27t, we obtain 4rr for the ratio of the sur&oe 
I of the sphere to the square of its radius, which is, in fact, its 
4 known value. 



CHAPTER VI. 


ON THE ATTRACTION OF BODIES, 

I . — Formula relative to any Body whatever, and to a Sphere 
m particular . 

94. If a material point o (fig. 32) he subjected to the at- 
tractions of all the points of a body of any form whatever , by 
decomposing each of these forces into three others, acting in the 
direction of rectangular axes drawn arbitrarily through the 
point o, and then taking the sum of the positive or negative 
components which act in the direction of each axis, we shall 
obtain the three components, the resultant of which will ex- 
press in magnitude and direction the entire attraction exerted 
on the point o. These three components will be the sum of 
an infinite number of infinitely small elements, extended to the 
entire mass of the attracting body , they will be expressed by 
means of triple integrals, and the calculation of these quantities 
will be similar to that of the coordinates of the centre of gra- 
vity of any body, with which we have been occupied in the 
last chapter; and, in fact, this is the reason why the subject of 
the attractions of bodies is introduced in this place* 

This question is one which has engaged* much of the atten- 
tion of geometers, both on account of the difficulties which 
occur in the analytical investigations, as also on account of its 
connexion with the problem of tbe figure of the earth, and of 
the law of gravity at its surface ; but in the present treatise we 
shall not enter on the considerations of these points in any de- 
tail, but shall merely restrict ourselves to giving those formulae 
which are of most frequent occurrence, and some of their ap- 
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|dicnfinus. I*’or their more complete development, the reader 
* s referred to the second volume of the Mechamque Celeste qf 
nnd to the memoir of the author on the Attraction 
•if S/th, / miL<t inserted in the Connaissance des Terns for the 
> <*ar 1N21K 

n he » fist'd point assumed in the interior of the 
Attracting body ; through this point let three rectangular axes 
tir, to/, ».r, he drawn, those will be the axes of the positive 
coordinates ; let x , y, z, represent the coordinates of m, any 
|«»mt whatever oi the attracting body, and dm the differential 
clean ut of its mass corresponding to this point m ; likewise, 
let «, y, and /i denote the three coordinates and mass of the 
|«mit o ; and finally, let u be the distance om, so that 

= («— ,r) a + 03—s if + ty-zf. 

'1 1»«* attraction exerted by dm on ju will bo in the direction of 
the line o*t. 11 this toree bo proportional to the product of 
the two masses, and m the inverse ratio of the square of the 
distance », we shall have, by denoting it by F, 

i - . 

l , 

,/ Wing a constant coefficient which expresses the intensity of 
the attractive force, relative to the units of distance and of mass. 
In order to obtain tin accurate notion of this quantity/ let us 
ioneeive two bodies of any form and dimension whatever, the 
musses of which arc equal, and respectively assumed for unity, 
mid suppose that the attraction does not vary either in inteaa- 
*ii) or direction throughout the entire extent of these two 
! truth**, *o that it must he the same between any two element* 
whatever of their masses, equal nsqtectivcly to dm andj, as 
to tween ft and dm the material points, which we are consider- 
uig, wlu*n their distance om is equal to unity; the force /is 
the entire attraction which will then bo exercised by one of 
j lie se two Iswliest on the other. 
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The projections of the line om, on the axes Dy, t>z 9 
are a— #, /3 — 2/, y~~z; and by dividing them respectively by 
u 9 the cosines of the angles which determine the direction of 
the force f will be obtained; hence its three components are 


a — x 
u 





r-* 




and, u being considered as a positive quantity, they mil tend, 
according as they are positive or negative, to diminish or in- 
crease a, (5, y, the three coordmates of the point o. Therefore, 
if we represent the three components of the entire attraction 
exercised on this point, by a, b, c, we shall obtain, by substi- 
tuting for i? its value, and observing that t u and fane constant 
quantities, 


f A = f^SSSlF^ dm ’ 


(i) 



these triple integrals being supposed to extend to the entire 
mass of the attractmg body. 

Denoting the density of the element dm by />, and its vo- 
lume by dv y we shall have 


dm =3 pdv. 

In the general case, p will be a given function of the coordi* 
nates of the point in the case of the homogeneity of the 
attractmg body, it will become a constant quantity; do will be 
expressed by means of the diffeientials of the coordinates of at, 
and those are always selected which are most proper to facili 
tate the integrations. 

96. The three triple integrals on which the values 0 * 
a, b, c, depend, may be reduced to one only, by a very simple 
consideration. 


# 


T 
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The limits being supposed the same as in these integrals, 
let 

■ = SS* 

[Since these limits are independent of the point o, if t be diffe- 
< fenced with respect to its coordinates, these differentiations 
i may be effected under the sign § (No. 14); and as we have 
.also 


„ d~ Q d- 
* X— a u _ y— § % _z~y 

da m * dfi ’ dy ~ «' ’ 

there will result 




by means of which, equations (1) may be changed into 



»=-«/' 


/It 

dp 


c 



<*> 


so that the calculation of the tlnee components a, b, c, depends 
only on one integral t. In determining it, it is material to 
recollect, that the denominator u must have constantly the 
«nme sign in the entire extent of tho integration, ^ind that it 
should be positive, if wo wish that the components a, b, c, 
should tend to diminish or increase the coordinates of o, ac- 
cording as their values furnished by equations (2) are positive 
or negative.) 

If instead of an attractive, the point o is acted on by a re- 
pulsive force, it will be only necessary to change the signs of 
the values of a, n, c, or, what comes to the same thing, to re- 
gard /as a constant negative quantity. In the case in which 
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the force, whether attractive or repulsive, that acts on the 
point o, does not vary, as has been supposed, in the inverse 
latio of the square of the distance, and that, consequently, the 
coefficient of fidm is, in general, represented by a given func- 
tion of u, which we can denote by <j>u, if we assume another 
function of u as $w, such that we may have 

d$u , i 

[^ST ~ “ ‘ 

then this should be substituted m place of in the expression j 
of t. It may also happen that this force is attractive for one 
part of the body that acts on o, and repulsive for another part, 
m which case the function <j>u 9 in which is comprised the co- 
efficient/ would change its sign, in the extent of th§ integral 
represented by t. 

The components of the action exercised on a body of any 
form or dimension whatever, may he deduced from the pre- 
ceding formulae, by substituting for n tbe differential element 
of its mass, which corresponds to the coordinates a, /3, y, and 
then integrating with respect to these three variables for tbe 
entire extent of the mass ; from this it appears, that the com- 
ponents of the action which one body exerts on another, will, 
generally speaking, depend on sextuple integrals. 

The preceding are the formulae, by means of which attrac- 
tions or repulsions are computed , it is, however, necessary, 
previously to our making any application of them, to explain 
how they can be adapted to the intimate constitution of bo- 
dies, and to examine the difficulty which was adverted to at 
the end of No. 9*1. 

97. It was already observed (No. 60) that different bodies 
contain, under equal volumes, unequal quantities of ponderable 
matter, and as these quantities vary, for the same body, with its 
temperature and tho exterior pressure to which it is subjected, 
philosopheis have been led to regard natural bodies as a col- 
lection of material paits not in contact, but separated from 
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each other by pores or spaces destitute of ponderable matter. 
These material parts are teimed atoms; in consequence of 
thcii extreme minuteness, their dimension#, and those of tbe 
pores, elude our senses, and all our means of measuring theca. 
The atoms are considered as in<h'stnu > til>le, and the mass, the 
form, the volume of each of them, as invariable. The dimen- 
sions oi the port's, on the contrary, vary with the different de- 
grees ot heat, w hieh is either introduced into or expelled frma 
the body, ami with the pi ensures to which it is subjected; and 
as the changes in the volume of a hotly may be very great, 
without its mass undergoing any increase or diminution, it 
,* follows that the dimensions of the t*arts void of matter must he 
A uimparablc, »uid generally greater than those of the full parte. 

Atoms of the same or of different nu tmeg combine in dU&~ 
t« nt proportions to constitute other parts of bodies, which art 
likewise inappieeiuble by the senses, and which arc termed 
molecules, bodies differ from each other in the nature and 
proportion of the atoms which enter into the composition of 
each molecule ; and the atoms ure regarded as invariable and 
indestructible, us hus been already stated, Itecausu that nine 
they are reunited in thu same proportions, the same bodies, en- 
dowed with the same properties, are invariably teprodueed. 

•18, It is evident from this, that the division of the mate 
into infinitely small elements, mid the hypothesis of a density 
in each element, which does not vary at all In ImmogOBteMM 
boilies, and which, in the case of heterogeneous bodies, smite 
by insensible degiecs, is not the condition of bodies as (buy 
actually exist in nature; however this does not prevent m 
tiom nuking use of the forimdte which are founded on this 
consideration, and even from applying them, w^jen tbe bodi tti 
have been divided into parts of a finite, hut still ins oa s il l h l 
magnitude. 

In fact, the molecules aie so smalt, mid so near to mufti 
othei, that a part of the mass of a body, which contains la- 
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mense numbers of them, may still be supposed extremely 
small, and its volume regarded as insensible. Let v be tho 
volume of such a -part, the magnitude of which is insensible, 
and which, nevertheless, contains myriads of molecules , like- 
wise, let m be the sum of their masses , and let m denote one 
of the points of v, which can, if we please, be taken for its 
centre of gravity. If we make 

m 

7 = ?’ 

this ratio p will r eally express the density of the body at the 
point M, (a) whatever may be in other particular the masses ol 
the molecules and their manner of distribution, whether regu- 
lar or irregulaf, through the extent of v. In hke manner, 
denoting the number of the molecules that v contains by n, 
and making 


this, hue e, of inappreciable magnitude, may be termed the 
mean interval of the molecules, which corresponds to the point 
m and the density p. In a homogeneous body, this ratio 
and this line do not vary with the position of the point M , in 
a heterogeneous body these two quantities vary by insensible 
gradations, and may be supposed to be given functions of the 
coordinates of this point. 

This being established, if it were required to know the mas s 
of a body, or more generally, the sum of the extremely small 
parts of this mass, multiplied by tr, a function of the coordi-_ 
nates of m one of its poin ts ; v the volume of this body, should" 
be divided into extremely small parts such as v, and then the 
sum of all the products vpv, which we shall denote by 

Scpv, 

should be taken, and extended to all the parts such as v of v. 
It appears from the theoi cm of No. 13, that if tho terms of this 
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sum are infinitely small, and if their numbci be infinite, its 
value will be ngorously equal to the definite integral 

extended to the entire volume v, of which do is the differential 
element Now, we may conceive m general that the difference 
between this sum and this integral will dimmish more and 
more according as the parts of the first become smaller, and 
their number becomes greater, so that the magnitude of v 
being insensible, but still always distinct from do , we may 
nevertheless assume, without sensible error, the integral, in 
place of the sum. There is, however, one exception to this 
jgeneral principle, namely, when v is of the species of functions 
I which var yjzery rap idl y , and at the same time changes its sign in 
the extent of the integration , this is the case, in point of fact, 
jin the calculation of the forces which arise from molecular at- 
faction and from calonfic repulsion, which are only sensible 
at insensible distances. But for the present, it is sufficient to 
observe, that this exception has no respect to the formulae of 
Nos. 91 and 95, relative to the centres of gravity of bodies, 
and to attractions varying in the inverse ratio of the square of 
the distances, and that we can consequently apply them to 
natural bodies made up of detached molecules. 

99. Let us now revert to the calculation of attractions. If 
the distance of the point o from the attracted body, is very 
great relatively to the dimensions of this body, we can, in the 

expression for t of No 96, developc the quantity i in a con- 

verging series, arranged accoiding to the powers and products 
of a?, y> z . By making 

a 2 + 0 2 + 7 3 =S 2 > 

we shall then have 

1_ 1 , ax + fiy + yz Z^ax+fiy+yz)*— (^+^4-^)8“ , 
u ~ 8 + V + 2^ +' 

0 >) 


&c. 
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If d the origin of the coordinates be in the centre of gravity 
of the body, we shall have 

SS5 xdm ~ °» S5S y< * m ~ SS5 zdm ~ 

because these integrals, divided by m, the mass of the body, 
will be the three coordinates of this point (No 91 ) Therefore 
if this mass be denoted by m, we shall have 

T = -y + 2^® SSS ( aaJ + y z T dm 

— 2^3 («* + V* + s 8 ) dm -f &c. 

When the distance od or S is so great that this value of 
t may be reduced to its first term, equations (2) will become 

A ~ _ JUM/y 

~ 8 ° * B " ~¥~’ c ~ 13- 
Now these components are the same as those of a Ibrce 
equal to '-pr' acting at the point 0, in the direction od ; it 

follows therefore, that the attractions exerted on the point 0 , 
by a body which is at a considerable distance from it, is very 
nearly the same, in magnitude and direction, as if m the mass 
of this body was condensed in its ccntie of gravity 

When the body is a homogeneous sphere, or one composed 
of concentrical strata, we shall find that all the terms of the 
value of t, except the first, destroy each other. In order to 
demonstrate this, it is only necessary to substitute r, $, rp, in 
place of the coordinates x,y, z, as m No. 92 , by moans of 
which the integrations relative to 0 and \f> can be effected. 
Therefore, the theorem which has been stated above, will then 
be altogether exact, if the distance 8 is only so great that the"'' 

development of I may be a convergent series ; and in fact, we 

shall see in the following number, without having recourse 
to a reduction into a series, that this theoiem obtains, what- 
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ever may be the distance of the point 0 from the attracting 
sphere, provided that it is not situated in its interior. It is 
[easy to infer from this, that the attraction of one sphere On 
] another is the same as if the mass of each sphere was con- 
densed in its centre , for, denoting by m and m' the masses of 
the two spheres, and by c and c' then centres, the attraction of 
m on o, any point of m', is the same as if the mass m was con- 
densed mto the point c , moreover, this attraction of c on all 
the points, such as o of m' is equal and contrary to the at- 
ti action of all these points, or of M'on c, which is the same as 
if the mass m' was condensed in the point c' , consequently, 
the attraction of the two spheres is the same as that of two 
material points situated in c and c', and of which the masses 
are m and m'. 

100. The attraction exerted on the point o, by a spherical 
stratum, which is homogeneous and of a constant thickness, 
will evide ntly be reduced to a force acting in the direction oo. 
Hence, if this line be made to coincide with the axis ox, the 
components b and c parallel to the axes d y and d# will vanish, 
and there will only remain the value of a to compute. In 
this computation, by making use of the polar coordinates 
r, 6, ip, as in No. 92, we shall have, since the axis ox coincides 1 
with the line do, 

odm =.6, do = a, j3 = 0, y=:0; 
and as dm = r and om = u, there will result 
w 2 = a* — 2ar cos $ + r\ 

Because the angle \p is that which the plane odm makes with 
a fixed plane passing through the line do, we shall have 
(No. 93) 

dv = r 4 . sin . 6 dr d6 dip, 

for the element of the volume , and in the expression pdv -s dm 
the element of the mass, p can be regarded as a constant fac- 
tor. After having substituted these values in the expression 
for t of No. 96, we should integrate from r s= b to r as a, (a 
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and b denoting the extenor and interior radii of the spherical 
stratum) and from 9 = 0 and ip = 0 to 9 = it and ip^Zw. 
As the variable ip does not occur under the sign the inte- 
gration -with respect to this vanable, is in fact effected by sub- 
stituting 2 7 r for the differential dip. This being so, we shall 
have 

f a / par r sin 6d9 \ 

T ~ * p )b V JOv / « a -2or cos 9+Pj rdr ' 

At the limits 0 = 0 and 0 = 7 r, the radical will have for 
values 

± (a — r ), ±: (a + r ) , 

but as it expresses the value of it, which ought to be always 
BSSjtoS (No, 96), it is necessary to assume a + r at the limit 
6 = 7T? and r — a or a — rat the limit 0 0, according as 

the point Ojwill be situated within or without the spherical 
stratum. We shall see immediately how we ought to proceed, 
when this point appertains to the stratum itself in which case 
we have r>a in one part, and rZa in another part of this 
stratum. 

The indefinite integral being, relatively to 0, 

p r sm OdO __ 1 

V ^-2a/-c 0 re+H ” « V^a 2 — 2ar cos 9+r*+ const. , 


when the point is within the stratum, we must have(c) 


s 


i r r sin Odd 
0 V a®— 2ar cos 0+r* « 


_[ (r+o) _ (r _ a) ] = 2 5 


consequently, the value of t will not all depend on a, and that 
of a which is deduced from it by means of the first equation 
(2), will be equal to zero. In the case where the point is 
without the stratum, we shall have 


f*7T 


i sin 6d0 


>°V a a — 2ar cos 0+r* a 
and, consequently, 


1 [(«+»*) — («—**)] = 

a 


146 ATTRACTIONS— FORMULAE RELATIVE TO THE SPHERE. 




or, what conies to the same thing, 


t = 


M 

“ 9 

a 


m being the mass of a spherical stratum, of which the volume 

1S Hence we deduce 

3 


A 



( 3 ) 


IT r 


which is the same force as if the entire mass of this attracting 
stratum was condensed m its centre. 

101. These results may be immediately extended to the 
case of a spherical stratum of a constant thickness, but com- 
posed of other concentrical strata, the density of which varies 
from one to the other, according to any law whatever, which 
however, does not change in the extent of the same stratum J 
for we can determine separately the attractions of these dif- 
ferent strata, and then take the sum of all these forces, which 
in the case of an interior point will be cypher, and in the case 
of an exterior point will be determined by formula (3) ; M 
always expressing the entire mass of the attracting body*. 
Hence we infer 

1st. That when the force varies in tho inverse ratio of the 
square of the distance, the attractions exerted by all the points 
of a spherical stratum of a constant thickness, (which is either 
homogeneous or composed of concentrical strata, the density 
of which varies from one to the other according to any given 
law,) on apomt o, existing in the void space circumscribed by 
this stratum, mutually destroy each other > so that this point will 
remain in equilibria, wherever it may be situated m this space* 

2ndly. That the attraction of this same stratum, and con** 
sequently also, the attraction of an entire sphere exerted on o a 
pomt without the sphere, is the same as if the mass of the at- 


4 Qf * 

3^ 


^ i/s 



/ 

Sr j 


t *ft 




ATTRACTIONS — FORMULAS RELATIVE TO THE SPHERE* 14? 


tracting body was condensed into its centre If the point 0 makes 
a part of the attracting stratum, or, in other words, if wc have 
a > J and a Z a 9 this spherical stratum may be conceived to 
consist of two others, the exterior and interior radii of one of 
which will be a and a, and those of other a and b \ as the point 
0 is within the first of these two strata, it will exert no action 
on this point, and if the mass of the second stratum, without 
which the point 0 exists, be denoted by m, the attraction of 
this stratum may be deduced from formula (3), by substituting 
m in place of m. Therefore, the value of the entire attraction 
exerted on the point 0 will Jbe 



If the spherical stratum changes into a sphere entirely full 
of matter, and of which the density is every where the same, 
we shall have 

4irpa 3 ivnfpa 

m — — 3— j A — — 3 > 

that is to say, in the interior of a homogeneous sphere, the! 
attraction is proportional to the distance of the attractedj 
point from its centre 

The same theorems obtain in the case 'where the force is 
repulsive, provided it varies m the inverse ratio of the square 
of the distances. 

102. The equilibrium of the point 0, situated within the 
space hounded by a spherical stratum, and which is attracted 
or repelled by all its points, may be easily verified. 

For this purpose, let this stratum be first supposed infi- 
nitely thin, if its thickness be denoted by s, by decomposing its 
surface into infinitely small elements, and denoting the area of 
that which corresponds to the point p (fig. 33) by w, the cor- 
responding elements of the volume and of the mass of this 
stratum will be ew and pc w ; hence denoting the distance op 
by r, the value of the force acting in the direction of this line 
will be 
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flfpw 
T 2 

If we conceive the sides of a cone of which the base is o* 
' and the summit 0, to be produced through o until they mecfc 
the spherical surface again in p', a second element will be de- 
termined on this surface ; if we denote it by <*/, and its distance 
from the summit o by /, the value of the force acting along? 
this line* in an opposite direction from the preceding, will be 

jjfpeo)' 
r a > 

now it is easy to show that these two opposite forces are equal 
to each other, that is to say, that 



In fact, if poq and p'oq' be sections of the two coneB 
made by the same plane passing through their common sum- 
r mit o, then the similar surfaces w and u> will be to each other 
as the squares of the homologous lines pq and p'q\ Besides* 
the triangles poq and p'oq' are similar, we have 

pq p'q\ op op', 

therefore, by squaring the four terms of the proportion, wo 
shall obtain 

w of . , t 1 : y /2 , 

from which it is evident that ~ = 

y* ip * 

Hence it follows, that the actions exerted on the point 0, 

' by all the elements of the spherical stratum, destroy each 
other two hy two, consequently the total action of this stratum 
will he cypher , and this will still be the case even when the 
’ thickness of the stratum is finite ; for in this case it may be 
decomposed into an infinite number of infinitely thin strata* 
the action of each of which on the point 0 is cypher. 
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II. Formula relative to the Ellipsoid . 

103. When the point 0 (fig. 32) belongs to the attracting 
mass, the integrations will frequently be facilitated by placing 
the origin of the polar coordinates at this point. The radius 
vector of any point m will be then u , hence denoting, as m 
No. 93, the element of the spherical surface of which the radius 
is unity, by do) 9 we shall have, 

dv = u 2 dud(jL), dm = pu 2 dudw , 

and if the angles which the line om makes with the parallels 
to the axes vx, d y 9 dz , drawn through the point o, be denoted 
by g, h, k 9 we shall hkewise, agreeably to the notation of No. 
95, have 

%—a , 2 / — /3 _ 7 _ 

cos a ;= — , cos Am- — cos k rz , 

* u u u 

this will change equations (1) of this number into the follow- 
ing(d), 

a = — ju/SSSp cos gdudojy 
b “ — ju/SSSjo coshdudu), 
c zz — ju/SSSp cos&^wdw. 

The integrals relative to u should be taken from uzzo to uzzr 9 
denoting by r the radius vector of any point of the attracting 
surface which terminates the attracting body. If, for greater) 
simplicity, this body be supposed to be homogeneous, these i 
integrations can be effected at once, and there will result [ 

/ a = — pfp§ r cos^efo), \ 

B = — oo& hdot), 1 1 * (a) 

c = — f*fp§r cos kdcj. 

In order to determine the value of r, which should be sub- 
stituted in these formulae, let 

f (x, y , z) = 0, 
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"be the equation of the surface of the attracting body, ex- 
pressed in rectangular coordinates. At any point of this sur- 
face, we have 

x = a + r cos g, y 5 : /3 + r cos h, z = y + r cos A, 

as is evident from' the preceding values of cos g, cos h, cos ft, 
the three coordinates of the point o, of which the values are 
given, being always a, /3, y. Hence, if these values of x, y, z 
be substituted in the preceding equation, there will result in 
wv general, two values of r, the one positive and the other nega- 
tive, but the negative value should be rejected, since the 
radius vector r is a positive quantity, the direction of which is 
sole k determined by the angles g, h, k, which may be acute 
or obtuse. After the substitution of the value of r m equa- 
tions (a), the double integral should be extended to all the 
elements, such as dto of the spherical surface, described from 
the point o as centre, and with a radius equal to unity. 

104. Let these formulae be applied to the case of an homo- 
gene ous ellipsoid, the equation of whose surface is 

*® , w 2 z 2 

■^ + ‘6 $4 "c 5=1; (*>) 

a, b, c, denoting the three semi-axes, and d the origin of the 
coordinates, being at the centre of the figure. If the prece ding 

values of x,y,z, be substituted for them in this equation, there 
results(e) 

by making, in order to abridge, 

cos 2 g ( cos* h t cos® k 
a* + b 2 SS P* 

ac °s 9 , (3 COS k t yCOS h 
a? ' b 2 ' c* = V’ 
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Consequently we shall have 

j - g ± Vg 2 

P 

Now, as the quantity p is positive, and as the quantity l 
is also either positive or cypher, (since the point o, which 
answers to the coordinates a, /3, y, is situated in the interior 
of the ellipsoid, or at farthest %t its surface,) in order that the 
radius r may not he negative, the radical must be affected with 
the sign + . Moreover, this radical may be suppressed m 
formulae (a). In fact, the corresponding part of the integral 
contained in a, for example, will be 

$ ■; Vi q 2 +pl cos gdw , 

but for each couple of elements such as dw, of which the radii) 
are the productions the one of the other, the elements of thisj 
double integral mutually destroy each other, for in passing j 
from one of these elements du to the other, each of the three 
cosmes cos^, cos A, cos A, changes its sign, the quantities p, l, q\ 
remain the same, hence the values of the coefficient of d<o under 
the sign $, are equal, but affected with contrary signs Thus 
all the elements of the preceding integral destroy each other 
two by two, and the value of a becomes, having: regard to the 
value of q(f) 

+* 5=^4 

Now, the two last of these three integrals are composed oF 
couples of elements which correspond to the same values of! 
h and of k 9 and to values of g } which are supplements, the] 
one of the other. Hence, each of these couples of elements , 
will be reduced to cypher, and consequently also, the entire 
integrals. Therefore, by suppressing these integrals tod by 
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making the values of b and c undergo similar reductions, we 
shall have simply 


c = ^ 2 l^ k d. 


Now let 0 be the angle comprised between the radius om 
and the parallel to the axis ox, drawn thiough the point X), 
and xp the angle which the plane of these two lines makes 
with a plane passing through the second and parallel to that 
of the axes of x and y , we shall have (No. 8) 

cos g = cos 0, cos h = Sin 0 . cos xp, cos k = sin 0 . sin i p, 

and at the same time (No. 93) 

dc o = sm OdOdxp ; 

from which there will iesult(y) 

a } l 2 c 2 p = b 2 c 2 cos 2 0 + (c 2 cos 2 xp + b 2 sm 2 xp) a 2 sm 2 0 , 

__ pjfpa CC cos 2 9 sin OdOdxp 
~~ a 2 JJ p ’* 

In order to include the directions of all the radii om, the 
integrals should be extended from 0 = 0 and xp s= 0 to 0 = tr 
and xp 27 t, but because the coefficient of dO has the same 
value for 0 and for w — 0, it will be sufficient to integrate from 
0 = 0 to 0 = and to double the result, and since the co- 
efficient of xp is the same forj£_and for ir ± it will likewiHO 
suffice to integrate from xp = 0 to xp = ^ 7 r, and to quadruple 
the result. This being agreed on, if we make 


(j> = tan xp. 


d <p = 


dxp 

cotfxp 9 


then since 



{ r" 
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COS 8 ! p = 

tlieie results(A) 


1 

1+^’ 


sin 8 \p =■ 


<£ 

l+tf 9 



30 dj> * 

0 (J 2 cos 2 0+a 2 sm 2 0)c 2 +(c 2 cos 2 0+« 2 sm 2 0)6 2 ^ 


2 


ira 2 bc 

2 v / (i 2 cos i 0+a 2 sm 2 0)(c 2 cos 2 0+a 2 sm 2 0) * 


by means of which the value of a will only depend on the] 
integral relative to 0. If we substitute j3 m place of a, and , 
transpose the letters a and 6, we can deduce b from a without 
any new computation ; and m the same manner, by substi- i 
tuting y in place of a, and by transposing the letters a and c j 
c may be deduced from a. In this manner, we shall have] 
finally 


*=w4 i o 


bccos^OsmOdd 

fl+cftjin 8 #) (c 8 cos* O+o^sin 2 0)* 

ac cos 8 6 sin Odd 

0+SW0) (c 2 cos 2 6+b 2 sm 2 6) 



ab cos 8 0 sm Odd 

V (p i . cos 2 0+c 2 sm 2 0) ( a 2 cos 2 0+c 2 sin 2 


0 ) 





These values of a, b, c, being positive, it follows that each 
of these three components tends to make the point 0 approach 
towards the centre of the ellipsoid , the contrary has place 
when the force is repulsive, in which case we should substitute, 
in these formulse, —/instead o if. 

105. If we denote by S a positive constant, and then sub- 
stitute (1 + 8) a, (1 4- 5) b, (1 ■+■ 8) c, instead of a, 5, c, in for- 
mula (c), the factor 1 -f. 8 will disappear, and the values of 
a, b, c will remain the same as before. But by this substi- 
tution, the ellipsoid is increased by a part comprised between 
its primitive surface and a^sjrrnijjr su rface, and as the compo- 
nents a, b, c, do not change, it follows that the action of this 
additive part on the point o within this part is cypher. 

x 
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r / I t , 

* Hence it appears, that a homogeneous stratum, comprised 
between two similar elliptic surfaces, having the same centre, 
and their axes in the same directions, does not exert any 
attractive or repulsive action on a point o situated within the 
empty space terminated by its interior surface , so that where- 
ever this point may be situated in this space, it will remain in 
equilibrio, a theorem which includes that which has been 
already established in the case of a spherical stratum. 

From this it follows, that the action of an ellipsoid composed 
of homogeneous matter, on a point 0 of its mass, is reduced 
to that which is exerted by the part of this mass, that is ter- 
! minated by the elliptic surface passing through this point, 

; similar and similarly placed to that of the entire body. And 
lit is evident from formulae (c), that the component of this force, 

,, parallel to each of the three axes of the ellipsoid, is proportional 

v \ jto the ordinate of the point o parallel to this axis, and depends 
Solely on this variable^). In the general case, in which the 
Wee semi-axes a, 6, c, are unequal, the integrals relative to 
0, which these formulae contain, can be transformed into 
elliptic functions , this enables us to compute their numerical 
values, by means of the tables of M. Legendre. These anm* 

! integrals may also be obtained in a finite form, when two of 
I the constants a, b, c, are equal, which is, as we know, the case 
|of an ellipsoid of revolution. 

106. Suppose, for example, that we have c~b , the form* 
of the integrals relative to 6 will be different, according as the 
, , ellipsoid is oblate or prolate, that is, according as 5>a or 

b Z. a. If we suppose the first case to obtain, and make, on 
this hypothesis(A), 

4 J ^£±f> =m; 

so that the fraction e may be the compression of the ellipsoid, 
and m its mass. There will result 


S/jfin a rjTT cos a 9 sin Odd 
a 3 ' 0 1 + e 2 cos 2 6 ’ 




fi /r ■■ 
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and by performing the integration, we shall have 
3 fifing 




-^ 3 - [e - arc (tang = «)], 


for the component parallel to the axis of revolution. We shall 
also have 

- — £ — ^7r cos 2 6 sin Qd$ 

(1 +e 2 ) J 0 /l + aWlT 

As the components b and c are to each other as the or^, 
dinates /3 and y of the point 0, it follows that their resultant 
will act in the direction of the perpendicular, let fall from this 
point on the axis of revolution. Naming a' this force, and a\ 
the length of the perpendicular, so that 


a'= vV+c 2 , a'= Vp? + y*> 
there results, by performing the required integration (/) 

A ' = W l 3 * 0 <- tm 8 =")- T^rJ- 
_ , J' 

The resultant of the two forces a and hi will express, in 
magnitude and direction, the entire action of the ellipsoid on 
the point 0. 

When 6 is a very small fraction, these values of a and a' 
may be developed into very convergent series arranged ac- 
cording to the powers of e. Because that 

arc (tang e) = J 3 + 5 &C ' J 


l + e 


“"2 — 6 — € 3 -f- 6^ — &C., 


we shall have(wi) 


-^(‘-¥+*4 

(*-¥+*)• 
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In the case of the sphere, in which e = 0 , the resultant of 
a and a' will be directed towards the centre, and it will have 
the same intensity as in No 101 . 

107^ The determination of the attraction of an homo- 
geneous ellipsoid on a point without the ellipsoid presents 
much greater difficulties, but by means of a theorem, for 
which we are indebted to Mr. Evory, this case may be re- 
duced to that of an interior point , by which we are enabled 
to express the components of the attraction by simple in- 
tegrals similar to formulae (c). The following is a demon- 
stration of this important proposition. By making, in first 
equation ( 1 ) of No. 95, 

dm = pdxdydz , 

and observing that p is a constant factor, we have 
_ ^ CCC (a—x)dxdydz 

A - ^5J3[(«-^+(/3-^+ {y-zn* 

If equation (b) xs that of the surface, then by substituting 
ax', by', c$, m place of x, y, z, it -will be changed into 

x'*+y'* + z' a = 1 . 

At the same time the value of a becomes 


— f h CCC {a —ax') dx'dy'dz' 

— IVP c ^ [( a — aa/) 2 +(|3— Jy') 2 -}- ( 7 — cz'f] 


and if we denote by d=x l} the values of x' equal and affected 
with contrary signs, which are deduced from the preceding 
equation, the integral relative to x' should be taken from 
x/= — Xi, to x'— «i, which gives 



dy'te 

i(a—ax i y+(fi—by , f+ (y—caff]* 



Each of these two double integrals should be extended to 
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all the elements of the spherical semi-surface of which the ra- 
dius is unity, and whose centre is at the origin of the coordi- 
nates , the product dy'dz ' is the projection on the plane of the 
axes of y and of any element whatever. Therefore, if 0 de- 
notes the angle which the radius that is drawn to this element, 
makes with the axis of x u and if p is the angle comprised be- 
tween the planes of these two right lines and the planes of 
the axes of x and y, tho area of this element will be sin Odd dip, 
its inclination on the plane of the axes of y and z will be the 
angle 0 , and therefore there will result 

dy / dz'zz cos 0 sin Odd dp, 

for its projection, on this plane. We shall have at the same 
time 

^=:cos0, y 7 =i sm0cos^, s' =: sm 0 sin p. 

j 

The limits of the two integrals will be now 0 = 0 , and 1 4 
p = 0, O^b r and p ~ 2ir , but if in the second, tt — 0 isj^ 
substituted instead of 0 , it is easy to see that these two in- 
tegrals will unite into one, which will have the same limits 
with respect to p , and of which the limits relatively to 0 will 
become 0=0 and 0 =; ir ,{n) so that by making, m order to 
abridge, 

R 2 = a 2 +/3 2 -i y 2 — 2 (aacos0+j36sm0cos^+7csin0sin^) 

+ a 2 cos 2 0 + b 2 sin 2 0 cos 3 p + c 2 sin 2 0 sin 2 p 9 

and considering it as a positive quantity, we shall have simply 

^ , CV P2tt cos 0 sin 0 dO dp) * 

' A = Jo J o £ ^ 

The two other components B and c may in like manner 
he expressed by double integrals. 

Let us now consider the attraction of another ellipsoid 
having the same density p, the same centre, and its axes in 
the same direction as those of the first, let Oj, &i, Cj, denote 
the three semi-axes corresponding to a, b, c, and let Oj be the 
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point which is subjected to this attraction* a l5 j3a * coor ~ 

dinates, and Ax, b u c l5 the components of this force parallel to 
the three axes of the ellipsoid. If we denote as before the mass 
of the attracted pomt by ju, we shall have 



Bj being what r becomes, when a, 6, c, a, /3, y* are changed 
mto a u b l9 c 19 a 19 j3i, y i9 respectively Tl*e values of Bx and c t 
may be obtamed in a similar manner from those of B and c. 
If the two ellipsoids have the same foci, and consequently the 
same excentncity, we shall have 


b 2 = a 2 + hy c 2 =za 2 + k 9 bfzzaf + h, f + k; 


A, A, A— A, being either positive or negative quantities which 
express, abstracting from the sign, the squares of the excen- 
tncities common to these two bodies Moreover* let us sup- 
pose that the point Ox attracted by the second ellipsoid exists 
on the surface of the first, and the point o attracted by the 
first, on the surface of the second. By equation (b) and that 
of the surface of the second ellipsoid, we must have 


d 2 

a? 




7i 


+ 6, s+ v 



y 0 ) 


Finally, if p and q be two given angles, and i£ we aesumo 

a\ — a co&p, (31=1 sin p cos q, y Y —c?,inp sin q, 
arr^cosji, (3 rr^sin/) cos q, y — C] sin p sin q; ^ ‘ 


these values will satisfy the two preceding equations, and will 
establish a ^articialqjr.xglalion between the coordinates of the 
ESiPts oJSSSLPi* If these values of a, /3, y , be substituted in 
the preceding expression for r 2 , there results by substituting 
also the preceding values of ft 2 , c 2 , bf, c?,(o) 
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r 2 = c v 2 + a 2 + h (sm 2 p cos 2 q + sin 2 0 . cos 2 1 />) 

+ k (sm 2 p sin 2 q + sin 2 6 . sm 2 $) 

— 2 (a x a cos p cos 9 + b x b sm p cos j sin 0 cos t// 

+ Cj. c sm^> sm y sin 0 sin ;//). 

Now, it appears without writing down the value of Rx 2 , 
that it will be the same as that of r 2 , for it may be deduced 
from it by the transposition of a and , b and 5 ], c and e l3 
h and k not undergoing any change, as being quantities com- 
mon to the two ellipsoids , hence it is evident, that this last for- 
mula is not changed by these transpositions Since then 
Ri=:R, the values of a and Ax, will contain the same double 
integrals , therefore, by eliminating it, we obtain 

Similar results may be obtained relatively to the other 
components, so that from the suppositions which have been 
made about the two attracted points o and Oi, we shall have 
finally 

■A-l , 4 ^l c l Cj Cx Ct\ b\ . . 

a 5c 5 b etc ^ c ~ab' ' ' 

In order to enable us to state the theorem which these 
three equations imply, let the two points on the surfaces of 
the two ellipsoids, of which the coordinates are m the ratio of 
the semi-axes, to which they are parallel, be termed corres- 
ponding points. The point Ox of the surface of the first ellip- 
soid, of which the coordinates parallel to the semi-axes a , 5 , c, 
are a x , j3i, yj, will have for its correspondent on the surface 
of the second ellipsoid, the point o, of which the coordinates 
parallel to the Semi- axes #i, c 1} ate a, j3, 7 , since by equa- 

tions ( 2 ), we have 

ai _ a j3i & 71 _ c 

a ct>i (3 "" b L 9 7 Cx* 

This being established, the following theorem results from 
equations (3) . 
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f If two ellipsoids have the same centre and foci, 
traction in the direction of each axis, which one of these *fcwo 
bodies exerts on a point situated on the surface of the other * is 
to the attraction of this last on the corresponding point of “the 
surface of the first 3 as the product of the two other axes of the 
jQrst ellipsoid to the product of the two other axes of the second* 

108. When two ellipsoids have, as has been assumed, the 
same centre and foci, one of the two falls entirely within- the 
other, consequently, if the point o is external with respect to 
the first ellipsoid, the point o t , will he internal with respect 
to the second. In order to determine, by means of the pre- 
ceding theorem, the attraction of a given ellipsoid on an ex- 
ternal point o likewise given, the surface of a second ellipsoid 
having the same centre and foci as the first, is made to pass 
through this point, by the formulae relative to internal points, 
AijBi, Ci, the three components of the attraction of this se- 
cond body on the point Oi of the surface of the first, corres- 
ponding to the point o, can be determined, then equations 
(3) will make known a, b, c, the components of the attraction 
of the given ellipsoid on the given point* Thus the d.et cr- 
imination is reduced to finding the values of three semi—aixes 
ez l5 5 1? Ci, of the second ellipse, from knowing those of the 
first, (which are denoted by a , b , c,) and the coordinates ctj /3, y, 
Ijof the given point o 

Fox greater clearness, let a be the least of the three quan- 
tities a, by c, then the quantities h and k of the preceding mam- 
ber will be positive. If we denote the square of by zi we 
shall have 

CL\ ZZ Zly b)\ ZZ V %Xr m J— hr} Cj Z ^ U -j- k y 

and it only remains to determine this unknown quantify u 9 
which must be real and positive. "Now, in virtue of the second 
equation (1), we shall have(p) 
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this equation which is of the thiid degree with respect to u 
must have at least one real and positive root ; for by sup- 
posing u to increase from zero to infinity, its first member will 
be at the commencement greater, and afterwards less than the 
second , so that there must be at least one positive value of u, 
which renders them equal , moreover, there is only one , for 
if we suppose that there are two, u and w l , then we must have 
at the same time 

j?! + _2L . 

u + u+h^u+k~ ’ 

« s , P» , £ 

u' ^ u'+h'*' u'+k~ 

and by subtracting these equations, the one fiom the other, 
and suppressing the factor u, which is common to all the 
terms, there will result 

uu'^ (u + h) (u'+h) r (m + A) (u'+k) ~ ’ 
which is evidently impossible 

Therefore, there exists only one ellipsoid, which has the] 
same centre and foci as a given ellipsoid, and which besides 
passes through a given point , and the quantity w, on which itsj 
three semi-axes a x , b l9 c X9 depend, is determined by equation! 
(4), which was proposed to be proved. 

109 It may be remarked here, that the theorem of No. 
107 is true for all laws of attraction, which arc functions of the 
distance, for the demonstration given above is founded on the \ 
form that the expression of R 2 assumes, which is found to be 
identically the same for the two points o and o x , and not 
on the form of the function of R, which expresses the law of 
attraction. 

If the two ellipsoids become concentric spheres, the at-1 
traction of each will be same on all the points of the surface off 
the other, so that it will not be necessary that o and o x shoulq 
be correspondent points. Denoting the radii of these two spheres 

Y 
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by a and a 15 the attraction of the sphere of which the radius 
is a, on a point of the spherical surface of which the radius is 
a, by d, and the attraction of the sphere of which the radius 
is a 9 on a point of the spherical surface of which the radius is 
a by d 1} these forces will act in the direction of the radii of 
the attracted points, and we shall have(g>) 

d : Di : a 2 a?, 

whatever Junction of the distance expresses the law of the 
attraction. 

It is easy to verify this proposition, in the casein which the 
attraction is in the inverse ratio of the square of the distance. 
In fact, it appeare from the results of No. 101, that if we sup- 
pose «>a l5 d the attraction of the sphere of which the radius 
is a on an internal point situated at the distance di fiom its 
centre, and having a mass equal to ju, will be 

4717^1 

D “ — T~ > 

and d, the attraction of the sphere of which the radius is d\ 
on an external point, of which the mass is also jus* and whoso 
distance from its centre is a, will have for value 

1_ 3 a* ’ 

and from a comparison of these values of n and Dj, it appears 
that they ace in the ratio of the squares of the radii a and aq . 
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DYNAMICS. 


FIRST PART. 


CHAPTER I 

OF RECTILINEAR MOTION AND OF THE MEASURE OF FORCES 

I Foi mulce of rectilinear Motion 

110 The simplest motion that can be impressed on a 
material point, is that in -which it moves in a light line, in 
such a manner that the point describes equal spaces in equal 
times This rectilineal motion is termed uniform, and it is 
made use of in comparing every other description of motion 

When the ratio of the spaces described to the times em- 
ployed in describing them, is continually changing, the motion 
is said to be variable, when this change takes place after 
finite intervals of time, the motion will be a succession of uni- 
form motions 

In any motion whatever, the space described by the move^ 
able, or more generally, its distance from a fixed point assumed 
on the line that it describes, is a function of the time whichJ 
has lapsed from a given epoch. Thus, denoting this time by 
t and this distance by x, we shall have in all cases, 

* 


X = Ft , 
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and the vauous descriptions of motion will diffei from each 
< other by the form of this function it The variable t may 
be either positive or negative , its positive values will refei to 
epochs posterior to that from which the time is leckoned, and 
its negative values to anterior epochs 

In uniform motion, if a denotes the space described m each 
unit of time, and b the distance from the fixed point at the 
commencement of the motion, that is to say, the value of x 
when t — 0, we shall have, at any instant whatever, 

oc = b + at , 

for, by the definition of this motion, the space x — b described 
in the time t , must be equal to the constant space a repeated 
as often as there are units in t 

III. Neither time nor space can be defined, however, this 
is not of any consequence, because, for the purposes of geo- 
metry and dynamics, it is sufficient that we are able to measure 
the dimensions of bodies and the durations of their motions, 
The measurement of lengths may be easily conceived, being 
founded on the principle of superimposition , that of time, 
however, requires some explanation 

It would be to reason in a cncle, to say, on the one hand, 
that uniform motion is that in which the spaces described arc 
proportional to the times , and on the other, that the measure 
of time is the uniform motion, that is to say, that the time is 
proportional to the spaces described in this motion But the 
notion of equal times and the measure of the time, does not 
necessarily imply any particular law of motion, and wo can 
consequently suppose them in the definition of uniform motion, 
and of any other description of motion whatever. 

In fact, we may conceive, that bodies perfectly identical 
move successively one after tbe other, and that, during the 
entire continuance of the motion, each of the bodies is pre- 
cisely in the same state as that which precedes it it is evident, 
that all these motions, of which tbe law is not given, arc per- 
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formed in equal times, and that their number may be made use 
of to measure the time Thus, for example, if we suppose bodies^ 3 
such as the preceding, to be heavy, and to be retained by a fixed, 
horizontal axis, and if we make them all to deviate equally from! 
the position of equilibrium, and then remit them to themselves* 
in such a manner, that the motion of the second may com- 
mence when the first has returned to this position, and that of 
the third as soon as the second has returned in the same way, 
and so on of the rest ; there will be no possible difference what- ; 
ever between all these successive motions, which will be per- 
formed in equal times. It will be proved hereafter, that it is not 
necessary for this, that different bodies should succeed each 
other, and, that the successive oscillations of the same body, on 
each side of its position of equilibrium, are also isochronous , or 
of equal duration ; but the preceding consideration, which does 
not suppose the solution of any problem of mechanics, is suf- 
ficient for the object which it was adduced to explain. 

The invariability of the apparent revolution of the celestial 
sphere about the earth, has been established by repeated and 
accurate astronomical observations , and in fact, theory does 
not indicate any sensible inequality in tbe rotatory motion of 
the earth, which is the cause of this apparent motion. The 
constant duration of this revolution is termed a sidereal day y 
which duration is less than the diurnal revolution of the sun. 
This, last is not exactly the same at all epochs of the year ; 
and it is its mean magnitude which is assumed as the unit of 
time in ordinary usages, which on that account is called the 
mean day. In this treatise, the division of the day into 24 hours, 
of the hour into 60 minutes, and of the minute into 60 seconds, 
will be adopted ; so that the second will be the 86400th part 
of the mean day The sidereal day contains §6 1 64, 09 seconds 7J 
hence it follows, that in order to express in sidereal days a por- 
tion of time which is given in mean days, it should be multi-' 
plied by the ratio of 80400 to 86164,09, or by the constant 
number 1,0027379. 
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112. One uniform motion differs from another, by the 
magnitude of the space described in the unit of time. In each 
uniform motion this constant space is what is termed the ve- 
locity of the moveable , indeed, strictly speaking, this space is 
not the velocity itself, but only the measure of the velocity. 
The velocity of a material point in motion is a quality which 
inheres in tins point, by which it is actuated, and which dis- 
tinguishes it from a material point at rest ; it is not susceptible 
of any other definition. The velocity, which in uniform mo- 
tion is expressed by the space described by the moveable m 
each unit of time, supposes that we assume for the unit of ve- 
locity that of the moveable which describes the linear unit in 
the unit of time. 

In any variable motion whatever, the velocity of the 
moveable varies by infinitely small degrees, and is a function 
of the time which may be deduced, as will be shown presently, 
from that which expresses the space described ; but, it is ne- 
cessary to know beforehand, the kind of motion which a mate- 
nal point would assume in consequence of its acquired velocity, 
if the force which impresses this velocity on it, by its action 
continued dunng a certain time, should cease to act, and the 
body be consequently abandoned to itself. 

113 It is in the first place evident, that if the moveable 
had previously moved m a right line, it will continue to move 
1 along this line , for there is no reason why this material point 
should deviate from the direction in which it moved, to one 
jside m preference to the other. But we cannot affirm, d 
'priori, that the velocity which has been impressed on it, will 
not diminish of itself, and eventually vanish altogether ; it is 
only by experience and induction that this question can be 
^eciied. 

Now, according as the obstacles to the motion of bodies, 
such as friction and the resistance of the media which they 
traverse, dimmish in intensity, they are observed to persevere 
more and more in this state , and, as often as an alteration is 
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observed to take place in their velocity, we at once perceive 
that this effect can only be ascribed to a foreign cause. We are 
therefore led to conclude, that if it was possible for a material 
point, after being put m motion, neither to be solicited by any 
other force, nor to meet with any obstacle, its motion would 
be rectilinear and uniform, that is to say, the simplest of all 
motions 

Thus, for examj^e, if a mass of iron is made to move m a 
vacuo, on a horizontal plane, without friction, by the sole 
action of the pole of a magnet, and if the attractive power of 
this pole was suddenly annihilated by placing in juxtaposition 
with it an opposite pole of equal power, this mass would still 
be directed towards this pomt ; but its motion will become 
uniform, and its velocity will be more or less considerable, 
according as the attractive force has been permitted to act for 
a longer or shorter time. 

The impossibility which bodies are in, of exciting motionj 
in themselves, or of changing the motion which has been? 
communicated to them, is termed the inertia of matter. This* 
term does not imply that matter is incapable of acting ; for on 
the contrary, the cause of the motion of each material point, ; 
is always found in the action of other points, but never in itselft j 

114 At the end of the time t , when the distance of the 
moveable from a fixed point taken on the line that it describes, 
is x, let v be the acquired velocity, that is to say, the velocity 
of uniform motion, which would have place if, at this instant, 
the force which acts on the moveable should cease to act. 
The action of this force contmuing, the space dx which the 
moveable would describe in the instant dt, will be described 
in virtue of this action and of the velocity v ; vdt will be the 
value of the part of dx corresponding to this velocity, which t 
would be described with a uniform motion. Therefore, de- 
noting by £ the part of this space which answers to the action 
of the force during the instant dt 9 we shall have 
dx zz vdt + £ 
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Now, as the velocity varies by insensible degrees, and as 
its variations are solely owing to the action of the force applied 
to the moveable, it follows that in the time dt this action can 
only produce a velocity infinitely small; consequently, this 
same action can only cause to be described a space infinitely 
small of the second order, and evidently less than that which 
would be described uniformly by the body, if at the com- 
mencement of dt, it had received all the velocity which would 
be produced during this instant. 

We may, therefore, neglect £ relatively to vdt in the pre- 
ceding equation, and then we shall have 


dx 

*for the expression of the velocity in any motion whatever. If 
it were required to determine the part a of the space described 
by the moveable in the time dt , in virtue of the action of the 
force which solicits it,' the powers of dt superior to the first 
should he retained. Now, denoting the distance of the move- 
able from the fixed point at the end of the time t + dt by x f , 
we shall have by Taylor’s theorem, 


for the complete expression of the space described in this in- 
stant dt. The first term, equal to vdt, is the space due to the 
velocity acquired at the end of the time t , therefore, if the 
third and higher terms are neglected relatively to the second, 
we shall have 


€= i 


<Px 

d? 


dt 2 . 


or, what comes to the same thing, 


e = \dvdt , 

for the part of the space x ! — x described by the action of the 
force. As the velocity which is at the same time produced by 
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this action is dt?, it is evident that the space -which the move-' 
able would describe uniformly during this time dt, if at the 
commencements it had received all this increase of velocity,, 
would be equal to the product of dv and dt , or to double of the j 
space £ which it actually describes. 

115. When the space described is given in a function of the 
time, the corresponding velocity ma y be immediately deduced 

ds 

by m eans of the Station Foi example, as the 


moveables m Atwood’s machine, describe spaces which in- 
crease as the squares of the times, 1 . e., in which s is : : l to t 2 , 
. ds 

it follows that — is • • l to t, hence their acquiied velocities 


must he proportional to the times during which these spaces 
are described ; which, indeed, this machine furnishes us with 
the means of verifying. (Nos. 400, 401.) 

Conversely, if the velocity be given in a function of the 
time, by the definition of the motion, we can infer from it, by 
integration, the expression of the space described. Thus, after 
uniform motion, the simplest is that in which the velocity in- 
creases oi diminishes by equal quantities in equal times, and 
‘ which on that account is said to be uniformly accelerated or 
retarded Therefore, if we denote the constant increment, 
whether positive or negative, of the velocity, in each unit of 
time by g, and by a the velocity of the moveable when t = 0, 
the velocity v at any instant whatever, in this description of 
motion, will be, 

v ^a + gt', 

by multiplying by dt, and integrating, we shall have 
a = l + at + \g&, 

for the distance of the moveable from a fixed point of the line 
that it descubes, b being thus distance at the commencement 
of the time t. ' i 

When the two constants a and & vanish, we shall have simply j 
v=gt, x =z {gfi. 


z 
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Therefore, the space described is proportional to the square 
of the time , and the velocity acquired at the end of any time 
t is such, that m virtue of this sole velocity, the moveable 
would describe m a time equal to t , a space vt double of that 
which it actually describes It follows, that if the space de- 
scribed in the first unit of time be known, we can obtain by 
doubling it, the value of the constant velocity g 9 by which one 
uniformly accelerated motion differs from any other motion 
of the same nature. 

The motion of heavy bodies which descend in a vacuo is of 
this description. In the same place, the velocity g is equal for 
all then: pomts, so that, in fact, all of them describe vertical lines 
when actuated by a motion of this kind. This velocity varies 
from one place to another , by accurate experiments, it has 
been proved, that if the second is assumed for the unit of time, 
and the metre for the linear unit, 

gzz 9 W , 80896 

at the Observatory of Paris 

, The force which produces equal velocities in equal times, 
jis considered to be a constant force ; thus gravity is a constant 
jforce, which implies here that it acts with equal intensity on 
jbodies already actuated with any velocities whatever, and not 
merely as m No 59, that its intensity is the same throughout 
»the entire extent of a body of ordinary dimensions. 

116. The laws of equilibrium do not imply any particular 
relation between the forces and the corresponding velocities ; 
and to resolve the problems of statics, it is sufficient, if the 
numeri cal relations^ of forces , such as they have been defined 
in No. 5, be known. The laws of motion, on the contrary, 
depend on the relation which should exist between the magni- 
tudes of the velocities produced by given forces , and this re- 
lation, the knowledge of which is indispensable for the solu- 
tion of the dynamical problems, is the same as that of the 
forces, as we proceed now to demonstrate 

Let x and v denote, as before, the space described and the 
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velocity acquired at the end of the time t, and at this epoch, 
let two given forces / and,/* act simultaneously on the move- 
able, in_the direction of its motion , let u denote the mfinitely 
small velocity that the force/ would impress on the moveable, 
if it acted solely for the infinitely small portion of time t, and 
let u' denote that which would be produced by the force/', 
in the same time, if the force /did not exist. I say, that the 
circumstance of these forces being impressed simultaneously, 
will not modify the velocities of which they are sepaiately 
capable, and that the velocity produced by the force /-f/ will 
he u + u\ that is to say, at the end of the time t + t, the velo- 
city of the moveable will be v + u + u\ In fact, the aug3 
mentation of the velocity of the moveable can only depend on 
the time r, to which it will be proportional, and on the state 
of this material point, or in other words, on its position and 1 
velocity during this same time r , therefore, it can only be by i 
influencing this state that the action of the force / can modify j 
the velocity which will be produced by the force f Now, as , 
during the time r, the distance of the moveable from a fixed 
point and its velocity, can only vary by infinitely small quan- 
tities, which may be neglected relatively to x and v , its vari- 
ations of distances from other fixed or moveable points, from 
which the forces / and/ 7 may emanate, may in like manner v { 
be neglected, consequently, the velocity which the force /will ' 
produce during this interval of time r, cannot be modified in f 
any manner by the simultaneous action of the force/', and the 
same will be the case, relatively to the velocity produced by the 
force/, which will not be changed in any respect by the action 
of/ Therefore, the entire velocity impressed on the moveable 
during the time t by the force /+/, will be equal to u + u\ 

It is likewise evident, that if the force /acts m the di- 
rection of the velocity v, and the force/ m the opposite di- 
lection, the increase of velocity produced by the force/—/ 
will be equal to u — u\ 

Whatever be the natuie of each of the forces /and/, if 
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they are capable of producing the same velocities m the same 
infinitely small portion of time, we may consider them as 
equal forces. If they are applied in opposite directions at the 
same time, they will produce no change m the velocity of the 
body, if it is already m motion ; and if this material pomt is at 
rest, it will contmue so , this is conformable to the definition 
of equal forces given in No. 5. 

When the force which acts on the moveable h\the direc- 
tion of the acquired velocity becomes double, triple, qua- 
druple, . . . • the velocity which will be produced in this time 
r, will increase in the same proportion. On the other hand, 
when this force is reduced to a half, a third, oi a fourth, the 
velocity produced will be diminished in the same manner ; and 
generally, the infinitely small velocities produced in equal 
times, in the same or opposite directions from the acquired 
velocity, or impressed on a material point at rest, will be as 
the intensities of the corresponding forces. 

— It is on this general principle that the measure of forces in 
dynamics is founded. It is usually presented as an hypo- 
thesis, heie we give it as a necessary consequence of the cir- 
i substance, that the velocities impressed by any force what- 
ever in infinitely small intervals of time, are always infinitely 
Jr small, and of this, that in the same time, the displacements of 
i^he moveables are also infinitely small. 

117. If the forces to be compared together are constant 
forces, so that each of them produces during the entire time 
of the motion, equal velocities in equal times (No. 115), their 
intensities will he to each other as the velocities which they 
impress, in any equal times whatever, on the same material 
point. When, therefore, these velocities are given by obser- 
vation, the relation of the forces may be mfcned, and con- 
versely, where this relation is known d pi tort , we can assume 
it for that of the velocities 

For example, let w, a/, denote the intensities of gravity at 
two different latitudes, if g } g\ the velocities acquired m a 
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second, by bodies which descend vertically in a vacuo, at these 
places, be known ; we shall have 

w leu'* g 

The relation between these forces w, a /, will be also that of 
the weights of the same body, or of two homogeneous bodies * 
having the same volume, at these latitudes. It appears from 
observation, that the velocities produced by the action of 
gravity increase from the equator to the pole, and that the 
entire increment is very nearly of the least weight, or of 
that at the equator. It follows, therefore, that the weight of 
the same body, transferred from the equator to the pole, will 
increase by and that, in order there should be an equilC] 
brium between two homogeneous bodies placed in these two' 
places* the volume of the body situated at the equator should 
exceed by ^ that of the body situated at the pole. 

Also if o) denotes the intensity of gravity in the vertical 
direction, and tvj its component in the direction of a line which 
makes the angle a with the vertical, then by the rule for the 
composition of forces we shall have 

<oi == co cos a , 

and if g, g l9 denote the velocities which would be produced 
in a unit of time by these two constant forces, acting sepa-* 
rately on the same material point, the proportion 

g <7i . . o) , (oi , 

will also give 

gi~g cos a. 

If this heavy material point rests on an inclined plane, 
which makes with the horizontal plane an angle equal to 
90 ° — o, the force to should be decomposed into two others, 
the one perpendicular to the given plane, and which will he 
destroyed by its resistance, the other directed parallel to this 
same plane, which will he the force It is this last force, 
which, abstracting from the effect of the friction of the 
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moveable against the inclined plane, will produce the motion 
m a vacuo. This motion being caused by the action of a 
constant force, will be uniformly accelerated, and if x x and 
denote the space described and the velocity acquired at the 
end of the time t , we shall have 


Vi = ffA os i = \g x t 2 , 

in which equations we should substitute for g x its value given 
above. 

This example points out the necessity of knowing, d priori, 
the ratio of the velocities produced by the action of forces, of 
which the ratio is known , for if g x could not be deduced from 
g , the velocity given by the observation, and if it was neces- 
s ary, in order to apply the preceding equations, to determine 
also by experiment the value of g x , which answers to each 
value of the angle a, dynamics would be almost entirely re- 
duced to^an experimental science. 

Ql&J In order to measure a variable force, we should con- 
sider its effect for an infinitely small portion of time, during 
which it may be considered as constant. Therefore, in any 
rectilineal motion whatever, let be the force which acts on 
the moveable at the end of the time t , and which is considered 
as positive, or negative, according as it acts in the direction of 
the acquired velocity, or in the opposite direction. This ve- 
locity being v at this same instant, it will be v + dv at the 
end of the time t -j- dt , so that the force $ will have impressed 
the velocity dv on the moveable in the instant dt . Therefore, 
if w denotes a constant known force, capable of impressing a 
velocity g m a unit of time, and which can consequently im- 
press the velocity gdt in the time dt , we shall have 

<p : : gdt , 

hence we deduce ***--^^ — 

v 9<to ) ‘ 

When the linear unit and the unit of time arc onco arbi- 
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trarily selected, the constant g , and the value of — at the end 

at 

of a given time may be expressed in numbers. This for- 
mula will then mate known, at the same ins tan t, the nume- 
rical ratio of the force <j> to the known force and if this last 
be that of gravity, this ratio will be that of the force £ to the 
weight of the moveable on which it acts. So that if this ma- 
terial point be acted on by gravity, and solicited by the force 
<P m a direction opposite to that of gravity, it will be in equi- 

librio, if we have = 1. 

gdt 

The preceding formula will be simplified if and g be taken 
for the units of their respective species, which will reduce it to 



The unit of force will be then the constant force, 'which 
would impress on the moveable, in the unit of time, a velocity 
represented by the linear unit, so that if these two last units 
are the second and the metre, the unit of force will, by the 
value of g given m No. 1 15, be very nearly the tenth part of 
the weight of the moveable. 

It may be remarked here, that this measure — of the va- 
riable force 0 is the velocity which would produce in the unit 
of time a constant force, that would retain during this time 
the same intensity, as the force <j> during the instant dt. Thus, 
in the motion of a mass of iron towards the pole of a magnet, 
which we have already taken as an example. No. 113, the force 
<f> depends on the distance from the pole, and is consequently 
variable , but if we suppose, that at a given instant, the pole 
recedes from the moveable, so as that the distance of the one 
lrom the other may become constant, the force ^ will become 
so likewise, and the motion will be changed into one uniformly 
accelerated, and the increase of velocity in the unit of time 
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will be the measure of this force zX Jhe instant it becomes 
constant. 

With respect to the value of e found in No. 114, it is evi- 
dent, we can also write 


It follows, therefore, from this and the preceding' formula, 
that a force may he expressed, either by the velocity which it 
produces in an indefinitely small portion of time divided by 
this time, or by twice the space which it causes to be de- 
scribed, divided by the square of this same time. In motions 
uniformly accelerated, these two equivalent expressions for the 
force obtain also, when the time is finite, and not as m the 
general case, infinitely small 

119. From what has been established in the preceding 
numbers, it appears that the general formulae of rectilineal 
motion are 





They point out the relations which, in any motion whatever, 
exist between the space described, the velocity acquired, and 
the force which acts on the moveable, and how these thiec 
functions of the time may be deduced the one from other, 
either by differentiation or by integration. 

By eliminating v between the two last, we have 


0 




which implies that t is taken for the independent variable, and 
* that its differential dt is constant, an assumption which we 
shall make through this entire treatise, without having occa- 
sion to repeat it again. 

We shall also have by the elimination of dt, 
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which will enable us to determine v when the force 0 is given 
m a function of x 9 and conversely, this force, when the velo- 
city is known m a function of the space described 

In the following chapter, it is proposed to give different 
applications of these general formulae. 

II Measure of Forces having regaid to the Masses . 

120. Previously to our shewing how the masses should be 
taken into account, in the comparison of forces winch act on 
different moveables, an inaccurate expression, which fre- 
quently occurs, should be rectified, because it has a tendency 
to produce a confusion of ideas. 

Let us conceive, that a body is placed on a horizontal 
plane, and that it is retained there without any friction. If it 
was proposed to make it slide on this plane, it is necessary 
nevertheless, on account of the inertia of matter, that some 
effort should be made to effect this , and if to this body a 
second is attached, then a thud, &c , it is necessary, in order 
to produce the same motion, that a more considerable force 
should be exerted In each case, a sensation of the effort, 
which it is necessary to make, will be pioduced, but it ought 
not to be inferred from this, that mattei opposes any resist- 
ance to this effort, and that there exists m bodies, what has 
been very impropeily denominated a face of inertia When 
such an expression is made use of, the sensation that is ex- 
perienced, and which results from the effort that is made, is 
confounded with the sensation of a resistance that does not] 
really exist. 

When there is a friction of the body against the plane, 
there is an actual resistance to the horizontal motion, and the 
moveable cannot be displaced on this plane, unless an effort 
is made superior to this resistance. In like manner, if it was 
pioposed to raise the moveable vertically, there is a resistance 
to this motion which must be overcome by an effort that sur- 

2 A 



178 


or THE MEASURE OR FORCES, 


passes it. In the two eases, no motion is pioduced as long as 
the effoit which is made is not greater than the weight, 01 
than its adhesion to the horizontal plane , but it it he sup- 
posed that the body has no weight, or that it does not expe- 
rience any resistance from friction, it can be put m motion, 
however feeble the effort that is made, 01 however great the 
mass of the body on which it is exeited ; and if it is necessary 
to make a greater effoit, in older to communicate the same 
motion to one body than to anothei, it may be infened that 
the first consists of a gi eater quantity of mattei than the 
second and if the magnitudes of these efforts could be accu- 
lately compaied together, theii ratio will be that of the masses 
of these two moveables. It is on a consideration similai to 
this, that is founded, as we now proceed to show, the measure 
of the masses deduced flom the magnitudes of the foices, 
which cause them to move, and conveisely, the measuie of the 
forces, the masses and velocities being lespectivcly taken into 
account 

121 . The masses of two matenal points, belonging to 
bodies which may be of diffeient natuies, aie equal or unequal 
according as forces, which aie assumed to be equal, impiess 
on them in the same time, equal or unequal velocities. Let 
us suppose foi gieatei clearness, that the foices applied to 
these two points aie vertical, and that when placed on tlic two 
dishes of a balance, they aie in equilibno. These foiccs will 
be equal on this hypothesis, and this being the case, if the 
two points aie lenderecl entirely fice, and if the same foiccs 
excite motion in them, then masses will be equal 01 unequal, 
according as the infinitely small velocities with which they aie 
actuated in the first instant, are equal or unequal. 

When, m this manner, the masses of diffeient material 
points aie ascei tamed to be equal, other points of which the 
masses may have any relation whatever, will he obtained by 
uniting these together. Thus, denoting the mass of each 
of the equal points by p, and by w, the masses of two 



OF THE ME \SUHE OF TOIlCtS 


170 


othei points made up of n and n* of the first, m and m' 
will be to each othei as these numbers n and n' 9 and we shall 
have 

m zz up, m* z: n'fx 

Now, let u , v, v' 9 be infinitely small velocities, i and t* 
mtegial numbcis, and 

v zz tu, v ' zz i'u 

If the two foi cosy* and j^impi ess on the masses m and m* 9 
the velocities v and v' in the same instant, we shall have 

f f l mv m'v' 

In fact, the foice/may be consuleied as the sum of n equal 
toiccs, which would impiess the velocity v on each of the n 
equal points, of winch m is composed, so that denoting one of 
these equal foices by A, we shall have 

/= nk 

Moicovei, let h be the foice which would impress the ve- 
locity u on each of these equal points, dunng the same instant, 
that the foice h impi esses on it the velocity v These foices 
acting on the same matenal point, will be to each othei as the 
velocities u and v (No 116 ), and, because v zz tu, theic will 
icsult(tf) 

k = th 

We shall have also 

fzzn'k', A' = ?'A', 

f being considered as the sum of the n f foices k\ capable of 
lmpicssmg the velocity v on each of the equal points of which 
vi is composed, and h f denoting the foice which would na- 
pless on each of these same points the velocity u. Now, as 
A, A', ate foices which aie capable of impiessing in the same 
instant, the same velocity u on two points of equal mass, 
namely, on two points of which the common mass has been 
lepicsentod by /t, it follows fiom what piccedcs, that wc must 
have A' zz Ik Then by means ol the picccdmg equations, we 
dull have 
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fzzmhy f=i'n'h' 9 

and, if we take into account the values of m, m , o 9 v there will 
result the proportion which it was proposed to demonstiate. 

122 This being established, let us considei a body of any 
magnitude and form whatever, all the points of winch dcscubc 
parallel hnes with a common velocity, which may moieovei 
vary with the time. Let this body be divided into an infinite 
numbei of material points equal in mass, such as they have 
been just defined The motion of all these points may be 
asenbed to foices which are equal and paiallel thioughout the 
entne extent of the moveable, then lc&ultant loi any pait ot 
this body, is equal to their sum, and applied to the conti c ot 
gravity of this part. The foices conesponding to any two 
parts will be therefore to each other as their masses ; conse- 
quently, if f be the entire force which acts on the moveable, 
m its mass, and $ the force which answers to a part of this 
mass, taken for unity, we shall have 


fzz 7)1(1). 

With lespect to the foice 0, it will be piopoitional to the 
iuciease of the velocity of the moveable dunng an infinitely 
small poition of time; and if v denotes this velocity at the 
end of the time t 9 we may assume for its mcasuic, as m No 
118 , 

, do 

$ _ 

Hence there will result 

~ do 

f = m s- 


foi the expression of the foice m any motion whatcvci, the 
mass of the moveable being taken into account, and all its 
points being supposed to be actuated by the same velocity* 
This foices which is the resultant oi sum of all the in- 
finitely small foices, with which all the points of which tin' 
body is composed, aie actuated, is teimed tlie motto* Jot u\ 
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the factor <j> of its value is called the accelerating Jo? ce , 
and is no othei thing than the motive force referred to the 
unit of mass 

Th q motive force becomes a picture, when the mass on 
which it acts, lests on a fixed plane peipendiculai to its ih- 
lection. A piessure and motive foice differ from one anolhei 
m the cncumstaneo, that the velocities which a pressuie tends 
to pioduce, aie continually destioyed by the lesistance of the 
fixed plane that suppoits it, whilst those which are actually 
pioduced duiing each instant by the motive force accumulate 
m the body, so that after a finite time tlieie icsults in it a 
finite velocity. Two picssuies aie to each othei as the masses 
multiplied by the infinitely small velocities, which they tend 
to impress on them m the same instant, and which, m point of 
fact, they would impiess on them, if these masses were hee. 

123. If the motion that is common to all the points of a 
moveable he a uniformly accelerated one, and if g denotes the 
mciease of velocity which has place in each unit of time, we 
have 

0 = 0 , /= ™ 9 - 

Likewise, foi anotliei constant foice f J acting on amass ?n f , 
and piodacing a velocity g', m a unit of time, wc shall also 
have 

/' = my 

Now, it appeals liom obseivation, that two heavy bodies, 
whatcvci difference theie may bo in the matter ol which they 
consist, aoqunc the same velocity in falling m a vacuo dining 
the same mteival of time. Hence, m the case of giavity, wo 
have (j = and consequently, the weights,/ and/' of any two 
bodies aie to each othei as then masses in and in', as has been 
assumed in No 00. The sole fact, confi lined by daily ex- 
ponencc, that heteiogeneous bodies have equal weights undei 
dilloient volumes is not suiliuoat to decide the question, 
whcthci thou masses aie equal in unequal , it is necossaiy to 
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know besides, whether gravity impresses the same motion on 
them, to be able to mfei from the equality of the weights, the 
equality of the quantities of mattei. 

The weight of a heavy body which falls in a vacuo, is its 
motive force, and the giavity its aeceleiatmg foice. For the 
sake of conciseness we give the name of gravity or weight to the 
velocity < 7 , which, howevei, is only the measuie of this foiec 

124. If given forces act on the surface, oi on othei pails 
of a solid body, and if these forces impiess on all its points, 
equal and paiallel velocities, they must have a unique icsuli- 
ant, which will coincide, m magnitude and direction, with the 
motive foice, that has been defined above, and the accclciatmg 
force is obtained by dividing it, by the entne mass o t the 
body. 

If, for example, we conceive a heavy body to descend m an, 
m water, orm any other fluid, and if it be symmetneal as to its 
foim and density, about a vertical axis, when it is not homo- 
geneous, it is evident, that as every thing conesponds on 
each side of this axis, all the points of the body will desciibe 
vertical lines , m which case, since the body is solid, all its 
points must, at each instant, be actuated with the same velocity. 
The lesistance of the medium, which acts on the suifacc of 
the hody, will consequently be reduced to a foice acting in 
the direction of the axis of its figuie. Denoting its intensity 
at any instant whatever by r, the coiiespondmg pait of the 
accelerating force of the body by \p 9 and its mass by m , w o 
shall then have 



As this foice acts, duimg the descent of the body, in a 
diiection contiary to that of gravity, the entile accelciating 
force will b e </ — i//. If the body is projected peipendiculaily 
upwaid, the two foices would act in the same dnection, and 
the total acceleiating force will be negative and equal to 
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The theoi y of the resistance of fluids is not sufficiently 
advanced to enable us to determine, a prion , the value of r, 
which will depend on v the velocity of the body, on its form, 
and on the density and nature of the fluid It is commonly 
assumed to be piopoitional to the square of v, and to the den- 
sity of the fluid, so that if tins density be denoted by p, we 
shall have 

R = <7 pU 2 , 

<r being 1 a coefficient depending on the form and dimensions of 
the body, on the natuie of the fluid (namely, whether it is 
liquid 01 aciifoim,) and on its tempeiature. 

In the case of a sphere, the coefficient or is assumed to be 
piopoitional to its sui face, oi to the squaic of its diametei. 
So that if we denote its ladius by r, and its density by d, in 

4 7r 

which case its mass ?)i will be equal to d? 3 , theie will re- 
sult, 



y denoting a numencal coefficient which will be the same foi 
all sphcies, the actual value of which must be determined by 
experiment for each pai ticulai kind of fluid As tins quantity 
\p is of the same mil me as <y, it follows that if k denotes a 
given velocity, we should have 

i)/ ft 1 

7P~" V ’ 

in oulei that the cvpicssion ol t p may assume the foim 



coil loan ably to the pnnciple oi the homogeneity of quantities 
(No 215) 

12,i. The same constant foicc acting successively on chf- 
foient masses, will pioducc uniformly acceleiatod motions, in 
winch the accolciatmg foice, oi the constant uicicment of 
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the velocity in each unit of time, will be in the inverse 1 atio 
of the mass 

Thus, for example, /being the weight mg of a mass 
if this mass he suspended to the extremity of a thread attached 
at its other end to another mass m laid on a horizontal plane, 
it is evident, that if the friction and the weight of the veitieal 
part of the thread aie not taken into account, these two masses 
will both move with the same unifonnly acccleiated motion 
pioduced by the motive force / Theiefoic, if the accelerating 
foice of this motion he denoted by /, wc sliall have 

/ 

y m- f m' 9 

or, what comes to the same thing, as/= wr/ 9 

cos a, 

m which a denotes an angle, such that 
m zz Qn + m r ) cos a. 

Consequently, the motion in question will be the same as 
that of a heavy hody on an inclined plane, which makes the 
angle a with the vertical (No 117). 

All bodies being moveable and susceptible of acquiring 
velocities which aie m the inverse ratio of theii masses, when 
they are subjected, during the same time, to the action of the 
same foice, it follows, that no body can be considered as 
really , those which are said to be so, are bodies which 
have very great masses relatively to those, on which tire mo- 
tive forces which are applied to them, depend, and which con- 
sequently, only receive extiemely small velocities iiom the 
action of these forces At the suiface of the eaith, bodies 
attached to this surface, constitute one mass with that of 
the terrestrial globe ; and m fact, if m! m the preceding ex- 
ample, be assumed to express this mass, it is evident that the 
velocity g l which will be impiessed on it, m the unit of tunc, 
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by a weight mg couospondmg to a mass m of oidinaiy magni- 
tude, may be eonsideied as altogethei insensible 

126. It is usual to tcim the pioduct of the mass of a body 
by its velocity, its quantity of motion. This e\picssion will, 
agiecably to custom, be still made use of, though it would be 
more collect to substitute that of the quantity of velocity , 
since it is the velocity that mheies in the body, whereas the 
motion is only a subsequent effect. 

No foice whatevei can pioduce instantaneously a finite 
quantity of motion. The shock of a solid body m motion 
against a solid body at lest can impress on this last, m a space of 
time which, though veiy short, is not infinitely small, a velocity 
which may be sometimes veiy gicat , and, duiingthis inteival 
of time, the two bodies do not suffer any sensible displacement 
Though they may be supposed to be ever so haul, they aie 
always susceptible of some compiession, liowevci little it may 
be, thus the velocity is tiansmitted fiom the one to the otlici by 
infinitely small degiees, and ll the elasticities of the bodies is 
not taken into account, then mutual action ceases, when then 
velocities become equal. 

This rapid tiansmission of velocity, without any sensible 
displacement of the masses, is what is teimccl a pa cushion or 
impulsion, it is equivalent, as appeals, to a motive foicc acting 
foi a veiy shoit time, with a very gicat intensity By con- 
sideiing the peicussion m this mannci, as the sum of the in- 
finitely small actions of a motive foice, it can be shown, 
that it is icsolvablo into two otlici poi missions acting m given 
dnections, by the lule of the composition of foices, as also 
each of these successive actions If, foi example, theie be 
dncctcd against the back of a wedge, a nozmal peicussion 
winch we shall denote by p, it is lesolvable into two other 
peicussions porpendiculai to its two /arm, and it q, <a', lepie- 
sont these two components, k, k', the lengths of the laces to 
which they iota, and n that of the back ol the wedge, it is 
easy to peiceivo that by the lule advoifed to, wo shall have 

2 u 
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Q P K ‘ H, 

q': p: k':h, 

hence we deduce 

pk . PR' 

Q — — 5 Q,' = — , 

H H 

Thus, supposing that this pcicussion p arises fiom a mass 
m which stakes the back of the wedge with a velocity a, its 
two faces, 01 lathei the fixed obstacle against which they arc di- 
rected, will be m the same ciicumstances, as if they weie struck 
perpendicularly by the same mass wx, actuated by velocities 

TcLCC 

pioportional to their lengths, and expressed by —and — . 

127. If a solid body at rest is stiuck at the same time, m 
opposite dnections, by two other bodies, of which the masses 
are m and m and the velocities v and v / , then if these thiee 
bodies are symmetrical about the same axis as to then loim 
and density, and if all the points ol the two last move paiallcl 
to this lme, their peicussions on the mtci mediate body will 
constitute an equilibnum, when the quantities of motion mv 
and mV are equal, that is to say, these quantities of motion 
will m a very short portion of time be tiansmitted into the in- 
termediate body, and will mutually destioy each otlici’s cflcct, 
without this body being at all displaced 

The equilibrium will equally obtain, if the mtci mediate 
body be suppiessed, and if the tiansmission of velocity takes 
place at once fiom one body to the othei. Thus, two solid 
bodies which move towaids each othei in opposite dnections, 
will, if we abstiact from a consideiation of the elasticity, be 
reduced to a state of quiescence, when then masses aie m the 
inverse ratio of then velocities , and conveisely, the products 
of the masses and velocities are equal, when there is an equi- 
librium in the impact of two solid bodies 

In such a case, the two bodies are supposed to be, as was 
stated, symmetrically disposed about the same right line, and 
the dnections of the velocities of all then points aic assumed 
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to be parallel to this line, which is the one that passes through 
the centics of gravity of the two masses The condition of 
equihbnum in the impact of these bodies, is consequently, the 
equality of theii quantities of motion, or the equation 

?nv = wiV , 

m and m* being theii masses, and v and v* their velocities In 
a subsequent part of this treatise, we will determine the mo- 
tions which have place aftei the impact, when these conditions 
relatively to the magnitudes and dnection of the velocities, and 
with respect to the form of the bodies, are not satisfied, and also 
when their elasticity is taken into account 

It lesults fiom this law ot equilibiium m the impact of 
two bodies, that percussion should furnish the most dncct 
means of measuring the mass of bodies. A known velocity a 
being impiessed on all the points of a body, the mass of which 
is taken foi unity, if we could deteimine exactly the velocity 
v with which all the points of another body should be actuated 
in order to constitute an equihbiium with the first, when they 
impinge on one another, moving in opposite dnections, the 
numeucal value of the mass of the second will then be the 


latio - , 
v 


but it is neaily unnecessary to state, that this means 


is impiacticable, and that we should always lcfer to the weights, 
when it is icquned to mcasuie then masses 

It also follows, that two percussions exeiciscd on a solid 
body must be deemed equivalent when they produce equal 
quantities of motion , so that in the example of the pieceding 
number, the back and two faces of the wedge will expci lence 
the same effects, or will be struck with the same cnoigy, if 
foi the mass m and the velocity a 9 theie be substituted a mass 
m' and a velocity a/, such that we may have ma =r mUL 

128 When two percussions, arising hom velocities which 
aie in the inveiso latio of the masses, rue simultaneously ex- 
cited on the two dishes ol a balance, theie will be an equili- 
biium between them , m this case the balance supplies the 
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place of the inteimediate body which was considered in the 
preceding number. Foi example, this will he the case of 
two heavy bodies, of which the masses aic m and and 
which impinge at the same instant on these two dishes, having 
respectively acquired velocities v and v' which aie such that 
we have mv = m'v* 

If the mass m is at lest in one of the two dishes, its 
weight will exercise a pressure which will be gcneially ovei- 
come by the percussion of the other mass ; hut it is not accu- 
rate to say, as is generally done, that this will be always the 
case, however great the pressure may be, or however small 
the percussion In fact, we can substitute for the peicussion 
of m* a motive force acting on one of the two dishes, without 
sensibly deranging it, during an extremely shoit space of time, 
such as t. Denoting by m'udt the infinitely small quantity 
of velocity, which this variable foice is capable of pioclucing 

during the instant dt> the pioduct udt will be the quan- 
tity of velocity which will he communicated to the balance 
during the time r. Duiing this same time, the weight of ?n 
will produce a quantity of motion rcpiesented by mgr, g de- 
noting the gravity In order to an equihbnum m the sys- 
tem, it is necesssary that the integral £ udt should be the en- 
tire velocity v' with which the mass m' is actuated at the 
instant the percussion commences, so that there may not 
remain any degiee of velocity when the shock has ceased, and 
this being so, it is sufficient that the quantities of motion mgr 

and m ‘^ 0 udt ^pressed in opposite duections on the balance 

while the shock is going 1 on, should be equal to each othei 
Hence the condition of this equilibiium will be expicssed by 
the equation 

mV =r mgr , 

and according as we have /» V > mgr, 01 mV Z mgr, the pci- 
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cussion will picvail over the piessurc, or the pressuie over the 
percussion. Now, although the time r may be extremely 
small, this last case is possible, the mass m being supposed to 
be sufficiently great with legard to m! m order that it should 
be impossible, it is nccessaiy that the duration of the per- 
cussion be infinitely small, which is not the case in nature. 

As m dynamics there is a constant application of the piin- 
ciples that have been explained m this chapter, it is of great 
consequence to have accuiate notions of them, befoie we pro- 
ceed to the lcsolution of the diffeient problems relative to the 
motion of bodies 
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129* It appeals from No 1 19, that the equations of iecti- 
linear motion are 


v 


ds __ dv 

dt ’ t-di’ 


<t> 


_ < ^ x 

-IF 1 ’ 


(i) 


(the last of which may be deduced from the two others ,) in 
these expressions x denotes the distance of the moveable at the 
end of the time t from a fixed point in the line which it de- 
senbes, v denotes the velocity which it has acquired, and ^ the 
force that solicits it, which is positive or negative according 
as it acts m the same or the contrary diicction from that of 
the velocity v . These equations are applicable not only to an 
isolated material point, but also to a solid body of any magni- 
tude whatever, of which all the points describe parallel right 
lines, and which consequently will be endowed with a motion 
common to all its points , <p in this case will be the accelerating 
force, equal to the motive force divided by the mass of the 
moveable. 

The value of 0 is supposed tobe given m each problem, and 
the question will be to deduce from the preceding equations, 
the expressions of v and x in functions of t . They will contain 
two constant arbitraries, the values of which can be deter- 
mined from those of x and v at the commencement of the 
motion, and which must be given m each example. In the 
problems which follow, the time will be always leckoned fiom 
this commencement, so that the given values of x and v 
answei to t = o. 

The integiation will not be geneially possible m a finite 
foim, except when £ depends only, as in the following ex- 
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amples, on one of the quantities v, % When the given 
value of $ contains all the three, 01 even two, the values of a; 
and v can only he expressed by a series. 

130 Let the loice <p be fiist supposed to be constant, 
then if it was requued to deteimine the vcitical motion of a 
body, which descends m a vacuo, m vntue of thefoice of gia- 
vity, we shall have 

d?x 

!?= g ’ 


q denoting this force , hence we deduce, 
v = cjt> % = 1 0&9 

and, consequently, 

v 2 = 2 </ t , 

x being the distance from the point of departme of tlic move- 
able, and the initial velocity being supposed to be cypliei, so 
that we have x = 0 and v — 0, when l — 0 

If a denotes the velocity acquiied m descending thiougli 
the height h, we shall have 

a - V 2 ~gli , 


which is a convenient cxpicssion foi the velocity in teims of 
the height, thiough which a heavy body should lall to aeqiuie 
this velocity, and ot the constant velocity <} 1 he time ol 

falling thiough this height being denoted by 0 } wc shall also 
have 





2 9 


II the body is piojeetod veitically upwauls, the equation 
of its motion m a vacuo will be 


d-x 

dt l 




tj being the same constant velocity as m the picceding case, 
since the action ot giavity on bodies m motion is supposed to 
be independent ol the ducction m which they move, as well 
as of the magnitude ol then velocity. 
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If the initial velocity be denoted by a , we shall have 
v =r a — gi, x -rz at — 


which expiess respectively, the velocity and space described 
m any instant whatever. It is evident, that the moveable 
will continue to ascend until this velocity vanishes. Tlieie- 
fore, if 0 ' denotes the time dui mg which it moves until v 
vanishes, and h 1 the height to which it will attain, we shall 
have 



and as these values coincide with those of 0 and h of the pie- 
ceding case, it follows that a heavy body piojected veitically 
upwards with a velocity a , ascends in a vacuo to a height, 
from which, if it fell, it would acquire this same velocity, and 
the time it tales to attain this height is equal to that of its fall , 
h is commonly called the height due to the velocity a , and 
conversely, a the velocity due to the height h 

131 Whether the body ascends or descends, it will be suf- 
ficient m order to obtain the equations of its motions on an 
inclined plane, to substitute m the piecedmg equations < 7 . cos a 
in place of < 7 , a denoting, as m No 117, the complement <>1 
the inclination of the given plane to a horizontal plane. 

Hence, m the ease of descent, we shall have 


v zzgt cos a, x = cos a, v 2 = 2 <701 cos a, 

now if Zbe the length of the inclined plane, and k its height, 
we have 

h = l cos a , 

therefore, if k denotes the velocity acquned m falling tlnough 
l the entne length of the plane, we shall have also 

k 2 — 2gl cos a = 2 yh , 

vhich shows that this velocity is the same, as if the body h.ul 
fallen though the vertical height h. If abc (fig. 34) be the 
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uicumfeicnce of a cucle situated in a vertical plane* and if 
Aii lepiosents ita veitical diametei, wc can deteimme, by means 
ot the pi eccding equations, tlie time which a heavy matcual 
point would take to descnbe the choid ac, which is terminated 
at the supcuoi extiemity of this diameter Foi if fiom the 
point c the peipendiculai cd be let fall on ab, we shall have, 
in this case, 

AC = Z, AD ZZ k , 

and if the requncd tune be denoted by 0, then 
l = 

but by a known piopeity of the cucle, wc have 

P= fib , 

h denoting- the diametei ab , hence we can obtain 

»= s/% = V® 

qh g 

But this time i> lb d of the fall tlnougli the veitical height 
b , consequently it lollows, that the clioid ac will be dcsciibed 
in the same tunc as the diametei ab The same lesult would 
be obtained, ll the time of describing the choid c is which is 
diawn to tliolowci extienuty of the veitical diametei ab be ic- 
quned, foi this time is also equal to that of desenbing the veitical 
diametei. As then it appeals, that the time of describing any 
choid dtawn to eithoi extieimty ol the veitical diametei, is 
alum / ts the same, and independent of the length ol the choid, 
it will he the ease, when the choid becomes indefinitely small, 
which anses horn this, that then tlie component of the gra- 
vity m the diiectiou of the infinitely small choid is no longer 
a finite quantity 

1IV2 Let now tlie motion of a solid body, which descends 
oi which is piojected upwauls, m a lebistmg medium, ami of 
which all the poults descnbe light lines, be consuleied In 

2 c 
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order that the accelerating force may depend solely on the 
velocity, the density of the medium is supposed to he eveiy 
wheie the same. 

In the case of a descent, we shall have 


the resistance being supposed to be propoitional to the sqiuie 
of the velocity (No. 124), andA denoting a constant and given 
velocity As this value of <j> is a function of v , we must make 
use of the second equation (I), and shall obtain from it(r/). 


gdt — 


k 2 dv 

¥^i ? 


k f dv 
2 \T+~v 


dv \ 

k^v) 


By integrating and supposing that the initial velocity 
nothing, so that v zz 0 when t zz 0, there insults 


and, conversely, 
hence we obtain(5) 




k — v — jet 
:=e * ; 


A + y- 


v — 


( £ ~£?\ 
£t ~gt « 

- * . k 

e + e 


(*) 

In these and similar expressions, e denotes the base of the 
Napenan system of logauthms, and log a loganthm of this 
species however in foimul®, in which the base o t these 
logarithms does not occur, the letter e will be employed to 
represent other quantities. Its value computed to an accu- 
rate approximation is 

e= 2,1182818, 

and that of the constant modulus by which the Napoiim. 
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logaiithm of any number should be multiplied, m order to ob- 
tain the vulgai logaiithm of this number, is 


0,4342945. 

Since dx = vdt, we shall have by integrating and sup- 
posing that x zz 0 when t =: 0(c), 


x = — \ogl\e k + e J 


We have also 


and, consequently^), 


y k 2 vdv 

= pzrp* 


k 2 , k 2 
t = — loa 




1 9 


( 3 ) 


( 4 ) 


is the value of x, considered as a function of v 

133 The preceding foimulae enable us to solve the pio- 
blem completely It appears from a consideiation of them, 
that the time being supposed to inciease continually, the mo- 
tion appioaclies moie and moie towauls unifoimity, and that 
it becomes sensibly umfoim when the velocity aiismg fiom 
the action of giavity, is vciy gieat relatively to h In fact, 
—gt 

if e k , which m this case is a veiy small fi action, be neglected, 
we liave(e) 


v zz k 9 <j>zz: 0, x~kt — — log 2. 

(7 


As the icsistance of the fluid is a force which acts on the 
suiface of the body, the motive foiec that results fiom it is 
independent of the mass, and will be the same, whet hei llie 
body consists of a veiy dense mattei, oi whetliei the iuteuoi 
mattei be taken away altogether and nothing left but a veiy 
slendci envelope Now, as the acceleiatmg loieeis equal to 
the motive foice divided by the mass of the body, it follows 
that the hist of those two forces will, cveiy thing else being 
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the same* be m the inverse ratio of this mass, and conse- 
quently^/) k will be in the dnect latio of its sqviaie loot 
This is the reason why the final motion in a lcsisting medium 
is more lapid foi those heavy bodies, whose density is gu\itei, 
the form and extent of surface being- supposed to lemam the 
same When the density of the medium is liiconsuleiuble 
relatively to that of the body, the quantity It is veiy guvifr, 
andm this case the motion will not appioach to one of uni- 
formity until after the lapse of a con sulci able long ill of tune 
As long as the velocity gt does not become veiy consuleiable, 
we obtain m converging series 





(J‘ + /) - it 

V + - 2 k 1 l.S 


r/V 1 


2 3 2/i 4 


4- fit (tj > 


and foimulse (2) and (3) become 


gV 


u - gt ~TsP 

(p.t' 


x = \gt~ 


1 2 3 2/t 2 


+ &L 


They aie reduced, us ought to he the case, to those w hu h 
a motion uniformly acceleiatcd would give, vv lion the density 
of the medium entirely vanishes, in whit h case the quantity 
h becomes infinite 

134. In the case in which the body is jnojcctud poipon- 
dicularly upward, we have 



If its supenoi surface is the same as its mieuoi suiface, the 
constant k will be the same as in the case of descent , but ll 
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these two portions of its surface aie different, the values of k 
will be so likewise , foi example, if the projectile was a cone 
of which the base was honzontal, the quantity k would m its 
asccnseional motion be gieatei 01 less than in the descent, 
accoidmg as its summit was situated above 01 beneath its base 
II foi gieatei clearness the body be supposed to be a homo- 
geneous spheie, of which the radius is / , d its density, p that 
of the medium, then we shall have 



y being a constant arbitraiy depending on the nature of the 
medium, (namely, whether it be liquid oi aenloim,) and on 
its tempeiatuie If the piecoding value ol <j> be substituted m 
the second equation ( 1 ), theie will lesult 

kdv __ qdt 

Id 4 -<r ~ ~~~JT ’ 

which, by mtegiatmg, and denoting the initial velocity of the 
body by a, gives(A) 

axe (tang = ■= a 1C (tang =j)~ 

The value of v which icsults fiom this evpicssion may ho 
wnttenundei the fonn 

k (czcos^ — k sm 

— : i ±1 

a sin + k cos - 

By multiplying this expiession by df, and mtegiatmg a 

second time, so that when t = 0 , x may be also equal to 

cyphei, theie iosulls(/) 

Id f,r <jt <)t\ 

Ju ZZL ~ ll)<> l Y bin + cos 

(J ^ A* A J 

We shall also have 

k'vdo 
Id+r 1 ’ 


</d v zz 



198 


EXAMPLES OF KECTILINEAB MOTION, 


aud, consequently^), 


x 




If we make ^ — a, and then suppose ar 0, m order that 
these formulae may be applicable to the case of a body moving 


in a vacuo, they will assume the form and by the known 

rule foi determining the value in these cases, we find, as we 
ought, 


v = a- gt 9 x- at- , 

a lesult which we would arrive at by expanding these foimulse 
^into a series as in the preceding number (t). 

135. If h denotes the greatest height to which the body- 
can attain, and which corresponds to v r: 0, we shall have 


h = 



A 2 + a? 

k l # 


Likewise if 9 l denotes the time it takes to attain this height, 
its value will be (m) 

0 1= j are (tang=r|) 


Atter having attained this height, the body will fall back, 
and its motion will be expressed by the foimnlae of No 132 
If a' denotes its velocity, when it will have fallen back the 
cntiie height k, we shall have, by means of equation (4), 

s _ A* , P 

and by making this value of h equal to the preceding, theie 
results 

k 2 k* + a* 
k 2 — a 12 = ’ 


a 


n 


a*k 2 

~~ a 2 + k 2 ’ 


and, consequently, 
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hence it follows, that a! is less than a, so that the velocity of 
the body, when it returns to the point of departure, is less than 
its initial velocity. 

Also, if O' he the tune of the entiie descent, in which case 
v = d , we shall have 



k + a' 


which, by substituting foi a! its value, becomes 



V Cl 2 “|“ -f" a 

V cr 4 * ci 


it is evidently different fiom the value ofO, the time of ascent. 
We obtain a simplci expicssion, by multiplying both the nu~ 
meiatoi and denominatoi of the fi action compnscd undei the 
logaiitlim, by V a^+h 2, — a(rc), by which means we get, 

0' zz -log — — — 5 

9 * \/a z + k*-~a 


and if 0 denotes the entiie time 0' -f 0 l5 which the body takes 
m ascending and descending, we shall have 



(tang : 



It 

V a 1 4- /t 2 — a 


If the body be a bullet shot into the ail by a cannon <h- 
leded veitically upwaid, we can, notwithstanding the lapuhty 
ol this motion, detenmne the time 0 with some piccision, and 
if we know likewise a the velocity of piojcction, tlio pie ceding 
equation would enable us to detenmne tlic value of //with lespect 
to the ladius of the bullet. Also, horn a consideration of 
the oxpiossioii o Ut l given m the piecoding numhei, it appeals, 
that ll IJ denotes what k becomes, with icspect to anothei 
bullet consisting oi the same kind of mat tci, and oi which the 
ladius is equal to wc shall have(o) 
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136. If the effect of the foice of gravity is not taken into 
account, the solution of the problem piosents a lemaikahle 
smgulaiity, 'when, the resistance of the medium is supposed to 
be pioportional to a power of the velocity winch is less than 


unity 

Suppose, for example, that 


g and k repiesentmg, as befoic, the foice of giavity and a given 
constant velocity The equation of motion will be 



horn which, if the value of gdi be deduced, we obtain, by in- 
tegrating and denoting the initial velocity by a , 


gt = V k, (yt a — V o), 


and, consequently, 




Multiplying the members of this equation by df , and m- 
tegiating a second time, so that wo may have \ = 0 when 
tzz 0, we obtain foi the value of the space passed o\ei <il a 
given mstantQy), 



It appears fiom the value ol ?;, that the velocity dimi- 
nishes fiom the commencement of the motion until (lie* instant 
,, l/ aft 

m which t— — ■ - , at this instant, the velocity vanishes, im- 
mediately after, the motion continues m the same du notion 
as before, and the velocity increases indefinitely I5ul as the 
velocity vanishes at a certain instant, the acceleiating loue 
vanishes at the same time, consequently the body should stop 
at this instant and remain at rest Now, it ought to bo 10 - 
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maiked, that the equation of the motion admits a particular 
solution v = 0 , so that its complete solution is the sum of its 
intcgial and of this equation v =: 0 , it follows, theiefore, that 

the pioblom is resolved fiom t r= 0 to t = by the mte- 

9 

j>ral of the equation of motion, and beyond this value of £, by 
the paiticular solution. During the first interval of time, the 
body descubes, with a motion continually retarded, a line 
, ct\/'ak 

equal to — ~ at the extremity of which it stops and le- 
mams at rest. 

This example, which is purely hypothetical, suffices to show 
how necessaiy it is to take into account particular solutions of 
the (lillciential equations of motion, if there are such ; it ap 
pears, however, fiom the expressions for the forces m func- 
tions of the acquired velocity and space passed over, which 
have place m natuie, that no such case actually occuis. 

137 We now propose to give some examples of motions, 
m which the accelerating foice vanes with the space passed 
ovei 

The simplest case is, that of a mateiial point attracted 
to wauls a h\od centie m the dnect ratio ol the distance fiom 
this point, winch is supposed to exist on the right line that 
the moveable descubes. Let z be this distance at the end of 
the time t , and lot the acccleiatmg force at a given distance a 
be supposed equal to the giavity#, by the given law, we shall 
have 



for its value at any instant whatever If x is the space 
descnbed at this same instant, and if c be the distance of the 
point fiom the centie of attraction at the commencement of 
the motion, which is supposed to he directed towards this 
centie, we shall have 

2 D 
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X = C — Z* 




dz 

Tt 9 


and the third equation (1) -will become 
cPz — gz 

d ? = ~T~ # 

Its complete integral is 


z = a cos t 


V^ + Bsin t V^; 


a and b denoting two constant arbitraries 

If the initial velocity of the moveable is supposed to be 
nothing, we shall have at the same time 


t = 0, 


hence we deduce 



and, consequently, 


A = Cy B = 0, 

2= CCOS* -• 


From this formula it appears, that the distance z is nothing, 
or that the point will reach the centre of attiaction at the end 
of a time which is independent of c the distance^) of its point 

of departure, and equal to , aftei that, it will pei- 

9 

form oscillations on each side of this centre, of which the con- 
stant amplitude and duration will be respectively equal to the 
distance c and the time 



138) For another example, let the motion of a heavy body 
in a vacuo be considered, the height from which the body falls 
being sufficiently great to require, that during its fall, the va- 
riation of gravity should be taken into account. 
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Let bae (fig 35) be a veitical great circle of the earth, d 
the point fiom which the body departs in this plane, m its 
position at tlie end of the time t 9 on the right line dc, which 
is drawn from B to c the centie of the eaith, and meets its 
surface m a Let ca the radius, be lepresented by ? 9 the 
height ad by h 9 dm the space passed over by the body by x 9 
and cm, its distance from the centre c, by z } so that we may 
have 

z r= 7 + It — x 

The acceleiating foice will be the gravity at the point 
m , if g denotes this gravity at the surface of the eaith, that 
is to say, at the point a , and if its intensity be supposed to 
vaiy m the inverse ratio of the squaie of the distance fiom the 
centie c, we shall have 

<p.g\ r .z 2 ; 

hence we obtam 



by means of which the third equation (1) will become 

cPx __ gi 2 
dt 1 — 

If its two members be multiplied by 2 dx 9 and then mle- 
giated, we obtam 

_ 2 »/ 1 1 \ 

dt 2 ~~ y v + A — - x r + h ) 9 

the constant arbitiaiy being determined by making — = 0, 

ft c 

when t = 0 ; by means of this expression, the velocity ac- 
quiicd by the body, at any distance such as x fiom the point 
of depaituie, can be determined At the point a, where x = /#, 
this velocity will be(>) 
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and consequently less, as it ought to be, than if the intensity 
of gravity "was the same, through the entire height A, as a t 
the smface Fiom the preceding equation we obtain (a) 



Now, from a comparison of this diffeicntiai equation with 
the equation (a) of No. 73, it appears that if a seint-eyeloi<l 
noc is constructed, which may have its summit at i>, its oni>m 
at the point o, situated on the line oc which is peipcnditulai 
to the right line cd, and the diameter of the gcneiutmg circle 
equal to cd, then if through the point M, mn is diawn pel pe- 
dicular to the line dc, and meeting the cycloid m N* wo shall 
have 


MN = t 


V 7 + h* 


so that mn, the ordinate of the point N, makes known i y the 
time in which the abscissa dm is described, and couvei sely 15 y 
integrating and obseiving that x = 0, when t zz 0, we shall 
have, m a finite form(£) 

' V^+^iZP+i(» + A) aic(cos=Lt.^-ll) 


When the height A, and consequently the distance \ 9 are 
very small with respect to ?, this foimula dilteis veiy little 
fiom that which is furnished when the giavity is supposed to 
he constant In fact, since 


arc 



r + h — 2v\ 
r+A ) 


= arc 



2y/(/ — .r* 

/ -|— fi 



when the sine is very small, we may substitute it in place t >t 
the axe, which renders the second teim of the second mein bin 
of the piecedmg equation equal to the first. Wo may also 
substitute the radius r in place of r + A - x, and, const*- 
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quently, reduce their sum to 2 \/ rx ; by this means, the foi- 
mula m question will become 



01 simply, by neglecting li relatively to r, 

x~\gp 

As an example for the calculus, wc shall suggest, bcfoie 
we quit this subject, but without enteiing into any details, 
the case in which the moveable is projected perpcnchculaily 
upwaids , and wc now proceed to the consideration of the last 
case of rectilineal motion that we pi opose to give, namely, that 
of a material point attiacted to two fixed centies situated on 
the line which it dcscubes 

139. Let a and b (fig 3G) be the two centies of atti action, 
M the position of the body at the end of the time and d its 
point of depaiture Suppose, foi gieatei dearness, that the 
motion takes place between the two centres of attraction and 
fiom a towards b , let 


DM — X) AM = Z 9 AD = a, B MIC' 


so that r is the space described, s the distance of the body 
fiom the point a, a the initial distance, and c the long 111 oi 
the lino A 13 . If the attractions be supposed to vary m the in- 
verse ratio of the squares of the distances, and if the intensities 
of the ioices which emanate fiom the centies a and b, aie 
denoted at the unit ot distance, by a 2 and 5 2 , wc shall have 


a 2 , b 2 
- > and 


(6-^’ 


for then respective intensities, when the body 


is at m The accelerating foi ce <j> wall be the excess of the 
second toicc which tends to augment the space x , ovci the 
fust which tends to diminish it, theicfoie, because dzzz dv, 
the third equation (1) becomes 


(fz 

~dl l 


b 2 


(c — z) 1 z 


2 J 


w 
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and -r- will express the velocity of the body at the point 

CLZ 

M. 


By nmltiplying* equation (a) by 2cfe and integrating, we 
obtain, 


dz 2 _ 2£ 2 t 2 a 2 

Tt 1 “ T^~z + “ y ’ 


00 


y being a constant arbitrary. In order to determine it, let k 
be the initial velocity which answers to z = a , then 


7 = 


2& 2 2a 2 

c — a a 




and if this equation be taken from the preceding, there will 
result 



(C) 


this equation will determine the velocity of the body, m any 
position whatever between the points a and B 

140 There exists on the right line ab, a certain point c, 
in which the two forces of attraction aie equal, so that if a 
body be placed there, or arrives at it without any acquiied ve- 
locity, it will remain in equilibrio. Denotmg the distance ac 
by A, we have 

a 2 

(c-hf- h* 


From this equation two values of h may be deduced, of 
which one belongs to the point c situated between a and b, 
and the other to a point m the pioduetion of ab, in the di- 
rection of the centre of the least attraction. The first of these 
two values is 


h = 


ac 

a^b 


/ 


Let/ denote the least initial velocity which must be im- 
pressed on the body in order that it may reach the point c, so 
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that when it attains to this point, its velocity may vanish , we 
shall have at the same time 

k=f, z = h, -^ = 0, 

and by virtue of equation (c) and of the value of h, theie will 
result(w) 

_1*L . _ 20 + 5)3 

C — a a c ^ ' 

If the initial velocity be less than the body will fall back 
on a ; if it is greater, it will pass beyond the point c, and \\ ill 
fall on b In the case of h = f, the body will take an infinite 
time to reach the point c, because that at an infinitely small dis- 
tance fiom this point, it will only be actuated by an infinitely 
small velocity, and solicited by a foice which is equally so 
141 If a and B aie the centies of two sphcics, which aie 
either homogeneous, or composed of concentneal stiata, we 1 
may suppose that the attractions which have been considered 
aie those of these two spheies, and then a 2 and the intensities 

at the unit of distance, will be to each otliei as then masses 
(No 101) Supposing, foi example, that a is the ccntie of 
the moon, and b that of the earth, if the non-sphciicity of the 
eaith is not taken into account, we shall have 



foi the mass of the moon deduced from its action m laismg 
the wateis of the sea, is 7 y of that of the eaith Hence we 
shall have(v) 

h= = (0,1 0302) r, 

1 + /75 V ' 

so tliat the distance of the point which is equally atti acted by 
the cartli and its satellite the moon, hom the moon, is veiy 
nearly the tenth pait of their mutual distance. 

Let ) be the ladius of the eaith, then c, the distance of 
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the moon from the earth, is about 60r, and if the body begins 
to move from the surface of the moon, we shall have at the 
same time, by the known ratio of the radius of the moon to 
3 /* 

that of the eaith, a = yy By means of these values of raiul 
a, and of a equation (d) becomes 

0 7,2 

f 2, zz (0,044894) — 


and since if g denotes the attraction of the earth at its surface, 
then 

&-gr\ 

is the expression for this force at the unit of distance , hence 
if we make 

(0,044894) f 

theie will result 

f 2 = 

Now, the attiaction^may be assumed equal to the weight 
of which it constitutes a principal part , consequently, J is the 
velocity acquired in falling through the height i ', and since 

g = 9™, 80896, nr = 20000000” 2 , 

its value is 

/= 2368™ 

As the atmosphere of the moon is not such, that its re- 
sistance can diminish the velocity of bodies projected fiom its 
surface, it follows, that if the earth and moon weie at rest, a 
body projected from the surface of the moon, towards the 
earth, with a velocity greater than 2368 metres m a second, 
will pass beyond the pomt of equal attraction, and at length 
fall on the surface of the earth In the motion of the moon 
about the earth, the right line ab diawn from one centre 
to the other always meets the surface of the moon(w) in the 
same point, which must be the point d from which the 
body would be projected in the direction db , but, during a 
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second, the point d tiaveiscs on the cncle descnbed about the 
centie of the caith, a length of about 1000 7 % consequently, the 
absolute velocity ot the body will be, m magnitude and duoc- 
tion, the lesultant of a velocity in the dnection of mi, and of 
a velocity of 1000^ m a second, peipendiculai to db This 
l)emg so, the body will not icmain on the moveable line \b, 
but will descube a cuive^) in space, so that the piccedmg 
foimula' aie not applicable to its motion, ncithei will it fall on 
the sui face of the eaitli, as it would do, if the moon was im- 
moveable 

142 11 the equation (b) be icsolved with inspect to dt , we 
obtain 

V cz — z l dz 


dt = 


l/2 cre— (2 a 2 -— 2/> 2 -f Cy) z + yz 


The mtegial of this foimula may be always e^piessod by 
means ol elliptic functions, so that when tables of these func- 
tions are constiucted, the time which concsponds to a given 
distance such as z, may be computed, and iccipiocally Buf, 
independently of the cases in which one of the two at fractions 
is supposed to vanish, tlieic aie also othcis m which the m 
togial ol the pieccding foimula may be obtained m a finite 
foim These cases obtain when the quantity compused undoi 
the ladical is a peifect squaie, this lcquucs that we should 
have 

(2a 2 -2l> 1 +cyYz;8a 2 cy; 
fiom which equation we can obtain 

y = \ (« ± i>)\ 

It this value be put, equal to that of y of No. 139, thcic 
lesultsQ/) 

2fr 2 2j a 2 ^ 2 (a ± 1/)- 

c — a a C 


&*=■ 


One of these two values of k l is that of/ 2 , the othci is 


2u 
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evidently much greater. It follows, theiefore, if even neither 
of the two quantities a or b is equal to cypher, that the time 
can be expressed in a finite form as a function of when the 
body is actuated by the least velocity f with which it can 
reach the point c, and also when a certain velocity greater 
than this is impressed upon it(z) 

By substituting the double value of y in the expression for 
dt , there results 

y c ac— (a±b)z 

which formula may be rendered rational, and integrated with- 
out difficulty, by the ordinary rules. The diffeiential of dt 
must be always positive ; the differential of dz is positive while 
the body advances from d to b, and negative when it returns 
towards a. In the first case, therefore, the sign of the iadical 

\/cz z 2 must be the same as that of the denominator 
ac — («5 ± b) z , and, in the second case, it must be affected 
with a contrary sign. 

143. Suppose that b zz 0, or c = oc, the body will then only 
be subjected to the attraction of the centre a. The equation 
(c) will be reduced to 

<•> 

the value of dt which can be obtained from this, may be inte- 
grated in a finite form, and will make known t in a function 
of z. 

dz 

If we make = 0, we shall have 

— - A 2 =^- 8 
a z ’ 

by means of which, the distance z at which the body will be 
arrested, can be obtained In the case of 2 a 2 = k\ this dis- 
tance will be infinite, which denotes that the body will never 
be arrested m its motion. This is also the case, when 2 « 2 Z A 2 «, 
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from which theie results for 2 a negative value that cannot 
belong to any point of the indefinite line db, in the direction 
of which the body has been projected. In these two cases, 
the motion of the body approaches more and more to uni- 
foimity, accoidmg as the distance of the body from a increases. 
When the distance z becomes very great, and the motion sen- 
sibly umfoim, its velocity, as determined by equation (e), will 

be very nearly equal to k % — — , or to /P- 2 fa, on tie 

a 

supposition that a 2 := #a 2 , that is to say, on the supposition 
that the body is projected from the surface of a sphere, of 
which the ladius is equal to «, and of which the attraction is 
equal to g . Tins shows that the diminution of the initial ve- 
locity It will be so much the greater, as this foice and this 
ladius are more considerable. 
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OF CURVILINEAR MOTION 

I General Foijnula of this Motion 

144 Int cumlineai motion, the cuivc descubcd Uy flu.' 
moveable is termed the trajectory of this matenal point. At 
the end of any time £, let m (fig. 37) be the position ol the 
moveable. If s denotes the aic cm of the tiajectoiy com- 
prised between the moveable and a fi:xed point c ai bitrai ilj. 
taken on this same cuive, s will be a function of f, so that. 
In any cnrvibneai motion whatever, we shall have 

s — tH. 

If at the same instant, x,y 0 z denote the tlnec lcetangul.u 
coordinates of the moveable, these vaiiablos will be also him - 
tions of t , and we shall m like manner have 

x=f 3 yzzfl, s= f'< 

When these three equations aie known, wo can deduce horn 
them, by the elimination of £, the two equations in a, //, z, ot 
the tiajectoiy By means of the equations ot this curves s can 
be detei min ed m a function of one ot the thieo cooidinafos, 
and, consequently, m a function of /, m this way the law 
of the motion on the tiajectoiy will be obtained liach ol \ bo 
thiee preceding equations is that of the leetilmeal motion of 
the piojection of the moveable on one of the axes ol (lie 1001 - 
dinates, it follows, theiefoie, that the complete detemmutioi 
of the cmvilmear motion of a material point, is redouble to 
that of three rectilineal motions, which will bo the motions 
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cf its piojections on o&, o#, os, the thiee axes of the cooidi- 
imes When these thiee motions are unifoim, that of the 
moveable will be also unifoim and rectilineal, and con- 
veisely(/7) 

145 During the instant dt 9 the moveable will describe 
the element of its tiajectoiy it m this infinitely small interval 
of time, the action of the foices which solicit it be neglected, 
its motion duung this interval may be consideied as unifoim 
and lectilmeai Tlieieforc, denoting the velocity acquned at 
the end of the time t by v , w e shall have 

ds 


11 these f 01 ccs cease to act at the mstant m question, the 
moveable will continue to move with tins velocity, and along 
mt the production of the element d*, that is to say, along tin 
tangent to the tiajectoiy, since, m consequence of the mcitia 1 
of mattci, it cannot then change, cither the dnection of it; 
motion, oi the magnitude of its velocity (No 113) Hence, 
a matcnal point which describes any curve line whatevei, may 
be considered as being actuated at each instant, by a velocitj 
m the dnection of a tangent to this cuivc, and cxpiessed by 
the latio oi its differential element to the element of the time 


If, at the end oi the same time q,i denote the velo 
cities of the piojections ol the moveable on the thiee axe . 
of //, s, we shall likewise have, m these thiee lectilmeai 
motions, 


pzz 


(h 

dC 



dz 

dt 


Now if a, j3, 7 be the angles which the tangent to the tia- 
jectoiy, oi the dnection of the velocity y, makes with the pa 
i allots to the axes of x, >/, s 9 we have (No 17) 
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hence we obtain(6) 

pzzvzosa, qzzvcos/3, rzzvcos'y, (1) 
and also at the same time, 

P 2 + ? 2 + r 2 = v 2 . 

As the time t goes on continually increasing, its differen- 
tial is always positive. The velocities p, q, i aie positive oi 
negative, according as the coordinates a, y , z increase or de- 
crease. In equations (1), the velocity v may be regaided as 
a positive quantity The direction of this velocity, or the 
part mt of the tangent to the tiajectory, along which it will 
be directed, will then be determined by the signs of p , q, r 9 
which will indicate whether the angles a,j3,y aie acute oi 

obtuse In the equation y = — , the velocity v is considered 

to be positive or negative, according as the arc s increases or 
decreases. 

The components of v the velocity of a mateiial point, are 
!P> r 9 ^he velocities of its three projections on the rectangu- 
lar axes , and each of these thiee components is what is meant 
by the velocity of the moveable parallel to the axis to which 
it refers. From a comparison of equations (1) with those of 
No 31, it appears that this composition of velocities is per- 
formed according to the same rules as that of foices Hence 
it follows, that if through the point m any lme ma be drawn, 
which makes with the parallels to the axes of y, z, drawn 
through this same point, the angles a , b 9 c, which may be 
either acute or obtuse, the general expression for the com- 
- ponent of the velocity v parallel to this line ma, will be 

p cos a + q cos b + r cos c, ' 

^ The quantity of motion (No. 126) of an isolated material 
point, and that of a body all whose points are actuated by 
equal and parallel velocities, can be decomposed into othei 
quantities of this nature, and these may be reduced to one, 



GENERAL FORMULAE OF CURVILINEAR MOTION* 215 

accoiding to the same iules as the velocities which they have 
for factors. 

146 Let p +p', q + q' 9 1 + /, he what the three com- 
ponents of the velocity of the moveable parallel to the axes of 
x } y , z 9 become at the end of the time t -f- dt , so that p r ,q'> i 7 
may represent the infinitely small increments of the velocity, 
which have place m these directions, during the instant dt„ 
The mciement of velocity in the dnection of the hne ma 
will be 

p l cos a + q l cos b + r f cos c 
Now, whatever be the quantities p 7 , q\ if wc make 

n 2 = p 12 + q ' 2 + r 72 , 

u being considered as a positive quantity, we can always find 
three angles a 7 , j3', y', cithei acute 01 obtuse, such that 

p / cos a', q'~ u cos j3', r 7 = u cos y ; ; 

by means of which, the increment of velocity in the direction 
ma will become 

u (cos a cos a! + cos b cos j3' + cos c cos y 7 ) . 

Moieovei, we know that the quantity between the biacLets 
is the cosmc of a certain angle g Thcieforc, the mciement 
in question is equal to u cos a , consequently, u is its giealcst 
value, and it answeis to the direction of the right line ma, foi 
which the angles 0 , b 9 c aie the same as a', /3', y 7 , and thus 
lenders the coefficient of u equal to unity. In any othci di- 
rection whatever, the increment of the velocity will be equal 
to the gieatest value u , multiplied by the cosmc of the angle 
which this dnection makes with that of the gicatcst value ; 
hence it follows, that it will vanish with respect to all directions 
peipendicular to those of its gieatest value. 

Whatever be the variation of the velocity of the moveable 
in magnitude and dnection, dui mg the instant dty there is 
always a certain direction, for which the increase of velocity 
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is a maximum , and to which tins property belongs, namely 
that for all directions perpendicular to this one, the velocity 
is neithei increased noi diminished 

147 The dnection of a foice which acts on a matcnal 
point m motion, is the right line along which it mci eases 01 
diminishes the acquired velocity, and perpendiculaily to which 
it does not produce any change Thus, when we say that 
the weight of a body which moves m any dnection whatevci 
is vertical, like that of a body at lest, it is meant by this, that 
this foice increases the vcitical velocity, and docs not pio- 
duce any change whatever m the horizontal velocity 

This being agieed on, let u, u', u'', &c , denote the inten- 
sities of the different forces which at the end of the time t 
act on the material point, the cuivihneai motion of which is 
considered , a, 6, c, 6', c\ a ", b l! s c", &c , the angles which 
their given directions make with paiallels to the axes of 
and x, y, z, the sums of then components m the di- 
icctions of these axes , we shall have (No 32) 

Kzucosc-f u 7 cos a' + u" cos a" + &c , 
y r: u cos b + u' cos b ' + u" cos b n + &c , 
z zi u cos c u 7 cos & -j- u /x cos c u -f- &c 

Let now u , w', u l \ &c , be the infinitely small velocities 
which these forces u, u', v ,J would produce duung the mstant 
dty m their respective directions, on the supposition that each 
of them acted by itself on the moveable actuated by the velo- 
city It is evident, as m No 116, that the circumstance 
of the forces acting simultaneously will, in no icspcct, in- 
fluence eithei the magnitudes or dnections of the velocities, 
which are actually produced, consequently, if we still denote by 
> the infinitely small quantities by which />, <y, r, the 
velocities of the projections of the point, aie increased m the 
instant dt, these quantities will be the sums of the components 

of u, u , u , &c., m the directions of these thiee axes , so that 
we shall have 
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p ' u cos a + ?/cos a* 4 n N cos a u + &c , 
q l zz u cos b + cos V 4 - u " cos b" 4 - &c., 

7 ' zz u cos C 4- u' COS & 4- u" COS c" 4- &C 

Now, since it appears from No. 118, that the’measure of 
any force is the velocity which it is capable of producing, it is 
evident that 

u zz u dt y u' zz u 'dt, u 11 zz u u dt> &c , 

hence, if the values of p\q\?' 9 be compared to those of x, Y, z, 
there results 

p ' zz xdt , q‘ = Ydt y / zz z dt 9 

which shews that the increment of the component of the ve- 
locity m the direction of each axis, m the instant dt, is the 
velocity pioduced during this instant, by the entire compo- 
nent, m the dnection of this same axis, of the given forces, 
which act on this material point. 

It is because the forces are proportional to the velocities 
which they impress on the moveable m an infinitely small 
poition of time, (which infinitely small velocities are the same, 
whether these forces act separately, or simultaneously,) that 
this result obtains It likewise follows, that if three foices 
not comprised in the same plane are applied to the moveable, 
and that if, on the directions of these three foices u, u', u", 
there be taken, reckoning from their point of application, 
right lines of a finite magnitude, which are to each other as 
the conespondmg velocities w, u', u n , the lesultant of these 
forces will be lepresented m magnitude and dnection by the 
diagonal of a parallelopiped of which these three lines are the 
adjacent sides, and its magnitude will be to that of each of 
these foices as the diagonal is to the corresponding side 

148 If the forces which act on the moveable aie inde- 
pendent of its velocity and of its position in space, the motions 
of its three piojections on the axes of the cooidmatcs will be 
independent of each other, so that its piojection on each axis 
* 2 F 
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at tlie end of any time whatever will be found at tlie same 
point, and it will have the same velocity as if the forces and 
the velocities parallel to the other two axes were cypher. In 
general, this will not he the case when the given forces vary 
in magnitude 01 direction, either with the position of the 
moveable, or with its acquired velocity , its velocity and po- 
sition can, however, be always determined at each instant, ml 
the following manner Since all the forces which act on the 
moveable are reducible always to one, let u, which is ca- 
pable of producing the velocity u , be this unique force, and 
let c he the space which it causes the moveable to descube m 
the instant dt 9 in its dnection, independently of v, the velocity 
of this material point at the end of the time t. By what has 
been stated m No 114, we shall have 

c \ udt 

But, m vntue ol this acquued velocity v , and of the action 
of the foice u, oi of its components, the spaces traversed by 
the piojeetions oi the moveable on the axes of a, y , z, duimg 
the instant dt, will be 

pdt +- \p l dt, qdt + \ q'dt , 7dt + f dt , 

theiefoie, because(e) 

p' = u cos a , q r zz u cos b, )' = u cos c , 

and m consequence of equations (1) and the value of c, we 
shall have 

a 7 — a = (o cos a + g cos a , 
y' — y zz w cos j3 + e cos b , 
z' — z zz ay cos y + c cos c ; 

(o being the space which the moveable describes m the instant 
dt m virtue oi the velocity v solely, and u', ?/', z f , its tin ee co- 
ordinates at the end of the time t -f- dt , which weie n, y 9 z } at 
the end of the time t 

This being established, let m (fig. 37) be the point of the 
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tiajcctoiy ol which i, y, z, arc the thiee cooidmates, and Mr 
the dnection oi the velocity v Likewise let m\ be that of 
the force u If on m, mt, theie be taken the lines mii and 
mk equal to t and w, and if the paiallelogiam mhpi'k, of 
which these lines aie adjacent sides, be completed* the cxtie- 
mity m' of this diagonal will be* m vntue of the pieceding 
equations* the point of which the coordinates die x\ /, z\ oi 
the position of the moveable at the end of the time t-\-dt(d ) 
Naming v* the velocity of the moveable at the point m'* 
winch velocity will be clnected along mt' the pioduction of 
the line mm', its value will be the component of v m the di- 
lcction ol mm', mci eased by the velocity pioduced m this di- 
1 cation, by the action of the foice u dunng the instant dt As 
the space c is infinitely small* 1 datively to w, it follows that 
the angle tmjyi' is also infinitely small, theieioie if we neglect 
quantities infinitely small of the second ordei(c), the compo- 
nent of v will be the velocity v itself Moreovei* if § denote 
the angle amm', which the dnection of the foiee u makes with 
the side mm' of the tiajectory, u cos S will be the mcicment of 
the velocity which will be pioduced by the action of this foice, 
hence theie will lesult 

v' = v + u cos § 

It vdl n a/, and if on mVwo take a pail mV equal to <*/,< 
and if mV be the dnection of the force which acts on the 
moveable when it amves at m', by taking on this line a part 
mV equal to the space that this foice causes the moveable to 
doscnbe in an instant di , and completing the paiallelogiam 
m'ii'm'V, m" the extremity of the diagonal will he a thud 
point of the tiajcctoiy By commencing this senes of ton- 
stiuc lions at the point of dcpaituic of the moveable, where it 
is necessaiy to know its velocity in magnitude and dnection, 
it is evident that all the points of its tiajectoiy can be suc- 
cessively (Ictciimned, whcthei it he a plane cuivc, oi one of 
double cuivatuic , and also, at the same time, the velocity 
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with which it is actuated at each of these points* If the inter- 
vals of time which have been supposed infinitely small and 
denoted by dt, aie only extremely small, a senes of points 
will be obtained, which will be the summits of a polygon, and 
these will diffei so much the less fiom the trajectory as its 
sides are smaller If the velocity on each side be reg aided 
as constant, and if lor its value theie be assumed the semi-sum 
of the velocities with which the body is actuated at the two 
extremities, the time employed m describing any portion of 
the polygon may be computed , consequently we can m this 
manner deteimine, to any requiied degiee of accuiacy, the 
curves described by the moveable, and also its velocity and 
position at any given mstant on this curve. But it is pre- 
ferable to make the values of the coordinates of the moveable 
m functions of the time, depend on differential equations, 
which can be afterwaids mtegiated, in these cases in. which it 
is possible. 

149 These differential equations of cuivilineai motion are 
an immediate result of the punciples established in No 147 

In fact, the components of the velocity of the moveable, 

paiallel to the axes of the cooidmatcs x , ?/, s, being* — — 

9j9 9 s de ae dt' 

at the end of any time t , their increments, during the instant 

dt, will be d —,d.-~,d , and as each of them anses 

from the component of the force, which acts at this mstant on 
the moveable, parallel to the corresponding axis, it is evident 
that if x, y, z, denote the components of this force parallel to 
the axes of the coordinates ?/, g, we shall have 


d . 


dx 

dt 


zr xdt, 



oi, what is the same thing. 


d 



cPx d'y cPz 


( 2 ) 
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The problem m each case will depend on the mtegiation 
of these three equations of motion , and the process of the 
preceding number may be consideied as a general method of 
appioximation, in ordei to this integration Their integrals 
will contain six constant arbitraries, which can be determined 
by means of the three coordinates of the moveable at the com- 
mencement of the motion, and of the three components of the 
initial velocity, that is to say, by means of the values of the 
dx el'll dz 

six quantities x 9 y,z 9 which will be given in the 

case of t = 0. These integrals, and their first differentials, 
will then make known the position of the moveable at any in- 
stant whatever, and also its velocity m magnitude and di- 
rection. If the time t be eliminated between them, the two 
equations of the trajectory will be obtained If it is known 
beforehand, that this curve is plane, its plane may be assumed 
for that of the axes of x and y for example , which will i educe 
the three preceding equations to the two fiist. 

150 At the end of the time t , let a 9 b , c, be the coordi- 
nates of a second matenal point, whose position it is pioposed 
to compare with that of the first The axes of the cooidmates 
being those of a?, y, z, let 

x = a + x' 9 y ~ l + y' 9 z z: c + z'; 

the variables x\ y\ z\ will make known at each instant the 
position of the fiist point lelatively to the second, and by 
equations (2), we shall have 

cPx / ^ (Pa <Py ' __ (Pb d 2 z‘ __ ^ <Pc 

IF ~ x ~ W* ~dF ~ Y dtF’ lF~ z ~"dF * 

by means of which they can be determined in functions of the 
time. 

When the motion of the second point is not known, but 
there aie only given a,b, c, the components of the foicc which 
solicits it, paiallel to the axes of the coordinates, we shall have 
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(Pa __ d'b __ (Pc __ 

' S 5- *' 5 rf ^“ c ’ 

and theie will result 

(Px' dry' cPz* 

~dP x — - Aj y - b, —-z-c, 

for the equations of the relative motion of the fiist point 
If the force of which a, b, c, aie the components, acts at 
the same time on the two moveables, these components will 
also occur in the value of x, y, z, and will disappeai horn these 
last equations. This will be the case, foi example, with 
lespect to bodies moving at the surface of the earth, the po- 
sitions of which are refened to deteiminate points of this sur- 
face. the forces relative to these points, which anse fiom the 
diurnal motion of the earth, do not occur in the equations of 
the diffeient motions which are consideied on its surface , and 
they should not at all be taken into account m the foimation 
of these equations 

Hovevei, it is not to be understood by this, that the mo- 
tions which aie observed aie altogether independent of the 
velocity of lotation of the earth, foi it influences in a small 
/* ^ c S lee fhe intensity of giavity, and, consequently, the veitical 
motions. Moreovei, when a body falls fiom a considerable 
height, the velocity of rotation with which it is actuated at 
the point of departure, is somewhat greater than that of the 
velocity at the foot of the vertical drawn thiough this point , 
hence it is easy to perceive, that the moveable must deviate a 
little from this line, and meet the earth at a small distance fiom 
its lower extiemity This deviation, which has been actually 
obseived, pioves by dnect experiment the motion of the caith 
about its axis(jQ, The motions which aie independent of this 
rotation are those which aie produced by the shock of two 
bodies, and also those which aiise fiom the muscular action of 
men and othei animals 

151. Equations (2) aie those of the motion of a matenal 
point entnely fiee, but it is easy to extend them to a material 
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point constrained to move on a given surface Foi this pur- 
pose, it is only necessary, as m the case of equilibrium 
(No 36), to join to the given forces which act on the move- 
able, a foice of unknown magnitude representing the resist- 
ance of the surface. This force will be normal to the given 
surface If n denotes this foi cc, and X, ju, v, the angles which 
it makes with the productions of the coordinates v, y,z, the 
equations of motion will then become 


•^ 3 = x + NcosX, 

-jP = Y + N COS jU, 
fpz 

^=Z+NC0SV 


( 3 ) 


It the equation of the given surface be l =: 0, and, if for 
conciseness, we make 

dL 2 . 


,-±(±L+S.a.^l) 
Wa ? 2 ‘ dy 1 ‘ dz 2 J 

we shall have (No 21), at the same time 


cos\ = 




cos v ~ 



It aftci having substituted these values m equations (3), 
the product nv be eliminated between them, the two equations 
which result, combined with l = o, will enable us to determine' 
r, y, in functions of t. Then from one of equations (3), or 
fiom any combination of these equations, the value of nv 
may he deduced, and as n must be always a positive quantity, 
the sign of this value will indicate that of v, by means of 
which the noimal force and the direction in which it acts can 
be completely dctei mined 

If the moveable is constiamed to move on two given sur- 
faces, oi on then cuive of intersection, it may likewise be 
considered as entnely fiee, if with the given fences there be 
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combined two unknown forces n, n 7 , normal to these surfaces ; 
let A, j u, v, be the angles which determine the direction of the 
first with respect to the axes of x, y , z, and X', ju', v f 9 those 
which refei to the second, then there will result 


c Px 
dt? 


X -f- N cos X + n/ cos V, 


cPy 

dt 2 


= Y + NCOS^U + N'cOSju', 


drz 

IF 


= z -f. N COS V + N 7 COS v 7 , 


(4) 


for the equations of the motion. If l, = 0 is the equation of 
the surface of which n expresses the resistance, and if l 7 = 0, 
be that of the surface to which N 7 refeis, the values of cos A, 
cos y 9 and cos v will be the same as m the preceding case, 
and those of cos A 7 , cos y! 9 cos v\ may be deduced fiom them 
by changing v and l into v 7 and l 7 . When both the one and 
the other are substituted in equations (4), the products NT, 
n 7 v 7 can be eliminated, and the equation which results fiom 
this ehmination, combined with the given equations l-0, 
l 7 =z 0, wiU enable us to determine the values of y, z 9 in. 
functions of t . This being done, we can deduce from any two 
of equations (4) the values of nv and nV, the signs of which 
will make known those of v and v 7 , and by this means, the 
normal forces n and n' can be determined, and also the di- 
rections in which they act , their resultant will be expressed 
in magnitude and direction, by the resistance of the curve on 
which the moveable is constrained to move. 

152 A more simple form can be assigned to equations 
(4) m the following manner, let m be the mass of the move- 
able, and mp the pressure, which in its state of motion it ex- 
ercises on the curve it is constrained to describe, if <u, <*/, <*/, 
be the angles which the direction of this force makes with the 
productions, on the positive side, of x, y, z , the coordinates of 
this point, the resistance which the curve opposes to the mo- 
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tion of the moveable, considered as an accelerating force, wiL 
be equal and conti aiy to v , by joining it to the given foiccs 
x, y, z, which act on the moveable, we shall have, m place of 
equations (4), 


<Px 

— - a- p cos (0, 

dry , 

^ = . - p.cos*/, 


drz 

—777 = Z — P CO? w" 

dt 1 


( 5 ) 


The dnccUon of the foice p is not given d pno7i , it is 
only known that it is nonnal to the given curve, from which 
it follows that the cosine of the angle compiised between this 
dncction and the tangent to the trajectoiy must be equal to 
zeio , this gives 

cos to *4“ “T~ cos w / 4“ cos to 11 zz 0, (6) 

d* ds ds 


Morcovei, the angles < 0 , a/, w" aie connected togethei by the 
equation 

COS 2 to + COS 2 O / 4- COS 2 to" = 1 


p, w, a/, to' can be eliminated between these equations, for 
by adding togethei equations (5), after having first multiplied 

them by ^ respectively, and then taking into account 

equation (6), and making, in older to abiidge, 


dx , dy . dz 


we shall have 


dxdPx + dytpy + dzcPz _ 


dbdt* 


= <P- 


Ii the identical equation 

dx- + dif + dz- _ dp 
df ~dt*’ 
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be differentiated, and then divided by 2 ds, it will appear that the 
first member of the piecedmg equation is the same tiling as 

therefore we shall have simply 
dr 



( 7 ) 


The foice <j> is the sum of the components of the given 
foices acting along the tangent to the tiajcctoiy, which com- 
ponents can be regarded as positive or negative, accoidmg as 
they tend to increase or dimmish $, the aic desenbed by the 
moveable. Consequently, equation (7 ) indicates, that m cui vi- 
lmear, equally as in rectilinear motion, the foice which acts oil 
the moveable m the direction of its motion, is equal to the second 
differential coefficient of the space desenbed , and because 
ds 

v =z — , we may also state, that it is equal to the fiist diffeicntial 

coefficient of the acquired velocity This equation being 
independent of the resistance of the cuive, obtains equally 
m a motion entnely free, and in that of a malenal point 
constiamed to exist on a given cuive, but it is principally 
in the case of a material pomt which moves on a given 
curve, that this equation can be useful. The values of r, 
m functions of s, may be deduced fiom the equations of this 
curve, and aftei having substituted them m equation (7), it 
only remains to integrate this equation of the second oulci be- 
tween s and t. The two constant aibitianes winch aie intro- 
duced m this integration, can be detemnned by means of the 
ds 

values of s and ~ when t =, 0, that is to say, by means of the 

, initial position and velocity of the moveable When the thioe 
coordinates a?, y, z 9 shall have been determined in functions of 
£, by means of the integral of equation (7), combined with 
the two given equations of the tiajectoiy; equations (5) will 
enable us to determine at any instant wliatevei, the thioe 
components of the pressuiep, to which the ciuve, on which 
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the moveable is constrained to move, is subjected. In the fol- 
lowing chapter there will be given a simpler determination of 
this foice both m magnitude and direction 


II. Pnncipal Consequences of the preceding Formulas. 


153 When the moveable is solicited by a force dnccted 
towaids a fixed centre, the thice first integrals of equations 
(2) can be obtained at once Foi this purpose, let the ongm 
of the coouhnates be placed at tins point, let the ladius vcctoi 
represent, in magnitude and direction, the foice which solicits 
the moveable, and let the paiallellopiped, of which tins ladius 
is the diagonal, and the axes of x, its three adjacent sides, 
be constiucted The thice coordinates #, z, ol the move- 
able, will be equal to these three sides respectively, and will 
lepiesent the three components of the given foice, so that wo 
shall have 


x y z .x.y.z, ‘ 

lienee we deduce 


xy = Y2C, zx =r xz, y z = z y- 

On the other hand, equations (2) can be replaced by the 

following v _ 0 

\jd l x — xd 2 y == (xy - yx) dl~, 

xd 2 z - Z(Px = {zx — x-) dt\ ' 0) 

zdPy _ yd 2 z = (yz — z y) dl 2 y 

but, m vntue of the piccodmg equations, then second mem- 
beis vanish, and as then fiist mcmbcis are the differentials of 
y(h - xdy, xdz - zdi , zdy - ydz , we shall obtain by inte- 
grating 

ydx — xdy = cdt> 

xdz — - zdx — c'dty “ 00 

zdy — ydz = c'‘dt, 1 

t'\ being tluee constant aibitiaues. 

154. The theoicm contained m these fust integrals of the 
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equations of the motion, implies, that the area described dunng 
each instant dt 9 by the radius vector of m, the projection of 
the moveable on the plane of a, y, is constant and equal to J cdt 9 
and the same is likewise the case for the pi oj actions of the move- 
able on the planes x 9 z ; y 9 z, for at the end of the time £, let 
amb (fig 38) be the projection of the trajectory of the move- 
able on the plane of the axes of the cooi dmates x and y 9 op and 
mp 5 the abscissa x 9 and the oidinate y> c being the point wheie 
this cuive intei sects the axis oy, let u denote the sector com, 
p the area copm, q the tuangle opm, we shall have 

u-p—q, q = -Jay. 

If m' is the projection of the moveable at the end of the 
time £+ dt 9 mom' will be the area described by the radius 
vectoi of this projection during the instant dt , likewise this 
will be the diJFciential of n 9 oi of p — q , and because 

dp = ydx, dq zz^xdy + \ydjc 9 

we shall have 

du = fdx — xdy ) , 

hence it appears that the first equation (b) indicates, that the 
area described during the instant dt 9 by the radius vector of m, 
the piojeetion of the moveable, is constant and equal to \cdt > 
therefore, also, the area described dunng t any time whatever, 
is pioportional to this variable and equal to l 2 ct. The aieas 
described m this same time, by the ladii vcctoies of the pro- 
jections of the moveable, on the planes of x and or, and of y 
and z, will he likewise equal to J c% } 2 c ,f t 

It may he theiefoie inferred, that when a material point is 
subjected to the action of a force constantly directed towards a 
fixed centre, the aieas described about this point by the radius 
vector of its projection on any plane whatever, passing tin ought 
this same point, are propoitional to the time employed to de- 
scribe them. 

Qonvgigely, when tins piopeity obtains With lespect to 
' three rectangular planes drawn thiough the centie of the 
areas, it may be mferied that the force, oi the resultant of the 
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forces which solicit the moveable, is constantly directed 
towards this fixed centie 

In fact, if equations (b) aie given, we shall obtain by dif- 
ferentiating them, 

yd 2 x — xcPy — 0, %(Pz — zdroc ~ 0, zd?y — yd 2 z z= 0 , 

consequently, m vntuc of equations (a), which are those of any 
motion w hate vei, we shall also have 

Xy z - yt, z^ rr x^, yz zz zy , 

therefore, the foiccs x, Y, z, will be to each other as x, y, z> 
the cooidmates of the moveable , which is all that is required 
m oi dei foi us to be assuied that then resultant must be con- 
stantly duccted tow aids the origin of the coordinates In fine, 
this foice may be either attractive or lepulsive, that is to say, 
it may act along either the ladius vector of the moveable, or 
along its pioduction 

155 When a material point is subjected to the action of 
a foice dn ected towards a fixed centre, it is evident that its 
tiajectoiy is a plane curve, since there is no reason why it 
should deviate towards one side rather than the other of a 
plane passing thiough the dnection of its initial velocity and 
through the fixed centre This may likewise be inferred from 
equations (b), loi it we multiply them by z , x respectively, 
and then divide them by dt, there arises fiom their addition 

cz + dy + c"x r: 0 

As this plane may be assumed for that of x and y, it fol- 
lows, that theaiea described by the radius vector itself of the 
moveable, in the plane of its tiajectory, will be propoitional 
to the time , and moieover, the preceding theoiem is leducible 
to this piopoilionality. In fact, if it obtains for the area 
desenbed on the plane of the trajectoiy, it will equally obtain 
loi the aiea desenbed by the ladius vectoi of the piojection 
of the moveable on cveiy other plane, foi this other aiea is 
no othei than the piojection of the fust on this plane, and 
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we know (No 10) that the projection of a plane bcais a con- 
stant proportion to the projected area 

156. The infinitely small area mom' may be also expressed 
in polar coordinates. For this purpose, let 7 denote the ladius 
vector om, 6 the angle mo# which it makes with the axis of x. 
With the point o as centre, let theie be described the arc of 
the circle omn, which cuts at the point n the radius vectoi om' 
corresponding to the angle 6 — dQ, the length of which aic 
will be rdO The circular sector mon will he equal to r 2 d9, 
and may be assumed for the area mom', by neglecting the in- 
finitely small area mnm' of the second order. Consequently, we 
should have 

ydx — xdy zz r 2 dO, 

an equation, which may m fact be verified, by means ot the 
values 

x = r cos 0, y zzr sin 0, 
and of their differentials, 

dx zz cos 6d) + r sm 0d6 9 dy zz sin Qd) — / cos OdO , 

because that of the angle 6 is in this case — d9. In this man- 
ner, the first equation (b) will assume the form 

r*d6 zz cdt 9 

which is that under which it is usually employed. 

The element of the curve may be also expressed in polar 
coordinates. Denoting the arc cm by or, and this element by 
d<j 9 we shall have at the same time 

mm 7 = d<y s mn = rd6 9 nm 'zz di , 

by considering mnm' as a rectilineal triangle, right angled at 
n, we may therefore conclude 

dcPz: dr 2 + r 2 d6 2 , 

which we might also deduce from the formula 
d<j 2 zz dx 1 + dy\ 

by means of the preceding values of dx and dy. 
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It may be observed on this occasion, that in a plane tra- 
jcctoiy, the components of the velocity of the moveable m 
the dnection of mo' the production of the radius vectoi mo, 
and m the direction of the perpendicular to this radius, are 
respectively expressed by 

dr ?d9 

Jt ’ ~dP 

for the angle o'mt which this production makes with the tan- 
gent mt, is the complement of the angle m of the tuangle 
m'mn , by this triangle therefoie we have 

, d) . rdO 

cos o mt z: sm o'mt = -j — , 

da da 


and by multiplying this cosine and this sine by the velocity 
— directed along mt, we shall have the components m ques- 
tion It is frequently convenient to employ them. They 
d(jc du 

differ fiom — , the components of the same velocity in this, 

that the directions of these last are fixed, while those of the 
preceding vaiy with the position of the moveable 
dO 

The velocity with which the radius vector om describes 


the angle com reckoned from a fixed right line, is teimed the 
angulai velocity of the moveable It may be obtained, as is 

evident, fiom its velocity peipendicular to om, by <h- 


vulmgit by the length of this ladius 

Let us now revert to the differential equations of 
motion If equations (5) of No. 152 be multiplied by dx, d \ /, 
dz , respectively, and then added together, theie will be ob- 
tained by taking into account equation (6) of the same numbci, 
and obcsvung that 

(hdH + dijd 2 ij + dzd l z ds l , 

W = * d lt? = l d r > 

\d v~zz \di -f ydi/ + Adz, 
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If the expressions of the given forces x? Y, z? do not involve 
the time t or the velocity v 9 explicitly? and if, v, y ? being 
regarded as independent vanablcs? this foimula is an exact 
differential, which consequently implies that 

xdx + Ydy + z dz = d.F(r?y?s), 

in which f denotes a given function ? then by mtegiatmg equa- 
tion (c) we obtain 

v 2 — 2p(<r, ij 9 z) + c? 

in which c expi esses a constant arbitraiy. In older to elimi- 
nate it, let a? £>, c? k be the initial values of &, //? z > o ? we shall 
have 

k 2 zz 2f (a, b,c) •+ c? 

and by taking this equation fiom the pieceding, tlicie lesults 
v 2 = k 2 4- 2e (x, y, z) — 2 f (a? 6, c) (d) 

As this result is independent of N, the icsistancc of the 
curve? which lesistance is equal and contiary to the foice p? 
that occuis in the equations from which it has been obtained, 
it follows that it has place equally in the motion of a maternal 
point entirely free? and m the motion on a given cuive <>i 
surface 

The immediate consequence of this equation (d) is? that 
the velocity is constant and the motion umfoim, as often as 
the moveable is not solicited by any given foiec ? fot them the 
function f is cypher? and we have v = whether the motion is 
performed on a given curve or suiface? or whether the moveable 
is entirely free 

This equation shews us moreover? that in the hypothesis 
which has been made respecting the nature of the forces x? Y ? x, 
the increment of the square of the velocity of the moveable, 
in passing from one point to another? is always the same, 
whatevei be the curve described? and depends solely on a , &, 

2/s the coordinates of the two extreme points When tins 
curve is given? or when the moveable is only constrained to 
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move on a given surface, k should be assumed as the velocity of 
the moveable, which is tangential to this curve or this surface. 
If the peicussion impressed on the moveable at the commence- 
ment of its motion has not this direction, it can be resolved 
into two other foices, the one normal, the other tangential, 
the first will be destroyed by the resistance of the given curve 
or surface , so that it is the second which will produce the ve- 
locity A, and determine its direction. 

c denoting a constant arbitrary, the equation 

f O, y, z) = c, 

will be that of a surface which will be reached with equal velo- 
cities by all moveables subjected to the action of the same forces, 
which commence to move from a point of which a , A, c are the 
coordinates, with the same velocity A, in different directions. 
When, for example, these moveables are only acted on by the 
force of gravity, this equation is that of a horizontal plane. 

In the case of a given curve, if the values of x , y 3 , be de- 
duced fiom its equations in functions of the arc s, there will 

result by substituting them in equation (d), and putting -f- in 

CLZ 

place of v(g) 3 

dt zz sds } 

where s is a given function of s 3 consequently, in this case, the 
deteimmation of the time as a function of the space described, 
will be reduced to the integration of a given differential. But 
the supposition on which equation (d) is founded, and conse- 
quently, this equation, has not place when the moveable expe- 
riences any resistance m its motion through a medium, for this is 
a foice dependent on the velocity , neither will it obtain, when 
the question is respecting the motion of a mateual point, which 
is attracted or repelled by other points that are themselves m 
motion; a circumstance which will introduce the time expli- 
citly m the values of x, y, z. In these two cases, if the tra- 
jectory he a given curve, equation (c) ought to be employed, 

2 H 
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J 

in which should be substituted in place of v, by which 
at 

means this equation will be changed into equation (7) of 
No. 152. 

158. The formula xdoc + y dy + zdz will be an exact dif- 
ferential as often as the moveable being attracted or lepelled 
by fixed centres, the intensities of these forces are expiessed 
by functions of the distance from the centres fiom which they 
emanate. 

In fact, let e> f 9 g be the three coordinates of one of the 
fixed centres, referred to the same axes as x,y,z, and 7 the 
distance of the moveable from this point, we shall have 

r 2 = (e — tf) 2 + (/- y) 2 + (ff - z) 2 ; 

and the cosines of the angles which this line r makes with the 
axes drawn through the moveable in the directions of the posi- 
tive ccs, ys , zs , will be the ratios of e — x, f — y, q — z 9 to 
If n denotes the attractive force directed from the moveable 
towards this fixed centre, the expressions of its thiee compo- 
nents will be 

ft (e - a) ft (/— y) ft (9 ~ z) 

r 9 r 9 r 9 

and consequently, the part of xdx + vdy + zdz which aiiscs 
from r, will he 

“[(« — *)<&+• if— y)dy + (g — z)ds]. 

But by differentiating the value of r 2 we obtain 

rdr= ~{e~x)dx~ (/- y)dy — {g -z)dz; 

which reduces the preceding quantity to — i xdr If the force 
which emanates from the fixed centre was repulsive, it is only 
necessary to change the sign of this quantity, which will then 

beeome R dr, a being regarded, in all cases, as a positive 
quantity. 
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It follows from this, that if the moveable is solicited by 
any number whatever of forces, such as r, r', r", &c., which 
emanate fiom fixed centres, and of which the distances from 
this material point, aie r\ r 7/ , &c., we shall have 

yidx + y dy + z dz — ip r dr q: r' di 7 :p &"dt " &c. , 

the superior signs have place in the case of attractions, and the 
inferior signs in the case of repulsions* Now, supposing that 
each of these forces is a given function of the corresponding 
distance, all the terms of this value of xdx + y dy + z dz will 
he differentials depending on one sole variable, and, conse- 
quently, this formula will be an exact differential, which was 
to be proved. 

It appears from this and equation (d), that the increment 
of the square of the velocity arising from each of the forces 
it, r', r", &c , will be the same as if it solely existed ; for ex- 
ample, with respect to the force R, this increment will be ex- 
pressed by q”2Sit<£r, the integral being taken in such a man- 
ner, that it may vanish for the initial value of r. 

159. In the case of a heavy material point, which moves 
on a given curve in a vacuo, and without any fiiction on tins 
curve, equation (d) will be reduced to 

v 2 zz & 2 + 2 g(z — c ), 

g denoting the gravity, and the direction of the axis of the 
positive zs being supposed to be that of this force, so that we 
may have 

xzO, y = 0, z = g> 

Let ajdbc (fig, 39) he the given curve, n its lowest and a 
its most elevated point, which need not exist m the same vci- 
tical as b, and n the point fiom which moveable sets out. If 
the ongm of the veitical coordinates z he placed in this last 
point, and if the initial velocity h be due to the height h 9 wo 
shall then have 
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c zz 0, Wzz 2 gh, 

and, consequently, 

o 2 =2 g(h+z). 

It follows from this, that when the moveable attains the 
point b, the maximum velocity will be the same as if it fell 
from the height h , increased by that of the point d, above the 
horizontal plane drawn through the point b. In viitue of 
this acquired velocity, the moveable will ascend along bca ; 
its velocity will dimmish continually, and if h zr 0, it will be 
nothing at the point c situated in the same horizontal plane as 
d. Having reached the point c, the moveable will redescend 
along cb, and it will thus oscillate from d towards c, and fiom 
c towards d. When the constant h does not vanish, the s 
moveable will ascend above the point c, If the elevation of 
the point a above the horizontal plane, which comprises d and 
c, is greater than h , the moveable will not reach the point a ; 
its velocity will he cypher at a certain point c' , and if through 
c there he drawn a horizontal plane which intersects the cui ve 
in another point D y , the moveable will oscillate indefinitely 
from o' towards o', and from d' toward c'. The oscillations 
will be all isochronous , or of equal duration This is evident 
with respect to those which are performed m the same direc- 
I tion, and it appears also, that the duration of each oscillation 
\ c to b is the same as that fiom i/ to c ; , for any element 

V whatever of the curve will be described with the same velo- 
city m the two cases. This common duration of each of the 
entire oscillations, will depend on the form of the curve and on 
the magnitude of h . 

When the elevation of a above the horizontal plane which 
passes through the point of departure is equal to 7i, the 
moveable will approach indefinitely to the point a, but will 
not attain to it until after the lapse of an infinite time. When 
this elevation is greater than A, the moveable will pass beyond 
the point a, and traverse the entire circumference of the given 
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curye. When it returns to the point d, its velocity will be the 
same as at the commencement of the motion , hence it follows, 
that it will perform an infinite series of revolutions, the dura- 
tion of each of which will be equal, and dependent on the form 
of the cuive and on the magnitude of h . 

If the given cuive (A) is comprised in a vertical plane, 
which is a tangent to a cylinder of any base whatever, and if 
this plane is enveloped on the cylinder, so that the given cuive 
may become a line of double cuivature, the motion of the 
moveable, whether it be oscillatory, or one of revolution, will 
not be at all changed, it being always however supposed, that 
the point of depaiture and initial velocity remain the same, 
for then the value of t m a function of $, dctei mined as has 
been already stated (No. 157), will only depend on that of z 
in a function of $, which will not be changed, whatever be the 
base of the vertical cylinder on which the given cuive is 
traced. 

160 In all cases in which equation (d) obtains, and in 
which the moveable is not constrained to move on a given 
cuive, that which it describes in passing from one given point 
a to another given point b, possesses the following rcmaikable 
property. If the moveable be entnely free, the mtegial $vds 9 
taken from the point a unto the point b, is less than if it moved 
along any other curve, terminating at these two points , if it is 
constrained to move on a given suifaco, this piopcity of the 
tiajectory obtains only relatively to all cuives traced on this 
suiiacc, and which always terminate at the points a and b. In 
these two cases, ds is the diffeiential element of any curve 
whatever, which coiresponds to the coordinates x,y 9 z , and v 
is a function of these three variables and of a constant A, which 
is given by equation (d). 

The demonstration of this theorem consists m proving that 
m virtue of the equations of motion, the variation of $vds is 
nothing, (the limits of this intcgial being supposed to be 
fked). In consequence of this, will be eithci a 'maximum 
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or minimum, but it is evident that it must be a minimum in this 
case, m which the moveable is entirely free, for the integral 
%vds increases indefinitely with the length of the curve, and, 
consequently, cannot be susceptible of having a maximum 
value. 

Now, by the rules of the calculus of variations, we have 

S^vdszz $8.w&, S.vds = Svds + vSds, 

moreover, dt being the element of the time, we have ds = vdt 9 
therefore, 

Svds = £ dtS . v 2 . 

If equation (d) be differentiated, and if the variations 
&r, 8 y, 8 z 9 be substituted for the differentials dx 9 dy 9 dz , we 
shall have 

i § -v 2 = xSx + y Sy -f. zS z. 

By substituting for cos X, cos v , cos /x, their values given 
in No. 151, and observing that(d) 

equations (3) of same number will give 

xSx + v8y + = 8»+ — nvSl. 

Now if the moveable is entirely free, the term nvSl will 
not occur m this equation, and when it is constrained to move 
on a surface of which the equation is luO, this term is 
cypher, for as all the curves, which are compared to the tra- 
jectory of the moveable, must also he traced on this surface, 
we have §l = 0, therefore, in all cases this term must be 
suppiessed , it follows from this that 

Svds = idtS.v*=^S x +^8i, + ?fSz. 

With respect to s?Scfo the second term of the vauation of vds 9 
we have 
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ds 2 zz dx 2 + dy 2 + dz 2 , 

and, consequently, 

Sds = ~ Ux + ^8<fy + $8<fo , 
ds ds as 

hence, because ds = vdt, by changing the ordei of the cha- 
racteristics d and 8 in the second membei, we shall have(/t) 

and by adding together these two paits of the value of 8 vds, 
there results, 

»»fc = i(|».+> + |»=); 

consequently we obtain, 

$8 . vds = ^ Sai + ~ Sy + ^ 8s -f constant, 

for the indefinite integral of 8 vds But as the two extreme 
points a and b are supposed to be fixed, the variations Sx, Si/, 
Ss, which respect these points, must be nothing. Thciefoic, 
the definite integial $8 vds, taken from the point a to the 
point b, which is equal to the variation 8 %vds, will be in- 
duced to cypher, which it was lequncd to demonstrate 

161. When the moveable, being constrained to move on 
a cuived surface, is not solicited by a given force, its velocity 
is constant (No. 157), and the integral \vds is then the 
product vs Consequently, the axes described by the move- 
able is, in geneial, the shoitcst line between the points a and 
B , and fiom the uniformity of the motion, it follows that, m 
this case, the moveable goes horn one point to another, in a 
less time than it it was forced to desenbe on the given sur- 
face any othci curve than its trajectory However, if this 
surface is closed on all sides, as a sphere, for example, the 
points a and b will be the cxticmitics of two arcs of a 
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great circle, one of which will be less and the other greater 
than all other arcs of lesser circles of the sphere, tei urinating* 
at the same points , and the moveable can dcscube either the 
one or the other of these two portions ot the same gi eat circle, 
according to the direction of the initial velocity It , w Inch is 
tangential to the sphere. 

The differential equation of the trajectory may be picsentetl 
under a form, in which the property of the shortest line on any 
surface whatever will be immediately appaient, which consists 
in this, that its osculating plane in each point is noimal to this 
surface. 

The forces x, y, z, being supposed to be cypher, equa- 
tions (3) of No. 151 are reduced to 

d 2 x A cPy cPz 

COS A, ^ 2 =ZN.C0SjU, -^ = N.COSv. 

Because v is constant, and that vt zz $, we have 

— - v *— ,,2 d ~y & z _ 

d* ds*’ d? ~ V ds 1 ' dt i ~ V 1 ?’ 


the arc s being assumed as the independent vaiiablc , and this 
being the case, the preceding equations may be replaced by the 
following : 

dxd?y — dycPx _ n fdx 


ds 6 


n fdx dy . \ 


dzriPx — dxcPz s fdz N dx ' 

— d ? — = vAt s cosX - t s cos v b 

n (dy dz \ 

^U cosv -’d ; cos 4 


'z — dzepy _ n 
~d? — 


which may be deduced from them without any difficulty. If 
they be multiplied by cos v, cos t, cos A, respectively, and 
then added together, the quantity n disappears, and we have 
simply 


dxdPy—dyiPx 

ds z 


cosv-f- 


dzd?x—dx<Pz 
d ? C0S ^+ 


1 


dydPz — dz<Py 

~ ds ~ 


cosA=:0 , 


(*) 
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hence fiom the values of cos X, cos y, cos v, cited in No. 151, 
we shall have 


dxdhj — dycP-x dt, 

ds 3 




dzd 2 x — dxcPz dL 


di 3 


' dy 


dydPz — dz<Py dL n 

dP 'Tx~ 0> 


(*) 


for the second differential equation of the tiajeetory. If in 
this, there be substituted the value of one of the thiee coor- 
dinates x , y, a, m a function of the two otheis, deduced from 
Lr= 0, the equation of the given suiface on which the curve is 
supposed to be traced, and if the equation between the two 
variables, which results from it, be then intcgiated, the two 
constant arbitraries which the mtegial will contain being de- 
tei mined, by subjecting the curve to pass through the two 
points a and B of the given surface, the equation which will 
be obtained m this manner will be independent, as is evident, 
of the magnitude and direction of the initial velocity A, and 
must be that of the shortest line between these two points 
Now if a, J3, 7 be the angles which the normal to the oscu- 
lating plane of any curve whatever, at the point of which the 
coordinates aie x, y, s 9 makes with their productions m the 
positive dncction, and if, in oidei to abndge, we make 

[{dxdhj - di/d 2 xf + (dzd l x - dxdh) 2 +-(dycPz- dzPyf] h 9 

we shall have by foimulse (3) of No. 19, m which these angles 
aie repiesented by X, /i, v, 

cos a = ^ (dyd l z — dzcPy ), 
cosj3= j (dzd 2 jc — dxdrz ), 
cosy = ^ ( dxd l y — d\jd l x ), 


consequently m vntue of equation (e), we shall have 

eosXcosa + cos /3 cos ju + cosy cos 0 , 
2 i 
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which shews that the normal to the oscillating plane of tlie 
tiajectory, and the normal to the given, surface aic perpendi- 
cular, the one to the other, hence we mfei, that equation (f) 
which helongsQ?) to the shortest line, is also that of the cuive 
which has every where its osculating plane noimal to tlic 
given surface, so that these two lines are one and the same 
curve traced on this surface, when both the one and the other 
are constrained to pass through the same extreme points 
a and b. 

It follows fiom this, that when these two points belong 
to one of the lines of curvature of the given surfac e, this lme 
is the shortest from one point to another , for its osculating 
plane in any point whatever, contains two consecutive 1101- 
mals to the given surface, and is, consequently, noimal to this 
surface. 


Ill Digression on the Motion of Light 

162 The theorem of No 160 is known hy the denomina- 
tion of the principle of least action , which was given to it, 
fiom the metaphysical point of view m winch it was fiist con- 
sidered, but this has been since propel ly abandoned. How- 
ever it may be useful here, to give one of the fiist applications 
which was made of this principle, namely, that which is relative 
to the reflexion and lefiaction of light in the system of 
emission 

As long as a lay of light moves in a medium of unifoim 
density, its velocity and direction remain the same ; but when 
it passes fiom one medium to another, its dilection is inflected, 
and its velocity changes At the instant of the tiansit, tlic light 
describes a curve of inap preciable extent, which consequently 
we may neglect without any sensible erroi. Theiefoie, the 
trajectory of each luminous particle may be supposed to con- 
sist of two lines, each of which is des cubed with a utnfoim 
velocity Thus, if y, y f be the lengths of these lines, n tlic 
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velocity of light in the first medium, and n' its velocity in the 
second, ny will be the value of the integral taken from 
the point of departure of the particle to its entrance into the 
second medium , and n*y f the value fox the part of this integial 1 c- 
lative to the second medium , consequently, this mtegial taken 
m the entire extent of the tiajectory, will be expressed by 
ny + n'y\ and it is this sum, which, by the punciple of least 
action, should be a minimum 

Befoie we pioceed furthei, it is necessaiy to obseive, that if 
the second medium is a diaphanous and crystallized substance, 
the velocity of light m this substance will, in geneial, depend 
on the direction of the luminous lay ; so that it will be con- 
stant foi the same ray, but vanable from one lay to anothei 
The phenomenon of double ? efi action which is obseivable in 
Iceland spar , and the gieater numbei of tianspaient crystals, 
arises fiom the difference of velocity of the diffeient luminous 
rays which traverse them. The velocity n f should then be ic- 
garded as a function of the angles which determine the dn ection 
of each lay , and the law of refraction depends on the foim of 
this function Laplace succeeded, by means of the foim which 
he assigned to this function, m deducing fiom the piinciplc of 
the least action, the law of double redaction, which was 
oiigmally discovered by Huygliens, and aftcrwaids confix mc<l 
by the expeiiments of Malus , but as this is not the place to 
enter into a detail of this theory, we shall lestnet oui selves 
to the consideration of the case m which all the lays move 
with the same velocity, whatever be then directions Theie- 
fore, m the following investigation the velocities n and n' will 
he considered as given quantities for each medium m paiti- 
cular, and independent of the direction of the luminous lays 

163. Let now a and b (fig 40) be the two extreme points 
of the tiajectoiy, and tlnough them let a plane pass, mtei- 
sectmg the surface of separation of the two media, which is 
supposed to ho plane, m the light line cd Let the line alb, 
the paits of which aie ae and lb, lepiesent the projection of the 
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trajectory on this plane, and through the points a, b,e, let 
af,bg, heel be diawn perpendicular to the line cd. Since 
the position of the points a and b is given, the three lines 
af,bg, fg are known, but the position of the point e, and 
the angles aeh, bek are unknown, and must be determined by 
the condition of the minimum . Therefoie, let af bg = &, 

FG = C, AEH ZZ #, BEK — X J 

From the right angled triangles afe andiBGE, we obtain 
ef = a tang x y eg zi b tang x 
consequently, there results 

a tang x + b tang x'zz c . (a) 


The luminous ray traverses the surface which separates 
the two media, m a point of which e is the projection on the 
plane of the figure. If z denotes the distance of this unknown 
point from the point e, y will be the hypothenuse of a right 
angled triangle, of which z and ae are the two lessei sides, 
and y f will be the hypothenuse of another triangle, of which 
z and be are the two lesser sides, but from the triangles aef, 
and beg, we obtain 


a 

ae = , 

COS X 

hence we shall have 


BE = 


b 

cos a/’ 


v 



a • 


cos 2 #’ 



b l 

cos 2 #' ’ 


If these values be substituted in the expression ny 4 * nJy^ 
there will result a function of 2 , #, x f which should be a mini- 
mum with respect to these three variables, the two last of 
which are connected together by equation (a) It is, therefore, 
in the first place necessaiy, that the differential of this func- 
tion taken with respect to z y should be equal to zero, hence 
we obtain 

ndy n J dy' __ nz , n'A _ 
dz + dz ~~ 2/ + 1/ ~ 
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But this condition can only be satisfied by assuming z = 0 , 
which shews that the lummous ray traverses, at the point e, 
the surface that separates the two media, and consequently 
that it does not deviate from the plane drawn through the 
points a and b perpendicular to this surface. Therefore, 
making z = 0, we shall have simply, 

, . na , nb 

ny + ny'zz 

* 1 * cos a? cos x' 


and by putting the complete differential of this quantity equal 
to cypher, there anses 


na sin xdx 
cos 2 x 


n'b sin x'dx' 
cos 2 x 1 


= 0 , 


but by differentiating likewise equation (a), we have at the 
same time 

adx , bdx ' __ A 

9 "T" 9 / mu, 

COS 2 x cos 2 ar 
dx t 

and if — be eliminated between these two equations, there 
ax 

results 

n sin x = w' sin x ' . (b) 

This and equation (a) will determine the values of x and 
x f 9 which answer to the minimum of ny + n 7 y\ The value 
of x being obtained, the point e can be constructed, by taking 
ef = a tang x , then the lines ae and be can be determined , 
and the line aeb, the parts of which are ae and eb, will be the 
path of the luminous ray in passing fiom the point a to the 
point b. 

The angle aeh contained between eii which is normal to 
the surface of separation of the two media, and the incident 
ray ae, is what is termed the angle of incidence , the angle 
bek contained between ek, the pioduction of this normal and 
the refracted lay be, is the angle of 7 ef action. These two 
angles have been denoted by x and x‘ Hence equation (b) 
will make known the angle of refi action when the angle of 
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incidence is given, and from this equation it appeals, that the 
sine of the angle of incidence is to the sine of the angle of in- 
fraction in a constant ratio. 

This is, in fact, the known law ofordmaiy lcfiaction, which 
was first discovered by Des Cai tes. The latio of the two smes 
depends on that of the velocities n and rt relative to the media 
which are considered; and for this reason, it vanes with the 
different descriptions of transparent media. 

164. If the luminous ray, instead of penctiating the second 
medium, is reflected at the surface of sepaiation, its velocity 
will be constant for the entire length of the tiajcctoiy, which 
then exists altogether in the same medium Hence the inte- 
gral $vds will be equal to the entile length of the tiajcctoiy, 
multiplied by this constant velocity, consequently, in vntueof 
the principle of least action, this length should he a mi mm uni 

Let us therefore suppose, that, as in the pieccdmg num- 
ber, the surface of separation is a plane. Let a and b (fig 41) 
be the two extreme points of the trajectory, thiough those 
points let a plane be drawn perpendicular to this suifacc, and 
intersectmg it m the line CD each particle of light will, in its 
passage from the point a to the pomtB, deseiibe the line aeb, the 
parts of which are ae and eb, and it will be the slioitcst of all 
those that are reflected from the surface of separation. Now 
it is immediately evident, that this line must exist m the plane 
perpendicular to this surface, for every othei trajectoiy is ne- 
cessarily longer than its projection on this plane. Moieovei, 
it is easy to show without the assistance of the calculus, that 
the shortest line between a and b, which meets the surface of 
separation, is that which makes equal angles with the line ci>, 
that is to say, if 

AEG n BED, 

the line aeb will he shorter than any other line such as ae'b, 
of which the point E y , like the point e, appei tains to the lino 

CD. 
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In fact, from a let the perpendicular af be let fall on this 
line, and produce it so that af' may be equal to af, and let 
the lines a'e, a'e' be drawn. The two angles aec, a'ec will be 
equal, hence the two angles a'ec, bed will be so likewise on 
account of the pi eceding equation; consequently a'eb will be 
a light line, and we shall have 

a'e + beZ a'e' + be' , 

and as 

a'e = ae and a'e' — ae' 

there will result 

AE + BE Z ae' + be' ; 
which was to be proved. 

If at the point e, the perpendicular eh be erected to the 
lme cd, aeh and beh will be the angles of incidence and re- 
flexion of the luminous ray which issues from the point a to 
the point b. These angles will be equal, because they are 
the complements of the equal angles aec and bed , hence re- 
sults the known law of the reflexion of light, which consists 
m this, that the angle of incidence is always equal to the an- 
gle of reflexion. 

165 If the theory of the emission of light be admitted, 
the laws of reflexion and refraction can be inferred from the 
expression of the square of the velocity of a point subjected 
to the action of attractive forces (No. 168), m a more di- 
lect manner, than by making use of the principle of least 
action As this question presents us with an example of the 
motion of a material point, which is interesting, as well from a 
consideration of the nature of the forces which operate, as 
from its physical application, we will give the solution of it in 
the oidinaiy case, m which the two media tiaversed by the 
light arc not crystallized. 

In this theory, each luminous paiticle is supposed to be 
subjected to the attraction of all the matenal points of the me- 
dium which it tiaverses, and this foice is legal ded as an un- 
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known function of the distance, for all that is known respecting 
it is, that it decreases with extreme rapidity when the dis- 
tance increases, so that when the distance is of a sensible mag- 
nitude, it becomes altogethei insensible Thus, foi example, 
if r denotes the distance of the attracted from the attracting 
point, a a line of a finite but insensible magnitude, and e the 
base of the Naperian system of logarithms, then a force of this 

— r 

nature may be represented (n) by a. e, a a being the intensity 
relative to an infinitely small distance r ; when this distance is 
of a sensible magnitude, and is, consequently, a consideiable 
multiple of a, the value of this function will be no longer 
sensible. 

If the luminous ray moves in a homogeneous medium of a 
uniform density, the attractions which it experiences mutu- 
ally destioy each othei’s effect, and its motion becomes uni- 
form and rectilinear. But it it attains the point m (fig 42) 
situated at an insensible distance from the surface cd, which 
sepai ates the two media, and which, for greater clearness, we 
will suppose to be horizontal let a perpendicular mp be 
drawn from this point on cd, and then m the uppei medium 
let there he diawn two planes c'd' and c'V 7 paiallel to cd, 
the mutual distance of which may be equal to mp, and let the 
first pass through the point m , it is evident that the attrac- 
tions exercised on the luminous rays at the point m, by the 
two strata of the uppei medium, which aie compused, the one 
between cd and cV, the other between c'd' and c"d", will be 
equal and contrary , therefore they will destroy each othei’s 
effects, and the moveable will only be solicited by the part of 
the medium it traverses, which is above c y/ D 7/ , and by the entire 
attraction of the inferior medium These two foices will be 
perpendicular to cd ; and they will vaiy with the distance mp, 
according to unknown laws, but such, that each of these forces 
will be insensible when mp is not so, and they will attain their 
•maxima when this distance vanishes , m which case the move- 
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able will have attained to the smlace which sepaiates the two 
media 

At the encl of the time £, let z be the distance Mr, and 
*2, z' the unknown functions ot z 9 which expiess the accelcia- 
ting forces ausing fiom the attraction of the mfeiior medium, 
and fiom the part of the othei medium above c'V'. The entne 
accelerating foice tending to diminish;?, will be the diffeiencc 
2 — z', consequently, we shall have, m the supenoi medium, 

~ + z-// = °, (1) 

foi the equation of the veitical motion of a luminous paiticle 
When the moveable, aftei travel sing the sui face cd m a 
point e, has penetrated into the lowci medium as fai as a point 
:m', which is such that mV, the peipendieulai to cd, may be 
also lepiesented by #, it is easy to see that the acceleiatmg 
force, which will tend to dimmish this vanablo, will be then 
the diffeience z 7 — z, so that we shall have 

ip +z '- 7i = 0 ’ (2) 

foi the equation of veitical motion m the infeiioi medium 

As to the horizontal motion oi that paiallel to cd, it will 
l>e uniform, and the horizontal velocity will undeigo no change 
in passing fiom one medium to the other, for the attiactive 
foices of each medium parallel to cd, will destioy each othci’s 
effect so that a luminous ray is not subject to any accelerating 
force in this dnection Thus, it k be the velocity of light at 
a, a point of the suponor medium, situated at a sensible dis- 
tance fiom cd, and a the acute angle that the dnection ol this 
velocity makes with the veitical, k sin a will be the velo- 
city paiallel to cd at any instant whatevei If the luminous 
ray penetrates by a sensible quantity into the mlerioi me- 
dium, and if h' and a denote what k and a become at a 7 , any 
point of this medium, situated at a sensible distance fiom cd, 

2 k 



250 


DIG-REfaSION ON THE MOTION OE LIGHT 


we can likewise repiesent the hoiizontal velocity of tlie move- 
able by A' sin a' , so that we should have 

Asm az A ' sin a'. (3) 

It appeals also, aj)i io) i , that the trajectoiy of the moveable 
will be a plane and vertical cmve , therefoie it only lemams to 
deteimme its velocity perpendicular to cd, whether m the su- 
perior 01 mfenor medium, at z any distance whatever fi om this 
surface cd 

166. Let this velocity be denoted by so that we may 

have -t-t = w 2 foi the two media By multiplying equation 
at 

(1) by 2 dz, then integrating and denoting the constant aibi- 
trary by c, we shall have m the supeiior medium 

u 2 = c + 2$z 'dz — 2$z dz. 

K Let these two integrals be supposed to vanish with s 9 and let 

their values at a sensible distance from cd be h and hf , these 

integrals A and h' can be extended from zero to infinity, foi 

by hypothesis beyond a sensible value, the functions z and z/, 

and consequently, the coi responding paits of \zdz and %z/dz 

vanish, or become insensible. 

Therefore, we may write if we please, 

r*:o nzo 

h = \ o hf zz \ 0 zJdz. 

Moieovei, for any sensible value of we have 
\ u? = A 2 cos 2 a 9 
hence in that case we shall have 

A 2 , cos 2 a zzc + 2h / — 2h; 

and by eliminating c from the geneial value ol ii 2 , theie will 
lesult at any pomt whatever, 

u 2 = A 2 cos 2 a 4- 2A-2A' + 2 \7ldz - 2^z dz. 

Let A] be the velocity of the moveable at e any pomt of the 
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suiface cd, and let <4 be the angle which its dnection makes 
with the vertical At this point we shall have u 2 zz k 2 cos 2 ai , 
and as 111 this case z — 0, the two last terms of the piecedmg 
formula will vanish, and it will be reduced to 

k 2 co s 2 a x = h 2 cos 2 a + 2 h - 2 h'. (4) 

In 01 dei, theieforc, that the luminous ray may leach the 
suiface which separates the two media, it is necessaiy that the 
second membei of this equation should be a positive quantity, 
and, consequently, that 

h' \h 2 cos 2 a 

If this condition be not satisfied, 111 which case the atti ac- 
tion of the upper medium should surpass that ot the mfeiioi, 
the vertical velocity will be destioyed befoie it reaches the 
plane cd , therefoie thcie mtII be a point ot the tiajectoiy, at 
which the tangent will be honzontal. Having attained this 
point, the moveable will retrogiade, the two blanches of this 
cuive, which teimmate m this same point, will be similax, 
since they aie described by the action of equal foices, for the 
same value of z , and when this distance z is ot a sensible 
magnitude, these two blanches will be changed into light lines, 
which make equal angles with the veitical, 01, 111 othei woids, 
the angles ot incidence and icflexion will be equal. It, on 
the conti aiy, the atti action of the mteiior medium sui passes 
that of the supenoi, and it the piecedmg condition is satisfied, 
the luminous ray will penetrate into the in ten 01 medium with 
a velocity the dnection ot which will be perpendiculai to cd, 
and which will be detei mined by equation (4) In this hypo- 
thesis we shall have, by equation (2), relative to this medium, 

u 2 = h 2 cosV + 2 \idz — 2$z 'dk, 



the mtegials being always supposed to vanish when z zz 0 
At a sensible distance tiom cd, u 2 zzh ' 2 cosV, thoietoiewe 
shall have 

k n cosa 2/ = h 2 cos a? + 2 h - 2// , 
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and eliminating A x 2 cosc^ 2 by means of equation (4), there will 
lesult 

k' 2 cos a 2/ = A 2 . cost* 2 + 4 h — 4A'. (5) 

Theiefoie, in oidei that the luminous lay, af*ei having tia- 
versed the surface cd, may penetiate to a sensible depth into 
the mfenoi medium, it will be necessaiy that 

h' £h + }A 2 cos 2 a, 

and this is the only condition that is necessaiy. 

It may happen that A', although less than A + \k i cos~u, 
smpasses A + ^ A 2 cos 2 a, m which case the moveable will not 
penetiate into the infeiior medium a sensible distance beyond 
cn , but it will return into the supenor medium, and the two 
blanches of the tiajectoiy whmh it describes will be similai 
on each side of the point at which it commenced to retiogiade 
Consequently, the light will be leflected, as m the pieccding 
case, making- the angle of incidence equal to the angle of le- 
fl exion , so that theie are tivo distinct cases of reflexion m the 
theory we are considenng 

167. Let us now suppose that neithei the one noi the 
other of these two cases obtains, so that the luminous lay must 
be ? ejr acted By equation (3) we have 

h' 2 sinV = A 2 sm 2 a , 

and by adding the conespondmg members of equation (5), and 
of this, there will lesult 

k a =: A 2 + 4 A— 4 A'; (6) 

'which shows that the increase of the square of the velocity of 
the moveable, in passing fiom the point a of the supenor me- 
dium, to the point pJ of the inferior medium, is (as it ought to 
be (No. 157)) independent of the route along which it moves 
Likewise, from equations (3) and (6) there results 

sin A 
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fiom this formula it appeals, that the sine of the angle of in- 
cidence is to the sine of the angle of xefraction m a constant 
latio, and it is evident that the value of this ratio is a function 
of ft, the velocity of light m one of these two media, and of h — ft', 
the diffeicncc of their left active potcet s h and h' 

If the mfenoi medium is terminated by two paiallel planes, 
and if the medium below is the same as that above it, expcn- 
ment shows that the light, aftei having undeigone twoiefrac- 
tions, and tiaveised the two faces of the mtci mediate medium, 
lesumes a dnection parallel to that which it had in the supo- 
1101 medium This likewise lesults fiom equation (7) Foi 
if a be the angle which the luminous lay makes with the \ci- 
tical aftei it cineigcs fiom the mtei mediate medium, it is neces- 
sary, m 01 dei to determine sm a", to mtci change among 
themselves the quantities, h and ft', and to put ft', a', a" in- 
stead of ft, a, a! Consequently, we shall have 

sill a" _ 

^ «' \/kP + 4 

or, m consequence of equations (6) and (7), 

sina” __ v 7 /. 2 + 4(h - ti) __ sin a 
sm a / sm a' 

which gives in fact 

a" ~ a 

The phenomenon of dibpet&ton which anses fiom a difle- 
lent value of the angle of lefiaction a', foi the differently 
coloured rays, of which the same incident lay i& composed, 
may be attubuted, agreeably to formula (7), eithei to an in- 
equality m then velocity ft, oi to a diifeient action in each 
medium on these different rays, from which results unequal 
values of h — ft'. 

1C8 Evciy thing else being the same, it appeals hom equa- 
tion (7) that the latio of the sine of the angle of incidence to the 
sine of the angle of lefiaction, must change with the velocity of 
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the light. Now, loi a stai situated m the plane of the ecliptic, 
there is an epoch in the course of the year, m which the di- 
lection of the velocity of the earth is contiary to that of light, 
and anothei epoch m which the direction of the first mentioned 
velocity is the same as that of the second , this lendeis the 
' velocity of light, relatively to the medium m which it moves 
along with the earth, sensibly greater m the first case than in. 
the second The ratio in question must consequently be dif- 
feient at these two epochs , but fiom extremely accuiate expe- 
riments instituted by M. Arago, it appears that this ratio 
does not vaiy m a sensible mannei, during the entne couise of 
the year, and moreover, that its magnitude is the same foi the 
i sun and for the different stais, fiom which light on the theory 
'of emission emanates. 

Whatever theory of light be adopted, it is a veiy lemaik- 
able fact, that the composition of its velocity with that of the 
eaith, which is indicated m the apparent motion of the stars, 
teunei abet ration, has, notwithstanding, no appieciable in- 
fluence on the lefraction of the light, which is tiansmitted to 
us from them on different days of the yeai 

In a vacuo, the motion of light, whethei dnect or reflected, 
is always uniform, and its velocity is independent of the source 
from whence it emanates This velocity is so great, that 
light traverses in 493,34 seconds, the mean distance of the sun 
fiom the earth from which it follows, that it describes 30950 
mynametres in a second. 

A luminous ray emitted from the sun or a star, should, 
like any other projectile, experience a diminution in its velo- 
city, caused by its giavity towards this stai, that is to say, by 
the attraction m the inverse ratio of the square of the distances 
from its centre, which the mass of the body exeits on each 
material paiticle of light, but this diminution is a veiy small 
fraction of the final velocity of light Thus, for example, as 
it will be shown heieafter, that the intensity of gravity at the 
suiface of the sun is twenty-seven times and a half gieatci 
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than the intensity of the terrestiial giavity, and as the sun’s 
laclius is 110 times the radius of the earth, it follows fiom what 
has been obseived m No 143, that the velocity of light, in 
order to be 30950 mynameties pei second at a considciable 
distance from the sun, must, when issuing fiom the suiface, 
he greater by a little less than(&) two millioneths only. 



CHAPTER IV. 


OF 1HE CENTRIFUGAL FORCE 

169 The pressure of a material point on a curve which it 
is constiamed to describe, is not the same as when it is in 
equilibiio on this cuive In consequence of the motion, a 
particulai piessure arises, which is teimed the cent/ t/ugal 
jfoTce^ because it was first considered m the cncle, where it is 
directed along the pioduction of the ladius, and continually 
tends to increase the distance of the moveable on which it acts 
from the centie It is this force which we now pioceed to 
consider m any cuive whatever 

Let m 2 m and mm' (fig. 43) be two equal and consecutive 
elements of the given curve, h and h 7 then middle points, 
mt and m't 7 their productions Their plane, and the angle 
tmt , will be the osculating plane and angle of contact of the 
curve at the point m , and if m this plane the line mo be 
drawn, dividing the angle MjMM 7 into two equal parts, its di- 
rection will coincide with that of the radius of cuivatuic at this 
same point m, and consequently the centre of cuivatuie will 
exist in a ceitam point of this line such as o . Let ds denote 
MiM the element of the cuive, which will be also equal to 
hmh 7 , moreovei, let $ be the infinitely small angle tmt', and 
p the radius of cuivature mo, we shall have (No 18) 



This being established, let us first abstract fiom the conside- 
ration of the given forces which may act on the moveable, and 
let us suppose, that at the end of the time t , it leaches the 



Ol HIE CENIRirUGVL FORCE 


25 7 


point m, with the velocity v If it was entiiely free it would 
continue to move on the line mt with the same velocity , but 
it is by hypothesis forced to descnbe a given cuive, this pro- 
duces a change in the direction of its motion, which thus be- 
comes mt' Now if there be elected to mt' the perpendicular 
mk, such that it may exist m the osculating plane, and fall 
without the concavity of the cuive, we can substitute foi the 
velocity v, the direction of which is mt, two other velocities, 
of which one is equal to v cos 8, and dnected along mt', and 
the other equal to v sin 8, and directed along mk, the effect of 
the curve will be to destroy the last of these two velocities, so 
that the first only remains, or in other woids, this effect will 
be the same thing as if there was impressed on the moveable 
a velocity equal and contraiy to v sin 8 Tlieicfoie if the 
given curve be replaced by an mfinitismal polygon, its re- 
sistance consists m impressing on the moveable at each sum- 
mit of this polygon such as M, an infinitely small velocity 
v sm 8, m a direction opposite to that of mk 

In order that this resistance may be completely assimilated 
to f, a motive force which acts incessantly on the moveable, 
the velocity v sm 8 may be supposed to be pioduced while this 
material point moves from h to h', and dt may be assumed as 
the time during which this action continues The change m 
the direction of this force may be also neglected in this inter- 
val, and it may be assumed, foi example, parallel to the line 
mo. Then the measure of the coirespondmg accelerating 
force will be, like each of the forces u, u', u", &c. of No 147, 
the velocity v sin 8, which is produced m the instant dt , di- 
vided by dt , and if the mass of the moveable be denoted by m 9 
there will result, for the value of f 

„ wwsinS 
dt 

ds 

Consequently, if 8 be substituted lor sm 8, and — lor 8, we 

p 

shall obtain, since ds — vdt , 

2h 
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The piessuie that the curve experiences, and which is solely 
due to the state of motion of tlie mateiial point that descnbes 
it, or the centrifugal force that acts on this moveable, is equal 
and contrary to this force f It follows therefoie, that, at any 
point whatever of the given cuive, such as m, the cenluiugal 
force exists in the osculating plane, and is dnected fiom the 
concavity of this curve along mn, the pioduction of its ladius 
of curvatuxe, and that its intensity is m the mveise ratio oi 
this radius, and m the duect ratio of the mass of the moveahle 
and of the square of its velocity 

170. As this velocity along the side MjM is and as it be- 
comes v cos 8 along the following side mm 7 , it follows that its 
magnitude is not affected by the cuive, foi the quantity 
v (1 — cos 8) may be neglected, being an infinitely small quan- 
tity of the second order, fiom which tlieie can only losult an 
infinitely small diminution of velocity on a pait oi tlie cuive of 
which the magnitude (a) is finite. Hence, then the motion 
on any curve whatever is finite, when the moveahle is not 
solicited by a given force. This has been already obscived m 
No 157 , but moreover, the reason why this is tlie ia.se, is 
because the angle of contact is infinitely small, foi in a point 
where two difterent cuives intersect at a finite angle, the 
moveable will experience a finite loss of velocity m passing 
from one curve to anothei, which loss will be equal to the pn- 
mitive velocity multiplied by the veised sine of this angle 
When the moveable is solicited by one or moie given 
foices, its velocity vanes with the components of these fences 
that are tangential to the trajectory, and then nonnal com- 
ponents exert, as in a state of rest, a picssuie on tins cuive, 
which must be combined with the centrifugal foiee. 

In general, let mu be the resultant of the given forces which 
act on the moveable when it attains the point m If this in ot l ve 
force be resolved into two others, the one, in the direction ot the 
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tangent, the other normal to the trajectory, and represented 
lespectively by mu and mo , , the first force is that which causes 
the velocity to vaiy, and the second will pioduce the part of 
the piessuie that is independent of the state of motion of the 
moveable If by the rule for the composition of forces, the 

resultant of mQ and of the centrifugal force/or — , be taken, 

P 

the entne piessurc exerted on the point m of the given cuivc 
will be obtained, both m magnitude and dncction This 
foice, divided by the mass of the moveable, or the lesultant of 

the acceleratmg forces q and ought to coincide with the 

foice p of No 152 It is in fact this, which we now proceed to 
venfy 

171 We may substitute foi equations (5) of this number, 
the following, which can be immediately deduced horn them 
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whichevei of these is consulted as the independent vaiuble, 
we have 


j dy 

dxdhj — dyd 2 v _<1x 2 a ‘i: 
dt l ~ dl*~dr dt ’ 

we have also, at the same time, 

d % d _jlds 
dt l ds 2 dt * ’ dl ~ ds dt ’ 


and because v ~ theie will result(/;) 
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dxdPy — dycPx 

dsdt 2 


dx 

’ ds- ds 


2 (dxcPy — dycPx) 
’ Ss 3 


In the same manner, there may be obtained, 

dzd?x — dxdrz __ ^ 2 ( dzd 2 x — dxcPz) 
didf 3 “ V d? ■’ 

dycPz — feafy __ 2 (cfo/fe — 

dsd£ 2 “ 15 dip * 

It q> q\ q ", denote the angles that the force q makes with 
the parallels to the axes of x , ?/, s, we shall likewise have, x, y, z 
being the components m the dnection of these parallels, of q 
and of the tangential force t, 

dx dy , , dz . „ 

X = T— + QCOS#, Y = T-^ + QCOS5 / , Z=T— + OC0SJ w ; 

ds cts 


and by means of these, and of the pieceding values, equations 
(1) will become 




V 2 ^ 


dzd 2 x — dxcPz 


ds* 


(dx , dy \ 

‘U cos “-i cos 4 
) = ,(: 


dx ,P\ 

^cosq— _c°s<7"J — 


( dz dx ,\ 


-f 


dyd 2 z — dzdr. 


d s J 


*)-0 


(dy dz \ 

p (i C09</ -^ c<w ) 


'dy 

_ C 0 S? «__C0S S 

dz 




( 2 ) 


Now, if 7, y', y" be the angles which the diiection of the 
centrifugal force, that is to say mn, the production of the la- 
dius of curvature mo, makes with the paiallels to the axes of 
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x > V’ s > drawn through the point m, and if x', y', s', he the co- 
oidinates of the centre of curvature o, we shall have 


X — a/_ p cosy, y — y’ — p cosy', z — z' — p cosy", 

and by combining’ equations (2) with the fornmlse of No. 20, 
we may without difficulty deduce from them (c) 


7"' 7 - Q [s(S cos ' / -S“ s ?)-S(S c ° s4 '-S cos? ")] 

- £—)- - 1 e -- !-“■)]■ 

7 cos r=«[|(|o««"-|»os ! ')-g(^c. s? '-|co 8? )] 

V~dz fdy dz \ dx (dx dy \~| 

- P Las Is cos w s C0Sw h Ts \d$ cos * - i cos w ) J’ 

„ r dxfdz dx dytdy „ dz A “I 

7 cos/ =Q |__(_cos ? -^cos^-jycos/-^cos^] 

rdx (dz dx \ dy fdu .. .\i 


But because the forces p and q aie perpendicular to the 
tangent of the trajectory, we have 


dx dy , , dz .. 

_ c ° S)?+ _ co Ss4 ._ co S ^ = o J 


dx 

dt 


. dy , dz 

cos (u *-(- -j- cos to + -^-coso/'r: 0; 


this reduces the coefficients of q(g?) in the three preceding 
equations to — cos q 3 — cos q% — cos q il 9 and those of — p to 
cos wj *— cos (o f 9 and — cos w" ; therefore we shall have 



262 


OF THE CENTRIFUGAL FORCE. 


fiom which it appears, that the force p is the resultant in mag- 

nitude and direction of the two forces — andQ, as maybe easily 
verified. 

172 When the moveable is merely constrained to move 
on a given surface, it is necessary that the resultant of the 

motive foices mQ and-—-, which we know alieady is peipen- 

dicular to its trajectory.) should be moieovei noimal to this 
surface Therefoie, denoting this resultant by and the 
angles, whether acute or obtuse, that its two components 
mate with a determinate part of the normal to the surface, at 
the point where the moveable exists, by (j> and «//, we shall 
have 


N 


(q COS0H — cos \p). 
p 


The foice nt will act m the direction of this pait of the 
normal, 01 m the direction of its production, accoitling as 
the quantity comprised between the crotchets is positive 01 
negative, and m older that n may be always a positive 
quantity, we should take the supenor sign m the first case, 
and the mfenoi sign m the second. This aeceleiatmg foice 
n should he equal and contrary to that which occuis in equa- 
tions (3) of No. 151 , in fact, these last differ from equa- 
tions (5) of No 152 only m this, that they contain n, A, v, 
m place of — p, cu, c*/, w", and by the piecedmg analysis we 
can deduce from them the components of the foice n, which 
will be equal and contrary to those that have been found foi 
the force r 

In this same case of a given suiface, if <p i// denote the 

angles that the forces mQ and make with an axis, drawn 

P 


through, the point where the moveable exists on the cuive, 
tangential to this surface, and perpendiculai to the fti aj ectory^ 
so that we may have Vs * 


COS 2 ^ -|- COS 2 (j> f “ 1 , cos 3 4> + cos 2 if)' = 1, 
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it is necessary that the sum of the components of these two 
foices acting in the direction of this tangential axis, should he 
equal to cyphci, because their resultant is normal to the same 
point of the suiface , consequently we shall have 

! \y- 

Q COS — cos \L'= 0 , 

p 

by means of which equation, ip' the inclination of the oscu- 
lating plane of the trajectoiy on the plane winch touches the 
given suiface, can be determined. 

When the moveable is not subjected to the action of any given 
force, or, more generally, when it is only subjected to the action 
of a foi ce tangential to its trajoctoi y, we shall have q = 0 , hence 
there results cos i// = 0 and 4>' =: 90° , so that the osculating 
plane of this cuive will be constantly peipcndieulai to the 
given suiface. As this is m general the piopeily of the 
shoitest line between two given points on this suiface, it is 
this line that the moveable will descube, as 1ms been alieady 
stated (No 161), but we see now besides, that a foice which 
is tangential to a suiface, such as fuction against the given 
surface, or the lesistance of a medium, will not cause the 
moveable to deviate horn the shoitest line between the two 
points, fiom the one to the otliei of which it passes 

173 Finally, if the moveable be cnlncly fice, it is necos- 
saiy that the component of the motive foice mi t, which is hoi - 
mal to the trajectoiy, should be m equihbuo with its centu- 

fugal foice — , since m this case, tlicie is nothing in tlie 

cuive, oi given surface, which can destioy the noimal result- 
ant of those two foices It is neccssaiy, theidoic, m the fiist 
place, that the osculating plane of the ti.ijectoiy should be 
that which passes through the tangent and the given dncction 
of the foice wat, naming 0 the angle which this dnection, at 
any point whatever, makes with the ladius of cuivatuic mo, 
this angle should be acute, in order that the noimal compo- 
nent of the foice mu may act in a direction opposite to the 
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centrifugal force which is directed along mn , and this being 
so, we should have 

vP 

r cos 0 = — . (a) 

P 

When the accelerating foi ce r, to the action of which the 
moveable is subjected, is a central force directed to a known 
point, and when the curve described about this fixed centie 
is known from observation, the radius of curvature p and the 
angle 9 that it makes with the direction of the force r maj be 
deduced fiom the equation of this curve , there may likewise 
be obtained from this equation and the pi oportionality of the 
aieas to the times (No 155), the expiession of the velocity v 
at any point whatever of the trajectoiy, consequently, equa- 
tion (a) will determine the value of r, or the law of theccntial 
force, by the action of which the moveable is made to descnbe 
the given curve(/). It is in this mannei that Newton dis- 
co veied the law of the force directed towards the centie of the 
sun, which causes each planet to describe an ellipse of winch 
this point occupies one of the foci ; but it will be shown in, the 
sequel, that proceeding fiom the same data, this determination 
can be effected by a much simpler piocess. 

17 4. Huyghens, to whom we are indebted for the measure 
of the centnfugal force, deduced it from the consideration of 
cnculai motion , and although this method is less dnect than 
the preceding, it may, notwithstanding, be useful briefly to 
explain it here 

Let m (fig. 44) be a material point attached to a fixed 
point c, by an in extensible thread cm , if by means of a per- 
cussion a velocity a be impressed on it in a direction perpen- 
diculai to the length of the thiead , and if in order to simplify 
the question, no othci given motive foice be supposed to act 
on the moveable ; tins material point then descnbes a circle 
amb, of which the centie and radius are the fixed point and 
the length of the thread During this motion, the thread 
which retains the moveable will experience, m the dncction 
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of its length, a certain tension winch is, m fact, the centii- 
fugal force By applying to the moveable a foice equal to 
this tension, and constantly directed towaids the fixed centre, 
we may abstiact fiom the considei ation of the thiead, and 
considei the matenal point as entirely fiee It is theiefore, m 
vntue of this cential foice, the magnitude of which is un- 
known, combined with the velocity a . , that the circle will be 
described. 

It follows immediately, that the circulai sectois tiaced by 
the ladius of the moveable, will be pioportional to the times 
(No 155) , this lequnes that the arcs of the cncle which aie 
described should be so aUo Hence the circulai motion will 
be unifoim , and if s denotes the aic desenbed m the time i , 
we shall have s = at . Let m be the mass of the moveable, 
?n a the cential force, and consequently, a the accelerating 
force winch is to be detei mined. Whalevei the natuie of this 
foice may be, we can consider it as constant m magnitude 
and dnection for an infinitely shoit mteival of time Thus, 
while the moveable describes mm 7 , an infinitely small aic of the 
cncle, the foice a may be supposed to be constant and pa- 
lallel to cm, the ladius which is drawn to the ongin of tins 
aic, hence it follows, that if the moveable was not actuated 
by the velocity a , the cential toice would cause it to descnbo, 
m an infinitely shoit intei val of time, the versed smo mn, 
01 the projection of the arc mm 7 which it actually dcscubcs, on 
cm. Now, the measuic of eveiy accelerating foice is twice 
the infinitely small space, which it is capable of making the 
moveable de&ciibe m an infinitely short time, divided by the 
square ol the time (No 118) , thciefoie if c denotes the veised 
sine mn, and r the time in which the arc mm 7 is desenbed, 
we shall have 

2c 

« = - > > 

T 

but if we denote this aie by cr, and the ladius c m I>y r, we 
have 

2 m 
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the aic being taken for the chord , hence, because cr = or Me 
shall have 

_ a? 

~ i 

This value of a is therefoie that of the centufugal foice le- 
feired to the unit of mass, m a cncle dcscnbed with a unifoim 
motion It follows at once, that this foice in any cuive what- 
ever, will be equal to the squaie of the velocity divided by the 
radius of curvature ; foi since m the trajectoiy any two con- 
secutive elements aie common with its osculating cncle, we 
can suppose that, during an infinitely small poition of time, 
the moveable will move circulaily about the ccntie of cuiva- 
ture, and that consequently it has the centufugal foice which 
corresponds to this motion. If this accelerating foice be mul- 
tiplied by «?, we shall obtain the same value as foi the foice 
denoted by / m No. 169. 

175 In order to compare the centufugal foi ce in the cncle 
with the gravity, let a be the velocity acquired m falling through 
the height 7i, so that we may have < 2 ° = 2 (jh (No 130), cj de- 
noting the gravity , then there will result 


a 



which shews that the centrifugal foice is to the giavity, as 
twice the height through which the moveable should fall to 
acqune the velocity a 9 to the radius 

If the moveable is a body of which the dimensions aic vciy 
small with lespect to its distance from the point c, the value 
of a may he consideied foi its entne extent, as neaily constant, 

and consequently we may assume - as the expiession of the 

O 

iatio of the centrifugal force ansmg fiom circulai motion, to 
the weight of the body on which it acts 
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When the motion is not performed in a horizontal plane, 
the velocity of the moveable, the centufugal foice and tension 
of the tlnead attached to the point c, will be variable. If the 
motion takes place m a veitical plane, and if 2 gh denotes the 
square of the velocity when the moveable is in the honzontal 


plane passing through the point c , let z be its distance fiom 
this plane, at any instant whatever, which is considered as 
positive when the moveable is situated below, and as negative 
when it lies above this plane, (h + z) will at this instant 
be the expiession foi the squaie of the velocity (No 159), and 

2 mg — j — - foi the centufugal foice In oidei to obtain the 


entiie tension, tlieic should be added to this foice the component 
of the weight acting in the dnection ol the pioduction of its 

ladius, which component it is easy to shew is equal to ——(if) 

Theiefoie, naming 0 the total tension ot the thiead at any in- 
stant, w r e shall have 

mff(2h + Ss ) 


This foice expi esses likewise the pressme which the point 
c experiences at any instant m the dnection of the ladius tei- 
mmating at the moveable. It will attain its maumum , when 
the moveable is at the lowest point of the cncle, l e when 
z = U and its minimum , when it is at the highest point, i. c , 

when % = — ? If A is less than — the tension will become 

negative, or will be convei ted into a conti action(A) duung a pai t 
of the motion. It is therefoie then necessaiy, that the thiead 
should be inflexible m ordei that the cucular motion may have 
place. In this discussion, the weight and centufugal foice of 
the thread are neglected, because its mass is considered as ex- 
tiemely small with lespect to that of the moveable. It will be 
shewn hereaftei, how this ought to be taken into account if it 
should be necessaiy to do so. 
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176, Let us now revert to the consideration of the uniform 
motion performed m a circle, and let t denote the time m which 
the moveable descnbes the entire circumference, we shall then 
have 

271 / 

and, consequently, 

4 t A 
a = "5* > 

from which it appeals, that the centufugal foice is m the di 
lect ratio of the radius of the circle, and m the mveise latio 
of the squaie of the time of an entire l evolution When a solid 
body revolves about a fixed axis, all its points desuibe, m the 
same time, cncles, the planes of which aic peipencliculai to the 
axis , then ccnties lie m this axis, and then ladu aie the per- 
pendiculais let fall fiom each point on this same axis , conse- 
quently, the centufugal forces of their seveial points aie to 
each othei as these peipendiculais Thus, loi example, the 
centufugal force of bodies at the suilace of the eaith, and 
which i evolve with it about its axis, is piopoitional to the radii 
of the parallels which they describe , and moieovci, this loice 
at each place acts m the direction of the pioduction of the ra- 
dius of the paiallel drawn to this point 

177. The force which causes bodies to descend to the sui- 
face of the earth, and which is termed weight, is due punci- 
pally to the attiaction of the terrestrial spheioul on these 
bodies But whatevei be the cause of it, thcie can be no 
doubt, that the centrifugal foice diminishes this tendency of 
heavy bodies, so that except at the pole, where the centn- 
fugal force is nothing, the weight is m eveiy othei place less 
than if the eaith had no rotatory motion At the equatoi, the 
centufugal force and weight act m opposite diiections the one 
to the othei , therefore, the weight is equal to the excess of 
the attraction of the earth ovei the centufugal foice; conse- 
quently we have 
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<j being this weight, o the tenestrial attraction, 01 the weight 
which would have place if the eaith was immoveable, r the 
ladius of the equator, and t the time of the earth’s rotation 
As the second teim of the second membei of this expies- 
sion is veiy small lelatively to the first, we have, very nearly, 



4 “) 

In 01 dei to find the numerical value of — — tlie radius of 

9 t 2 

the mciichan may be assumed in place of r the ladius of the 
equatoi, horn which it diffeis hut little , we shall then have 

2 it) =40000000“ 

Assuming the second foi the unit of time, and neglecting, 
in this computation, the small variation of gi avity at the suiface 
of the eaith, we have also (No 115) 

ff = 9“, 80896 
Moieovei, by (No 111) 

t = 86 164 , 

lienee, we obtain very nearly, 

, 4tt 2 > _ , 

~qr r “ sa- 
lience, at the equator, the weight is diminished by a Jt, , in con- 
sequence ol the motion of lotation of the eaith about its axis. 
It this motion should become more lapid, t would diminish, and 
the centnfugal force would differ less from gravity Since 289 
is the squat e of 17, it is evident that if the rotation was pci- 
foimed in the seventeenth part of a day, the centnlugal foice 
would be equal to that of gravity , m this case the weight 
would be equal to cyphei, and bodies remitted to themselves 
would lemain in equihbno 
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In this computation, we have only consideied the centn- 
fugal force arising fiom the motion of heavy bodies about the 
axis of the earth, and in fact, it is easy to conceive, that the 
motion of tianslation about the sun, which is common to the 
eaith, to its axis, and to all these bodies, cannot influence 
then tendency to deviate fiom this moveable line. For it we 
suppose, for example, a thiead paiallel to the equatoi at- 
tached to this axis, and terminating m a body situated at the 
surface, it is evident that its tension will not be m any lespect 
changed by the effect of a motion which canies along, at the 
same time, the axis, the thiead, and the body, without changing 
their relative positions. 

178 The centrifugal force diminishes the weight m all 
points of the eaith’s surface, but by a grcatei quanlity at the 
equatoi than at any other point, both because the centulu- 
gal foice decreases m passing fiom the equator to the poles, 
and also because the angle which it makes with the veitical 
mcieases Naming 7 the radius of the equatoi, jul the latitude 
of any place on the surface of the eaith, and u the ladius of 
the coi responding parallel, we shall have 

u = / cos ix , 

the non-spheiicity of the earth being neglected, the angle /i 
will he that which the production of u 9 or the direction of the 
centrifugal force makes with the veitical , theiefore the vei tical 
component of the centrifugal foice will be obtained by multi- 

plying its intensity-^- by cos /x , this gives 

47r 2 rcosV 

T 2 

for the dimin ution of the centrifugal foice aiising fiom the 10 - 
tation of the earth, and, by what precedes, the actual value of 
this quantity will be 
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This would be all the diminution that the weight would ex- 
penence, if the earth was a homogeneous sphere, and as it is 
piopoitional to the squaie of the cosine of latitude, the entire 
diminution from the pole wheic fi ~ 90°, to the equator whcie 
ju = 0, amounts to But the earth is a spheroid flattened 

at its poles , and for this leason, the atti action which it cxeits 
on bodies situated on its surface, diminishes fiom the poles to 
the cquatoi , this diminution m each point of the surface is 
also propoitional to the squaie of the cosine of latitude, it 
should be added to that which is pioduced by the centiifug , al 
force , and by this addition the coefficient becomes 

veiy nearly Theiefoie it is this fi action which will ex- 

piess, as has been observed (No 117), the total mcicmcnt of 
the weight of a body tiansfeixed fiom the equatoi to the pole* 
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EXAMPLES OP THE MOTION OE A MATERIAL POINT ON A 
CURVE OR ON A GIVEN SURFACE 


I. Oscillation of the simple Pendulum 


A j 


179. & pendulum is, in general, a solid heavy body, which 
oscillates about a fixed and horizontal axis But, m oiclci to 
facilitate the comparison of the durations ol the oscillations of 
different pendulums, and the conespondmg intensities ol gia- 
vity, gcometeis have devised an ideal pendulum, that is teimcd 
the simple pendulum, and which consists ol a heavy matenal 
point, attached to a fixed point, by means ol an inflexible m- 
extensible stung, that is supposed to be void ol giavity and 
of uniform density, the length of this stung is that ol the 
pendulum. 

In a subsequent chapter it will be shewn, that theie always 
exists a simple pendulum of which the oscillations coincide, 
both as to their durations and amplitudes, with those ol any 
other pendulum whatever It will also be shewn theie, how, 
when the form and dimensions of the second description of 
pendulum aie given, the length ol the first can be detei mined, 
and in the discussion on this subject it will appear, that if this 
agreement obtains between the motions ol two such pendu- 
lums in a vacuo, it will also subsist m a resisting medium, 
whatever be the function of the velocity which expresses the 
resistance Thus, it will be sufficient to considei the motion 
ot the simple pendulum eithei m a vacuo, or m a lesistitig 
medium, which we propose to do in this first section. 

Let c (fig, 45) be the point of suspension, cb the veitical 
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passing thiough this fixed point* and ca the initial position of 
the pendulum If the matexial point at the extremity of ca, 
moves fiom the point a m a direction perpendiculai to ca, 
and m the plane of the lines ca and cb, with a velocity repre- 
sented by k , it is evident that it will not deviate fiom this ver- 
tical plane, and that it will describe arcs of acircle, of which 
the centre is a and radius ca. 

Aftei any time such as t , let m be the position of the 
moveable, from m and a, let the perpendiculars mp and ad be 
let fall on the veitical cb, and let us make 


cp r cd — c 

Then, if g denote the gravity, and v the velocity of the 
moveable at the point m, we shall have, when the motion is 
peifoimed m a vacuum, (No, 159), 

v*zzk 2 +2g (z - c), 

and if s denotes the aic descubed by the moveable, we have 
= v, consequently there results (o) 

dl= *. _ 

</k 2 +2 q{z—c) 

If 0 denotes the angle mcb, which will be positive when the 
pendulum exists to the left of cb, and negative when the 
pendulum lies to the right of the veitical, likewise if a be the 
angle \cb, oi the initial value of 0, we shall have 


s = a (a — 0), v : 


ds ^ d9 
' dt*~ a dt' 


a lepiesenting cm oi ca the length of the pendulum. We shall 
have also 

z = a . cos 0, czc cos a , 
by means of these values, that of dt will become 


+ 2 ga (cos 0 — cos a)’ 
2 N 
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This is the expression which it is proposed to integrate either 
exactly or by approximation. 

181. There is only one case m which the integration can be 
effected in a finite form, and that is when (5) 


A 2 = 2 go (1 + cos a) ; 

this equation obtains, when the moveable depaits fiom the 
point a with a velocity acquired m falling through a height 
equal to ed , e being the most elevated point of the ciicle m 
which the pendulum moves Making 0=2^, and observing that 

1 + cos 2\p zz 2cos 2 ^, 

we then have(c) 

(S= _v/ii£ 7 . 

g cos \p 

If this expression be integrated, and the constant arbitiary 
determined, so that ip zz Ja when t zz 0 , it becomes, by sub- 
stituting \ 0 m place of \f> 9 


i 


,/a (1 - sin \ 6) (l + an J g ) 

t-i.y £ lo g (1 + sm i0)(i_ sm i a) - 


If the point a coincides with the point E, we shall have 
a — tt , and this will render the preceding value of t infinite, 
whatever may be the magnitude of the angle 0 This indi- 
cates that the moveable does not leave the point e , in fact, in 
this case, its initial velocity will be nothing, and as the tangent 
at the point e is horizontal, it will regain at rest. 

At the point b, 0 = 0, therefoie m every other case, 



1 + sin l a 
1 — sin l a 


expresses the time that the moveable takes to describe theaic 
ab. It will ascend on the semi-circumference ba'e with the 
velocity acquired at this point , but it is evident from what has 
been stated in No. 159, that it would require an infinite time 
to leach the point e ; and this is in fact evident from the pro- 
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ceding expression, in -which when 0 = — n, t = » . What- 
ever be the initial velocity k and the angle a, formula (1) 
may be integrated by elliptic functions ; so that the times of 
oscillations, oi of levolutions of a pendulum, may be always 
deteimmed by means of the numerical tables of these functions, 
but as in practice, it is only necessaiy to know the durations of 
very small oscillations, we shall here lestnct ourselves to the 
consideration of such 

182 In order that the pendulum may make only small 
oscillations on each side of the vertical cb, it is necessary that 
the angle a and the velocity k should b inconsiderable , as 
this velocity may be rendered entirely evanescent(d), by making 
the moveable depart from a point a little more elevated than a, 
that is to say, by a suitable increase of the angle a, the gene- 
rality of the question will not therefore be affected by sup- 
posing k = 0 , this supposition reduces equation (1) to 

dt=-V“. dd (2 ) 

9 -1/2008 0—2008 0 y 

By known foimulae, we have 


cos«=l-? 4 * 


1.2. 3.4 


— &c , 


cos a = 1 - ^ + 


1 . 2 . 3. 4 


&c. 


And since by hypothesis, the angles a and 0 aie very small, 
their fourth powois may be neglected, therefore we shall have 


dt 


= - 


d6 


9 yV- 


By lntcgiatmg and observing that t zz 0 when 9 = a, there 
results 


t = 2 arc (cos = 

g \ aJ 


hence wc can deduce 
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e=acostV' 9 -, ^ = 


a 



. suit 



These formulae indicate, agreeably to what has been already 
pointed out (No 159), that the pendulum will make an inde- 
finite senes of equal and isochronous oscillations on each side 
of the vertical cb ; the velocity vanishes, and the moveable 


will return to the point a, wheie 0zia, whenever 


,1/2 

a 


will 


be a multiple of 2tt, and to the point a' equally elevated as a, 
and where 0 = — a, as often as 0 will be an odd multiple of 7 r 
If t denotes the time employed m passing fiom one of these 
extieme points to the other, that is to say, the time of an entile 
oscillation, we have(e) 


The durations of the two semi-oscillations, the one descend- 
ing, and the other ascending, will be lespeetively equal to each 

T 

other and expiessed by 

In general, at two instants separated by an mtcival of 
time equal to t, the pendulum will exist on opposite sides of 
the vertical cb, in points which are equally distant fiom this 
.line, and will be actuated by equal and opposite velocities, for 

d>Q 

if m the values of 0 and — , t + t be substituted m place of 

t , it is evident that the only change which they undergo is a 
change of sign (/) 

The pendulum coincides with the vertical when 0 = 0, m 

T 

which case t is an odd multiple of - , hence it follows, that 




and, consequently, 
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expi esses the velocity of the moveable at the point b. Naming 
b the height db of its point of departure above b, we shall 
have 

b = a (1 — cos a) = iao 2 , 

because the fourth and higher powers of a aie neglected. 
Consequently, absti acting from the consideiation of the sign, 
the velocity acquired at the lowest point will be(#) 

v— v'Zgb, 

which expi esses, as it ought to do, the velocity acquiied in 
falling through the height b 

183 The value of i is, as we have seen, independent of 
the angle a , it will even subsist, and bengoiously exact, when 
this amphtude a is infinitely small Therefore, if the pen- 
dulum deviates by an infinitely small quantity fiom the ver- 
tical, it will take a finite time equal to ^ 7 r 1/2 to return to it 

In this movement, the moveable will describe an infinitely 
small space m a finite time, this anses fiom the uicumstance 
of the intensity of its accelerating force being infinitely small. 
In fact, this foice is that of gravity resolved in the dnection 
of a tangent to the trajectory , now in the extent of the in- 
finitely small arc that is terminated at the lowest point of 
this curve, the tangent makes with the vertical an angle 
which diffeis fiom a light angle, by an infinitely small 
quantity, consequently the cosine of this angle, by which the 
gravity must be multiplied in ordei to obtain its component, 
is infinitely small, therefore, this component must be also infi- 
nitely small 

This result may be extended to the oscillations of a heavy 
matenal point on any curve whatever, of which the osculating 
plane at the lowest point is vertical , foi within an infinitely 
small extent, the cuive coincides with its osculating aide, 
and m an extent which is only veiy small, it deviates fiom it 
very little , hence it follows, that if c be the centie of this 
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circle, the duration of the very small oscillations on the curve 
on each side of its point b, is the same as foi a simple pendu- 
dulum whose point of suspension is c, and of which the length 
will be cb, the radius of curvature corresponding to this point 
b. Therefore, the duration of very small oscillations on all 
vertical curves, which have the same curvature at their lowest 
point, is the same and independent of their amplitude. When 
the osculating plane in this point is not vertical, wc must sub- 
stitute m the expiession foi t, m place of the gravity #, its 
component in this plane, which is equal to g sm i , i denoting 
the inclination of the given plane on the horizontal plane. 

184 When the angle a is of a finite magnitude, but very 
small, then the preceding value ot t is only an approximate 
one In fact, if the fourth powers of a and 0 are retained m 
the values of cos a, cos 0, and if they aie substituted m foimula 
(2), we shall have(^) 

dt=- i/f ^ 

9Va 2 -dW 1— &(a* + 0O 

At this degree of approximation, we must assume 

(1-tV (a 2 + = 1 + iV (a 2 +r>, 

theiefoie we shall have 

\/± ( do _ (g' + F)dQ \ 

V g V « 2 - 6 i + 24 Va* - 6 V' 

which formula may be integrated by the known rules. By in- 
tegrating from 0 zz a to 0 = — a, in ordei to obtain T the du- 
ration of an entire(z) oscillation, we find 



from which it appears, that this duration is a little mci eased 
by the magnitude of the amplitude. 

It follows from this expression, that if n denotes the num- 
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ber of infinitely small oscillations of any pendulum in a given 
time, and n ' the number of oscillations of the same pendulum 
and in the same time, when their amplitude a is only vest/ 
small, we shall have(A) 

for this number ri must diminish m the same ratio as the du- 
ration of each oscillation is increased by the magnitude of this 
amplitude 

185. Although, in the different applications of the pendu- 
lum, philosophers always take piecautions that the amplitude 
of the oscillations should be very small, by which means the 
cnrection lelative to the magnitude of a, which has been de- 
termined above, will be always sufficiently accurate, it may, 
neveitheless, be useful to know the converging series, by means 
of which the duration of an oscillation may be expiessed, 
whatevei be its amplitude 

Foi this purpose, let x and j3 be the versed sines of the 
angles 6 and a, so that 


1 — cos Ozzx, 1 — cos a = /3 , 
and also, at same time, 

dB~ 


dx 


V 2 x — x 2 


The foimula (2) will become 

t 


and, in ordei to deduce fiom these the duration of Jt, a semi- 
oscillation, we must integrate from x = j3, (which answers to 
0 = a,) to x zz 0, (which answers to 6 zz 0 )(/) 

Now, developing by the foimula for expanding a binomial, 
we obtain 


dt 


= -jVl 


dx 


9 V (3x—x 2 ]/l — \x 


(l-^)- J =l + 


1 v 1 3 a: 2 

z 2 + TI'T 


1 3 5 x> 


2X6*¥ + &C ' 
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m this series* the general term is 

13 5 . — 1 (x\ n 


2 4 6 


2 n 




and it always converges, because x is constantly less than 2. 
If, therefore, the order of integration be reversed, which we aie 
permitted to do, by changing at the same time the sign of dt, 
and if we make 

nQ x n dx 

io v/j&c—a; 2 ~~ An> 

(n being either cypher or any number whatever) theie will 
result 

T — ✓ -• • J a 3 + &c 

T being the duration of an entire oscillation. 

The values of the definite mtegials a 0 , a 15 a 2 , a 3 , aie con- 
nected together m such a manner, that one of them being 
known, it is easy to deduce successively all the otheis In 
fact, we have(m) 

S x n dx __ C(x — ^j3) x^ l dx j3 C ^ 7, ■~ 1 d% 
\Zj3x—x 2 J Vfix — x 2 ^ x 2 ’ 

v/p3^+( M _ l)^a’ n - 2 V~fix—x~dx, 

C , c n^'dx C x n dx 

hence we infer 

C 'Pdx „ , .rs . , r» x n dx 

<3 J3ae — as 2 jv'fix—x* 

, (2w— 1) Q (* a f^dx 
+ 2 

and, consequently, 
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S 


x n dx 

✓ /3#— a? 


_ x n-l 


n 


Vfix—x* 4 


(2^ — 1) ^ ^ txF-'dx 

Jl/j 3 x—a? 


At the two limits xzz 0 and a? — /3, we have \/ [3x—x 2 ~0 ) 
and, therefore, by taking the definite integrals we shall have, 
by means of this last equation, 


A n- 


( 2 m — 1 ) 0 
2m 


An— l • 


If in this foimula we make w = l,w=i2, %z=3, &c., suc- 
cessively, we obtain from it 

A i-1 /3 a 0 , 

a 2 = |0Aj = 274 ^ 2a °’ 

a 3 = if 3a2 = 2~4JS ft* Jl °’ 

&c. , 


consequently, we shall have, generally, 


An 


1.3 

2 


5 2?z— 1 

4.6 .. . 2n 


0%; 


and as to the value of a 0 , it is, when taken between x~o and 
V = fi, 

P0 dr 

A 0 = \ = 77. 

30\/ fiz—x 2 

By substituting these values of a 0 , a x , a 2 , &c., in that of 
t, there will result 



foi the lequired value of t, and which necessarily converges, 
since \ [3 is always less than unity. 

If the fouith power of a be neglected, we shall obtain 
= hence this seiies will be reduced to its two first 

terms, and the value of t will coincide with that of the pre- 1 
ceding number. 

2 o 
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186. Let us now proceed to consider the motion of a simple 
pendulum in a resisting medium. If the preceding notations 
be retamed, the force of gravity resolved in the direction of the 
tangent mt will be g . sin 0, because the angle which this line 
makes with the vertical mn is the complement of the angle 
mcb or 0. As the accelerating foice arising from the resist- 
ance which we denote by v, acts in a direction contrary to 
g . sin 0, the equation of the motion will be (No. 152) 

dPs 

w zz 9 smO- v. (3) 


(in which s denotes the arc am). We may make diffeient 
hypotheses as to the value of v, consideied as a function of 
the velocity of the moveable ; the simplest is that m which it 
is supposed to be proportional to this velocity, in which case, 
we have 


k denoting a given constant velocity. We have also 
sz=a(a — 6), sin 0 = 0 - + & c . , 

1 Z«o 


if, therefore, 0 be considered, as heietofore, a very small angle, 
and if its third power be neglected, equation (3) will become 


fi.ff dO g 
k dt a 


.6 = 


0 , 


of which the complete integral is(w) 



c'sinfy 


vD 


—gt 
- 2* 


in which c, c', denote two constant arbitiaiies, e the base of 
the Naperian system of logarithms, and also, for the sake of 
abridging, 


a/; 


ga 
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cand c'aie determined by the conditions 0 = a and-^ — 0, when 
t — 0, which gives 


c — a, 

consequently, we shall have 


, aVga 
2 y k ’ 


6 = a(c08( 1 ,V / f + ^m« 7 '/ jjj). 

and, by differentiating, (o) 





for the expressions, by means of which we can deteimme at 
any instant whatevei, the position of the pendulum and its 
angular velocity 

dQ 

At the end of each oscillation, we have ~ = 0 ; this is the 

case as often as ty \/ | is a multiple of rr. It follows, there- 

foie, that the oscillations are isochronous, as in a vacuum, and 
that we have(/>) 

~ 7 



for the duiation of an entile oscillation, so that it is increased 
by the lesistance ol the medium, m the ratio of unity to the 
fi action y, As to the amplitudes oi the oscillations, it is evi- 

—gt 

dent fiom the form of the exponential e ik , that they continu- 
ally diminish. Naming a n the amphtude of the n° l oscillation, 
that is to say, supposing that 8 — \) n a n when t = ht, 
there will insult^) 

— KirVga 

«,, = ae , 

which shews, that the successive amplitudes constitute a 
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decreasing geometrical progression, of which the latio is 

— kV ga 

e 2 i k . 

This oscillatoiy motion supposes that t is a leal quantity; 
and, in fact, this is the case in all experiments of the pendulum, 
in which the length is never very considerable, its density 
bemg at the same time always veiy gieat, compared with that 
of the air m which it moves , and as the velocity k is pio- 
portional to the ratio of the first density to the second, it is 
very considerable compared with \ \ / ga> and, consequently, y 
is a real quantity, that differs very little from unity How- 
ever, if 2k was less than \/ ga> y would be imaginary, and of 
the form )3 — 1> j3 denoting a real quantity , by the known 

formulae, the sines and cosines which occur m the expiession 
for 0, will then be tiansformed into exponentials, and when 
this transformation is effected, it is evident from inspection, 
that the time required to lapse, before 0 vanishes, is infimte(? ), 
so that the pendulum will approach indefinitely near the vei- 
tical cb, without evei passing or even attaining to it. 

187 It appears fiom experiment, that aecoidmg as the 
amplitudes of the oscillations performed m the ail dimmish, 
they tend more and more to decrease in a geometnc piogies- 
sion, for example, they deviate little from this pi egres- 
sion, when the angle a is the third of a degree, or somewhat 
less. Experiment likewise proves, that this decrease is veiy 
slow , thus, in the experiments of Borda, m which the ampli- 
tudes of the oscillations constitute, as to sense, a geometnc 
progression, the amplitude was reduced to about two-thuds, 
aftei 1800 oscillations. Theiefore, if to this example, the ex- 
pression for am given above, be applied, we shall obtain 

■— 18007 r^/ga 

e 'V = 

and, consequently, 

= 7 log i = 7 (0,40546) , 
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but we have 


hence there results 





(1800)V(1 - y 2 ) = y /2 (0,40546) 2 , 
from which we obtain 


y = 1,00000000257 , 

or y = l 9 q p we are theiefoie permitted to neglect the con- 
sideration of the resistance of the an m computing the value of t. 
It follows from this, that when the oscillations are veiy small, 
the resistance of the an may be assumed to be pioportional to 
the velocity, as has been supposed, and also that this resist- 
ance does not sensibly influence then duration. But when the 
amplitudes are of some magnitude, it appeals fiom obseiva- 
tion, that they do not deciease in a geometiic progression, so 
that it becomes necessary to make some other hypothesis on 
the law of resistance 

188. Let it be assumed that this force is propoitional to 
the square of the velocity, and let 

q ds 2 
V ~k 2 dt i9 


k being a given constant velocity, which will always be veiy 
gicat, so that if we make 


fi will be a veiy small fi action. Since ds = — add , equation 
(3) will become 

(Pd a . . dO* 

dt i+ a SmB ^ 

multiplying this equation by 2 dO, integrating and making 

CW , A <m _ dy 
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this being a lineal equation of the first ordei, its complete in- 
tegral is(«) 

us , o ( sm 6 — fx cos 9) 

y = «»+2 / (1+ ^ )( , > , 

c being a constant arbitrary, and e the base of the Naperian 

dQ~ 

system , differentiating with respect to 0, and substituting — 2 
in place of ^ , there results 

d h _ „ cew e . 2 q ( cos9 + ^ sin9 ) 

1 which is a first integral of equation (4) given m a finite foim* 
In order to deteimine c, let us assume, as has been done 
dO 

above, that ^ ~ 0, when 0 = a ; then there will result 
0 (cos a -J- lx sm a) 

consequently, we shall have, at any instant whatevei, 

^ C ° b ® "t" s * n ® ( cos a + /* Sin a) g-Ma-*)] . (5) 

Theiefore, at the lowest point, where 0 zz 0, wc shall have 
-gr = yqp^2 [ 1 - ( COS a + fx sm a) cm-] , 


for the expression for the squaie of the acquiicd velocity, 
which is evidently less than in a vacuum. In virtue of this 
velocity, the moveable will ascend on the aic ba/ to a point A! 

dQ 

less elevated than a', and for which we shall have 0. 

dt 

If the corresponding value of 0 be denoted by — a l3 thcie 
will lesult 
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(cos ai — fj. sin a x ) e m = (cos a + fi sm a) e“* a , 

and if the exponentials be developed according to the powers 
of the square of /i, which is a very small fraction, being 
neglected, we shall obtam(jf) 

cos ax— fi (sin ai — a x . cos ai) = cos a + f.i (sm a — a cos a). 

The value of ai which can be deduced fiom this equation, 
differs very httle from a , therefore, by making a x = a — 8, and 
neglecting the square of 8 and the pioduct / u8, theie results 


8 sin an 2ju (sin a — a cos a) , 
so that we shall have(w) 

2 fi , • . 

= a — (sm a — a COS a), 

sma v J 


as an expiession, abstiacting fiom the sign, for the magnitude 
of 9 at the end of the first oscillation 

This lesult does not imply that the oscillations are veiy 
small , however, if they are so small, that the fourth power of 
a may be neglected m the expiession lor ai it will bccome(v) 


After the moveable attains the point a l , it will descend 
again, and will thus continue to oscillate fiom one side to the 
other of the point b, until the amplitudes of these oscillations 
to all appearance vanish. If a 2 denotes the amplitude of the 
second ascending demi-oscillation, it is evident that it can be 
deduced fiom a\ 9 as ai has been deduced from a 9 so that we 
shall have 

_ 2jucti 2 

(l 2 — a\ n, * 


and in like mannei, if a )5 a 4 , &c., be the successive amplitudes 
of the other ascending demi-oscillations, we shall have 
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04 = 03 ~ 


fyaj? 
3 ’ 


&c. , 


■wliich shews that they no longei decxease in geometric pro- 
gression, as in the case of a resistance proportional to the 

Telocity. 

189 In order to determine the time in which the angle 9 
is described, the value of dt deduced from equation (5) must 
he integrated, and this can he always effected by the method 
of quadratures, when the numerical values of a, fi> 9, are 
known. But when the oscillations are small, the value of 9 
consideied as a function of t, may he obtained in a converging 
series, and vice vei sa. 

The initial velocity of the moveable is always assumed 
equal to cyphei and the value of 6 at any instant whatever 
will be a function of a and t, which should become cypher 
when a = 0 ; therefore it can be represented by 

9 — a0i n 2 0 2 “4“ 03 "4" > 


9i> 02> 03 ) & c ) being coefficients independent of a. By sub- 
stituting this series in equation (4), and then developing the 
two members according to the powers of a, we shall obtain by 
putting the coefficients of the same poweis respectively equal 
to each other, a senes of differential equations of the second 
order, by means of which the unknown quantities 03 > 

&c., can be determined. Moreover, m order that we should 

have 9 zz a and ^ = 0, when t- 0, whatever may be the 
at 

magnitude of a, it is necessary that the initial values of 0>, 0 3 , 

& c , ^2, &c, should all vanish, and that those of 0, and 

dt dt 

should be unity and cypher ; it is by means of these con- 
dt 

ditions that the constant aibitraries which ate contained m the 
complete integrals of these series of equations, can be deter- 
mined. In this manner, we may compute as many terms as we 
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please, of the preceding sei les. If the approximation be limited 
to the square of a, in which case the cube and higher powers 
of this quantity should be neglected, we obtain 

cP6_ ad?Qi 2 cP0 2 
dt 2 ~~ df +tt ~dF’ 


sin 0 = a#! + a 2 0 2 


d6*_ 

df~ a df ’ 

and if these values be substituted in equation (4), there results, 
by equalling the coefficients of a and of a 2 in its two members, 


TF + a 9 '- 0 ’ 


, g 0 _ t dO j 2 


df 


+ “02— ^ 


df 


II the fiist of these two equations be integrated, and if the 
two constant aibitrancs be determined in such a manner that 
dO 

0i = 0 and ~ — 0, when t = 0, we shall have 
0, “ cost y 

ct 

Hence theie lesults 

S = 2 sin - 1 -/i = 3 2 ( 1 - co, » yi) , 
dt 2 a a 2 a\ a) 

consequently the second equation will become(t) 

^+S*-SS(>— 




and then 


^ cos t + T 5 M cos2t A/j, 

will be its complete integial subject to the conditions 0 2 
and ^ = 0, when t — 0. 

2r 


= 0 
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By means of these expressions for 0 X and O 29 that foi 0 
becomes 

« = (a-=i) M .fV / | + * + $co.2(V / 2, 

and because v = — we shall, at the same time, have 


»= («-*) ✓jS«a«V'|+*^ an 2< l/|. 


these formulae make known the position and velocity of the 
moveable at any instant whatever, 

190. If m the last equation, we substitute in place of 


sm 2 1 its value 2 sin t cos t the equation v=0, 

which obtains at the end of each oscillation, will assume the 
form 


(l-f + 2! cos(V / 2)s,n('V/? = 0. 
\ o o a ' a 


As the angle a is very small, the first factoi cannot vanish , 

the second is cypher as often as t \/ | is a multiple ol ir It 

follows, therefoie, that the interval ol time which lapses be- 
tween two consecutive velocities, respectively equal to cyphei, 
or t the duiation of an entire oscillation, is(w) 


T = ir 



hence it appears, that when the resistance of the air is pio- 
portional to the square of the velocity, the duiation of the 
oscillation is not affected by it. However, it mci eases the 
time which the moveable takes to attain the pomt B. In fact, 
if we denote it by t\ and make 6 = 0, we have 


(i vi 




\A = o 
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The least value of t' y -, which satisfies this equation, 
a 

diffeis little from , let therefoie, 

t'\/l = hir + S> 

neglecting the square of 8 and the product aS, we obtain(v) 

8 = }ap 9 

and, consequently, 

'=*'v1(>+g> 

lienee it appears that the lesistance of the aii inci eases the 
duiation of the fiist descending semi-oscillation m the ratio of 

1 + to unity, and since it does not influence the duration 

of an entnc oscillation, it must diminish m the same ratio, the 
duiation of the ascending semi-oscillation. 

By substituting this value of if m that of v, and neglecting 
the cube of «, we obtain (a) 

» = ( 

hence we mfei, that the velocity acquired at the lowest point 

is diminished by the resistance ol the air, in the latio of 1 — 
to unity 

If — a x denotes the value of 0 at the end oi the fiist entnc 

oscillation, which answers to that of t - = 7 r, we shall ob- 

ct 

tain as before^) 

2jixa 2 

ai = a — r*- 

These diffeient lcsults are independent of the magnitude 
ol j a, the coefficient of the lesistance, and only suppose that the 
angle a is veiy small , they apply equally to the motion of a 



292 


OSCILLATION OF THE SIMPLE PENDULUM 


pendulum in an aeriform fluid and in a liquid, provided that 
the coefficient p be determined for each medium m paiticular. 
When a is veiy small, it is unnecessary to considci the case of 
a resistance proportional to the cube or any higher power of 
the velocity, because in the values of 6 and u, tlieie can only 
result terms depending on powers of a higher than the square, 
which we have shewn in the preceding calculations ought to 
be neglected. Therefore, if what has been stated m No. 187 
be considered, it will be manifest, that the resistance of the air 
does not influence the duration of very small oscillations of the 
pendulum, for which the correction relative to the magnitude 
of the amplitude is neglected (No 184) When this coi- 
rection, however, is taken into account, the lesistance has a 
small influence, because it causes the amplitudes to vary timing 
the continuance of the motion 

191 It does not follow from this, that the duration of the 
oscillations of a heavy body, however small they may be sup- 
posed to be, is the same m the air and m a vacuum , foi this 
fluid, by the pressure which it exercises on the moveable, m- 
ci eases this duration, by diminishing the gravity. It can be 
shewn by experiment, and it will be heieaftei demonstrated 
when we come to treat of Hydrostatics , that a body at rest, 
when plunged m a fluid, loses a pait of its weight equal to 
the weight of that portion of the fluid which it displaces 
Thus, r being the weight of this body m a vacuum, p' its weight 
m air, n the weight of a volume of air equal to that of the 
body, we have 

p' = p — n 

Naming p the ratio of the density of the an to that of the 
body, g the gravity m a vacuum, g' what this foice becomes m 
an*, and m the mass of the body, we have 

n = Pp, vzz mg> p'= mg ' , 
consequently there results 
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Now, if t,t' represent the durations of the small oscilla- 
tions of the same pendulum, when the accelerating forces aie 


respectively g and /, 
and, consequently, 


we shall have t tt 



t' 




Likewise if a! be the length of the pendulum which, actu- 
ated by the gravity#', makes oscillations isochionous with the 
pendulum actuated by the force of gravity #, and of which the 
length is a, we must have 


and, consequently, 



a'zz a (1 — p). 


Theiefore, if the loss of weight which a body sustains in a 
state of icpose be solely taken into account, the durations of 
oscillations made m the air will be increased m the ratio of 
unity to V 1 — p when the length of the pendulum is sup- 
posed to be the same, and if the dmation be the same m the 
an and m the vacuum, the length will be diminished m the 
ratio of 1 — p to unity. Moieover, M. Bessel has shewn by 
experiment, that the loss of weight which any body sustains 
in the au, is not the same when the body is at rest, and when 
it has an oscillatory motion The loss is grcatei in the second 
case, it is tlieiefoie necessary, m the preceding formulae, to 
multiply p by a factor f greater than unity, and depending on 
the form of the moveable The same lesult was also obtained 
by M Poisson m a memoir, published m the eleventh volume 
of the Tiansactions of the Academy, On the simultaneous Mo- 
tions of a Pendulum and of the ambient Air , by his analysis he 
found fzz l when the pendulum consists, like that of Boida, 
ol a spheic attached to the extiemity of a voiy slender thicad, 
its length being vciy considciablc compaied with the diametei 



294 OSCILLATION OF THE SIMPLE PENDULUM 

of this sphere , so that the coriection relative to the density 
of the air, which, previously to the observation of M Bessel, 
was applied to the duration of small oscillations and length of 
the simple pendulum, must be increased by one-half. In all 
cases, the coefficient/ 1 is independent of the density of the pen- 
dulum, and also of the density and nature of the fluid in 
which it vibrates, so that we may always deteimme it by ex- 
periment, by comparing the durations of the oscillations of 
two pendulums of the same form and of diffeient densities, m 
the same fluid, or even of the same pendulum m two dif- 
ferent fluids, such, for instance, as an and watei. 

192 Now let n be the number of infinitely small oscilla- 
lations that any pendulum makes in a vacuum dining a given 
time r. In ordei to deduce this numbei, by the lulc of No 
184, from that of very small oscillations, which is given by 
observation, and at the same time to take into account the 
variation of the amplitudes during this time r, we must assume 
for the angle a the mean of the extieme amplitudes which aic 
also furnished bj obseivation This being piomised, T the 
duration of an infinitely small oscillation of this pendulum 
will be 


r 



and the error into which we may fall, m measuiing the time 
r, will have so much less influence on the value of t, as the 
number ft will be moie consideiable. If the foim and di- 
mensions of the vibrating body be known, we can deteimnic, 
by means of a formula that will be given m a subsequent 
chapter, the length of the simple pendulum, of which the 
motion is the same as that of this body , and then this length 
i can be reduced to what it would be m a vacuum, in tlio way just 

now explamed. Hence, if a denotes what it becomes aftei 
this reduction, we shall have 
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(wheie g denotes the foice of giavity in a vacuum) fiom which 
we obtain 


It is by means of this foimula, that the measure of the gia 
vity, or g, the velocity which heavy bodies acquiie m falling 
veitically in a vacuum, dui mg a unit of time, is determined. 
From experiments made by Borda at the Observatoiy of Pans, 
with a pendulum, the length of which was about two me ties, 
there results 

a = O 771 , 993855, 

(the unit of time being assumed equal to a second,) hence we 
deduce, 

g = 9 7 ", 80896, 

m the latitude of Pans, which is equal to 48°50'14 // . M. 
Bessel having made bodies of every species of mattei to vi- 
biate, such as metals, ivory, maible, meteonc stones, &c., 
invariably found that the values of g were sensibly equal , the 
greatest diffeiences, on one side or the othei of the mean value, 
seal cely amounting to the hundicdtli thousandth pait of this 
value, and even this may be attnbuted to the inevitable enois 
of observation There can (litre fate exist no doubt as to the 
perftet equality of the at tr action e mated by the earth on all 
bodies, whatever maybe their nature , which are situated at 
the same place of it<r surface , for this equality results from 
that of the values of the gravity g , since tins force is the excess 
of the terrestrial attraction over that part of the centrifugal 
force common to all bodies , which is resolved in the direction 
of the vertual 

193 It is (lemonstiated m the Mechamque Celeste-, that 
if the smlacc of the eaith is the same as that of the level sur- 
face of the sea when at rest, the vanation, at this surface, of 
the length of the simple pendulum, which vibiates m a unit 
of time, is propoitional to the cosine of double the latitude, 
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so that if X denote this length, in a place of which the latitude 
is \p, we should have(-z) 

X zz /(I — to cos 2^) , (b) 

l and a) being constant quantities which must be determined 
by obseivation It is likewise shewn, that the coefficient w is 
connected with the compression of the teirestrial spheroid by 
the equation 

2o> + 8 z= 

m which 8 is this compression, (so that the ladius of the 
equator and that of the pole are to each other in the ratio of 
1 + 8 to unity,) and r denotes the ratio of the centrifugal 
foice to the force of gravity at the equator, the numerical 
value of this last is (No. 177) 

7 — 

The foimula (b) is, m fact, confirmed by experiment, when 
we abstiact from the consideiation of all those local circum- 
stances, which, as we shall see in the sequel, may influence 
the attraction of the earth and the length of the pendulum 
From a comparison of a gieat numbei of observations, made 
at different latitudes, we obtain 

w “ 0,002588 , 

from this it follows, that 8 is veiy neaily equal to ?. The 
constant l is the value of X corresponding to \p = 45°, it dif- 
fers but little from that value of X, which coi responds to the 
latitude of Paris ; and by this last, we have 

0,993855 = l [1 + 0,002588 . sin (7° 40' 28")] , 
hence we obtain 

l = 0 m , 9935 12 

If in formula (a) we make «zl and r = 1 , and then sub- 
stitute successively l and X in place of a , we shall have, if 
p and p f denote the corresponding values of g , 
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P ZZ 7 T% p* ZL 7T 2 X , 

consequently, we shall have 


p = 9^80557, 


and for any latitude whatever, 

p'=zp( 1- 0,002588 cos 2^) 

Since 


cos 2\pzz2 cos 2 t// — 1, 


it is evident that the diminution of gravity, as we go from the 
pole to the cquatoi, is piopoitional to the square of the cosine 
of latitude, confoimably to what is stated in No 178 

It the same pendulum be tiaiislened to diffeient places on 
the cai th, it is evident fiom equation (a), that n the numbci 
ot its oscillations, in the same tune r, will vary piopoitionably 
to the squaie loot ol the giavity Thus, tor example, a clock 
regulated at Pans, by the diurnal motion of the caith, and 
then tiansfened to the cquatoi, will lose 

Naming n and n l the nuinbei of oscillations which this pen- 
dulum pcifoims in a snleieal day, in these two places icspec- 
tivcly, we shall have 


nzz 80104, n'zz n 
and, consequently, 



1 — 0,002588 

1 + 0,002588 sm (7° 40' 28") 5 


n'zz 8G037 , 


so that a clock, when tiansfened to the equatoi, loses ’about 
127 seconds in 24 houis. It was fiom obseivmg that a clock 
lost when earned to the equator, that philosopher fust esta- 
blished the vanation of giavity on the surface of the caith* 


II Motion on a Cycloid. 


194 Let a 150 (fig 46) be the tiajectoiy ot a heavy mate- 
rial point, the plane of which is veitieal. Let us suppose that 
this moveable depaits liom any point n without initial velo- 

2u 



oscillation of a simple pendulum 


aim 

c l * y * an d at the end of the time t, let it be at m , from d and m 
iot fall the perpendiculars de and mp on the vertical passing 
through the point b, which is the lowest point on the curve, 
then by making ep — z, and denoting the velocity acquired at 
t he point jvi by v , and the gravity by g> we shall have (No 159) 

vzz \Z¥gz y 

provided that the gravity is the sole force which acts on the 
moveable. Likewise let s denote the arc bm , since it decreases 
as the time inci eases, we shall have 

ds 

arid it we make 

eb z : A, pb z: x = h — z 9 

there will lesult 

(1) 

w hatevci be the natuie of the given curve. This cuive being 
by hypothesis a cycloid, we shall have (No. 73) 

5 2 zz4 ax 9 

a denoting the diameter bf of its generating circle. Hence 
wo obtain 



and, by integrating, 

A / 2 q ( 2 x — k\ 

a constant arbitrary is not added, because we have t zz 0, at 
the origin of the motion, or when x — h. 

If t * denotes the time that the moveable takes to reach the 
point b which corresponds to x zz 0, we shall have 

£' V — = aic (cos = — 1) z: 7T, 
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and, consequently, 

, '='" / r 9 

Hence it appeals, that this time is independent of A the height 
of the point d, (from whence the moveable commenced its mo- 
tion,) above the lowest point b. So that this propeity that 
obtains only approximately, for all curves of which the height 
A is veiy small, is rigorously tiue for the cycloid, whatever this 
height, within the limit a or bp, maybe Hence it follows, 
that all moveables which commence to move simultaneously 
fiom diffeient points of the cycloid, will arrive at the lowest 
point in the same time 

It appeals, theiefore, that rr expresses the time of an 

entne oscillation from one side to another of the point b , now, it 
is evident, that this is the time in which very small oscillations 
of a pendulum, whose length 2 a is the radius of curvatuie of 
the cycloid at this point, are performed (No. 72). And it thus 
accoids with the result of No. 185, lelative to the duration of 
very small oscillations on anycuive whatever, which duration, 
m the case of the cycloid, is the same as those of oscillations 
of any amplitude whatever. 

195 The time of descubmg the aic db of the cycloid is 
likewise independent of the length of this aic, when the mo- 
tion is peifoimcd m a lcsisting medium, piovided that the 
resistance is piopoitional to the first power of the velocity 

In fact, if we denote this force by as m No. 186 , the 

force of gravity resolved m the direction of the tangent mt is 
dtc d t/ 

a—* because is the cosine of the angle tmn that this line 
J ds ds ° 

makes with the vertical mn, therefore the force which acts at 

the point m, and which tends to diminish the aic mn oi .s, is 

dje 7) 

the (lifteicnce q—. — c/j, consequently, wc shall have for the 
(is h 

equation of the motion, 
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cPs __ / dx iA 

df “ “ 3 \ds ~ IP 

or, what is the same thing, 

/ A 

'1 d* + kdt + 2a~ 9 

because 

__ ds dx __ s 
V dt 9 ds “ 2a 

If at the commencement ol the motion, i e , when tzz 0, 
the velocity is nothing, and if then sza, by dctci mining the 
two constant arbitraries by means of these conditions ; and 
making, for the sake of abndgmg, 



the integral of the preceding equation will become (No. 186) 

s — a. (cos ty V {- a + ^sin* T V £) 

Therefore, ll t‘ denotes the time when the point b, at which 
s zi 0, is attained, we shall have 


C0Si ( 1 ^Ta + i^r 81 " *1 ^ k = 0 ■ 


by means of which equation we can deduce a value of t* inde- 
pendent of a, which was required to be done. If the icsist- 
ance be very small, or the velocity A veiy great, we shall 


have yzl, very nearly, and the 
give(a') 


V Sz— In ■ 


preceding equation will 

V2ga 

2k~> 


which shews that the time if is somewhat increased by this le- 
sistance. 
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196. If the line bf be continued to o, so that of may be 
equal to bf , this point o will be the centre of the circle which 
osculates the cycloid at the point b , and if two equal semi- 
cycloids oa and oc be described, touching the lines ob and ac, 
and having the diameter of then generating circle equal to 
of, oa will be the cvolute of ab, and oc that of bc (No 72) , 
consequently, if a thread of a constant length, equal to ob, oi 

be attached to the point o, and be then made to envelope 
the two cuives o\ and oc successively, its other extremity will 
tiace the cycloid abc 

This suggests a means of constiuctmg a cycloidal pendulum. 
Foi this puipose, let the curves OAand oc be tiacedm relief, 
and let ob bc an mextcnsible and peiiectly flexible thread 
attached to the fixed point o , if we also attach a heavy body 
to its other extiemity b, and cause this thread to deviate from 
the veitical position m such a manner, that it may envelope 
entncly, oi m part, eitliei of the curves oa or oc, and that 
the pait which is not enveloped may be a tangent to this 
cuive, then when the moveable is remitted to itself, the infe- 
noi extiemity of the thicad will desenbe the curve abc, and 
fiom No. 194 it follows, that the duiation of the oscillations 
of this pendulum, in a vacuum, will be rigorously independent 
of then amplitude But m piactice this method is not suscep- 
tible of much piecision , and besides, when the body oscillates 
in the ail, the duiations of the oscillations will not be equal 
when the amplitudes aie considerable, foi the resistance of 
this fluid is not then pzoportional to the first powei of the 
velocity 

197 Those cuives are teimed tautoch onous, on which 
if a material point moves, it will always amve at the lowest 
point at the same time, fiom whatever point of the curve it 
may have commenced to move. Thus m a vacuum, the cycloid 
is a tautochionous curve, and moieover, it is the only curve 
to which this pi operty belongs m a vacuum, as wenowpioceed 
todemonstiate. If*' denotes the time, which the moveable takes 
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to go, without any initial velocity, from the point d to the low- 
est point b, on adb any curve whatever, tho value of t' V 2 cj 
will be given by the integral of formula (1), taken from x = h 9 
to x zz 0, or, which is the same thing, from x = 0 to x = />, 
the sign of this formula being changed , consequently, we shall 
have 



and m older that the curve should be tautoclnonous, it is ne- 
cessary to deteimine s as a function of a?, such that tins expres- 
sion for t' V^g may be independent of h N ow, if we suppose 
that this unknown function is developed aceoiding to the 
ascending powers of x } so that we may have 

S ZZ + BxP + CX 7 + &C , 

a, b, c, &c , a, /3, 7, &c., being mdeteiminate coefficients and 
exponents, then as the abcissa x and the aic s have then ongin 
at the same point jb, we must have x = 0 and a = 0 at the 
same time, it is theiefore necessary that all the exponents 
a, ]3,7, &c., should be positive, and that none of them should 
be cypher. It is likewise evident, a prion , that the least of 
them should be less than unity, for as, by hypothesis, the 
pomt of b is the lowest point of the given curve, the tangent 
there is horizontal or peipendiculai to the axis of x , this re- 

ds 

quires that we should have ^ = x when x z : 0(7/). If the 

differential of this senes be taken, and then substituted for ds m 
the preceding formula, there results 


— Ch x a ~ ] dx 


VZgzziafo 


\/h- 


■x 


Ch xP-'dx 

Jo \/h—x 


S h xt-'dx , „ 

— +&o- 

o^h-x 


And if we assume x — hx' and dx = hdv', the limits of the 
integrals relative to this new variable x‘ will be zeio and 
unity , foi example, we shall have(c') 
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fA x a ~' dx __ haf _£l 30 /a " 1 d x' m 
^°Vh—x y / 1 — ’ 

and if, foi the sake of abridging, we make, 

Clx'—'dx* . Clx'P-'dx' , 0 

Ww"~ A ’ i/i— ^ B ’ c ‘ ' 

there will lesult 

tf V Zg = aAA 'A a “* + jSbb'A^ + ycc'k*-* + &c. , 


it is important to observe, that none of these integrals a^b'jC 7 , 
&c. can become equal to cypher, for the values of the dif- 
feientials, of which they constitute the sums (No 13), do not 
change their signs between the hmits of the integrations, 
theiefore, as these values aie all positive, the values of the 
integrals will be so likewise. Now, it is evident, that the 
value of if cannot be independent of A, unless all the terms 
of the preceding series vanish, with the exception of that in 
which the exponent of A is zeio, or which coriesponds to that 
one of the exponents a, (3, y, &c , which is equal to J. Let 
us suppose, that this teim is the first, and that we have 
In order that the second term may disappear, it is necessary 
that the product /3bb' should be cypher, this imphes that 
b should be zero, because neither j3 nor b 7 do vanish. In 
like mannei it may he shewn, that the other coefficients c, d, 
&c., aie also equal to zero, so that the equation of the tauto- 
chionous curve is reduced to the following, 

s = ax * 9 or s 2 =5 a 2 #, 

this indicates that it is a cycloid, whose base is horizontal, and 
whose summit is at the point b which the moveable always 
attains m the same time. 

If a denotes the diameter of the generating circle, we shall 
have a 2 = 4 a 9 and, consequently, 

t‘ \/Tg = a ' V~a 
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Besides, as a 

— i, (d') we have, 


, Cl dx' 


A.' ZZ \ — ; 

Jo y x ! — x ,z 

hence we obtain 




as in No. 194. 



198. It is also the equation of the cycloid that we arrive 
at when we wish to determine the brachystochroue cuivc m a 
vacuum, that is to say, the curve amb (fig 47), which a heavy 
material point must descnbe, m older to pass in the least 
time, and without any initial velocity, from a given point 
a to another given point b 

In older to determine this curve, let a,?/, z, he the thiee 
rectangulai coordinates of the point M, wheie the moveable 
exists at the end of the time t , likewise let s denote the arc 
am which it has traversed If the axis of x be veitical, and 
m the dnection of gravity, and if a denote the value of x at 


els 

the point a, the velocity acquned at the point m, will be 


equal to the velocity acquired m falling thiougli the height 
x — a , therefore, if g lepiesents the giavity, we shall have 


ds 


/ 2 *(*-«), 

and if in order to abridge, we make 


y i+^+— -w 

+ dx 2 + dx i ~ ’ 
m which case ds zz udx , thcie will result 


\S 2 g dt ~ 


udx 

V x — a 


Theiefore, if ( 3 denotes the value of x at the point n, and 
t r the time which the moveable takes to pass fiom the point a 
to the point b, we shall have 
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V 



udx 

V x—a 


Consequently, the question is i educed to the deteimination 
ol the cuive, foi which this mtegial is a minimum, but, foi 
grcatei geneiality, let the integral 


u 



xudx 


be consideied, m which x is a given function of x 9 foi this 
will be useful in the sequel, in the lcsolution ol another pro- 
blem of the same kind , in the one we are now concerned with, 
we shall assume (c — foi x. 

199 Let ^ denote a constant quantity infinitely small, and 
let Sy and denote two aibitiaiy functions of #, subject 
solely to the condition of vanishing when x = a and xzz ( 3, 
and of not becoming infinite foi the inteimediate values of a?. 
Let u' and u* be wliat u and u become when y + iSy and 
z + t§z ate substituted m place of y and z 9 so that we shall 
have 

u'zz ^ xu'dx , 

an mtegial which will concspond to anothei cuive am'jb, 
passing, m like mannei as the leqiured cuive amb, thiough 
the points a and u, and deviating almost insensibly fiom this 
last. We shall have by this means 

u' — v ~ ^ x (u f — it) dx , 


and, fiom the piopcity which the curve amb is supposed to 
possess, this diftoience u'— u must be positive, whatever may 
be the values ol $y and of §z, and whatever may be the sign 
of / Now, il the diffeicnce u 1 — u be developed accoiding to 
the poweis ol /, and il tht bo the first teim of its development, 


the hist term ol that ol u'— n will be / 
lollows, that we must have- 



, hence it 


2 a 
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y xS udx zz 0, (a) 

Ja 

otheiwise the difference u' — u would change its sign at the 
same time as i 

This condition must be satisfied, both when u is a maxi- 
mum and a minimum When it is fulfilled, the difference 
u' — ■ u will be, m general, an infinitesmal of the second oidci, 
and it will have the same sign as the coefficient of i 2 in its de- 
velopment, consequently, it will be a maximum or a minimum 
according as this coefficient is negative or positive. But, it is 
evident fiom the nature of the question, that the time f is not 
susceptible of having a maximum value, consequently this co- 
efficient will be positive m the problem of the hi aclujbtoclu one , 
and it will be only necessaiy that the condition expressed by 
equation (a) be satisfied 

The quantity iSu is in fact the diffeicntial of u, taken with 
lespect to y and to z , and m which the mciemcnts of these quan- 
tities arc represented by i8y and iSz If the factoi «, which is 
common to ?Sw and its value, be suppressed, we shall have 

_ 1 dy dhj 1 dz d$z_ _ 

U it dx dx udx dx 3 


so that equation (a) will become 

Ja u dx dx Jan dx dx 


If we integrate this equation by paits, we shall obtain, 
because by hypothesis 8s and Sy aic cypher at the two limits 
x = a, x r= 


CpxdydSy 
Ja u dx dx 


dx = — 



Syd.\y 


dx = - Sz di 

udx dx Ja dx 

hence the piecedmg equation will be changed into 
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dx = 0 


But, as Sz and dy aie aibitiary functions ot this integral 
cannot be equal to cyphei, unless that the quantity contained 
undei $ the sign of the mtegiation, be of itself equal to cypher, 
we shall consequently have 



% 4 



dz 


0 , 


00 


200 If the sought cuive amb, and any othei curve am'b, 
weic lequired to be traced on a given suifacc, the equation 
of which was l = 0, then the values of ij and z considered as 
functions of a, which it is lequncd to cletcimme, and these 
values lespectivcly mcieased by tdi/ and must successively 
satisfy this equation , hence we infoi 

by means ot which, one of the tw o quantities dt/ and dz may 
he eliminated hom equation (b), and as the othei will disappeai 
at the same tune, we shall have 


,i, "G'!) 

dz d i (hj dx 

In this case the two equations ot the icquncd cuivc will 
be h = 0 and this last equation, by means ot which we can » 
detcimmc the cuive of quickest descent on a given surface 
If, on the contiaiy, the question was to dcteimine the mmt- 
minn oi u among all the curves which aie teimmatcd at the 
points a and n, without icstiicting it to exist on any particu- 
lar sui taco, then the quantities dt/ and §z will be aibiti aiy and m - 
dependent oi each othei- Then coefficients must consequently 
be sepai ately equal to cyphei in the pieccdmg equation (b), 
and thus it will he decomposed into two othois, namely, 
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= 0 , 


we shall restrict ourselves to the consideration of this last 
case. 

If we integrate and denote by a and a f the two constant 
aibitraries, which are introduced by the mtegiation, we obtain 


and, consequently, 


xdy _ xdz 
udx 9 udx 



dz 

~ a Tx = 0 ’ 


( C ) 


integrating again, and denoting by 7 a thiid arbitraiy quan- 
tity, there results 

a'y — az y , 

which shews that the required curve is one of single cuivatuie, 
and comprised in a plane perpendicular to that of the axes of y 
and F01 greater simplicity, let the plane of this cuive be 
assumed to be that of the axes of x and y , we shall have then 



and it will be only necessary to considei the fust equation (e), 
which will become(#') 

xdy zzaV dx 2 + dy 2 , 

hence we obtain 


dyzz 


adx 

V x 2 — a 2 


(d) 


It only now remains for us to integrate this formula, which 
■will depend on the form of the function x, and then to de- 
termine a and the new constant arbitraiy intioduccd by this 
integration, from the condition that the lequircd curve passes 
through the given points a and b. 

201. Before we proceed farther, let us suppose that c is 
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any constant whatera, and that x + c is substituted in place 
of \ in the picccding formulae. The integral u will become 

n =sf iv/i + % d ’+ c -?y i +%- ,b - 

and the value of//, which renders this function a minimum, will 
be fui lushed by the equation 


V ~ \/(x + C y-a?' 

Now, as this sum of the mtegials that u lepicscnts, is a 
minimum , foi all the cuives which aie teimmated at the points 
a. and n, it is evident that the hist mtegial 



will be a minimum , if we only consider, among all these 
cuives, those which answer to the same value of the second 
mtegial 

Tins simple rcmaik enables us to extend immediately to 
pioblems ol lclative maxima and minima, the solutions ofpio- 
blems of absolute maxima and minima , in the sequel, anotliei 
instance of the application of this pnnciplc will occm. As m 
the piesent case, the second integral contained in u is the 
length oi the lequiicd cuivc, it follows that by means of equa- 
tion (e) we can deteiminc, among all lsopciimetiical cuives, 
that foi winch the first mtegial is a maximum or a minimum 
If l denotes the given length, common to all these curves, we 
shall have 





which condition will be satisfied by means of the indeterminate 
constant r 9 that has been intioduced into the foimula (e). 



310 


OSCILLATION 0 T THE SIMPLE PENDULUM 


202, Let us now apply formula (d) to the cuive oi quickest 
descent. 

Since 


X zz 


1 


V x~a 


we shall have 




(x — a) dx 


V a (x — a) — (x — a) 1 * 


-^= being substituted in place of a.(g') Now, this diffeiential 
V a 

equation is that of a cycloid (No 72) passing through a, (the 
point from which the moveable commences its motion,) the 
base being horizontal and the diameter of the generating cuive 
being equal to a , which establishes what was pioposed to be 
pioved in No 198. 

By mtegiatmg, we obtam(A') 


V — 



- — “ / a(X— a)~-(x—ay> 


a' being what y becomes when xzz a If denotes the value 
of y when x = j3, we shall have 


j3'— a'njaarc^cos ~ ^ a(fi —a) — (fi— a) 2 

As the coordinates a and a', j3 and (3^ of the points a and b, 
aie given, the constant a can be determined by this last equa- 
tion , and then the preceding value of y will not contain any 
unknown quantity 

By means of the value of dy , we obtain^') 


u=vr^%= - a , 

dx y/ a _ . x a 
theiefore we shall have (No. 198) 

C/3 Vadx 

tW2g=y a 


V a (x — a) — (x — a) 2 ’ 
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and, consequently, (A') 

\/ a ( a — 2/3 + 2a\ 

2 g \ a i 

expi esses the shortest time in which the moveable can pass 
from the point a to the point b 

If these two points exist in the same vertical, we shall have 
j3'= a' i a condition which can he satisfied by assuming a = x , 
foi we have(Z') 

f « — 2)3-1- 2a\ / o y"a(j3 — a)—()3— a) 2 \ 

aic^cos = arc^sm=;2 — ^ 

and, when « zr oo , we can [substitute this aic for its sine, 
which i educes the pieceding value of j3' — a 7 to cyphei , and as 
at the same time, the value of y becomes equal to it follows 
that the moveable will not deviate fiom the veitical direction 
The value of t f will likewise be in this case 



which is m fact the time that the moveable takes to tiaveise the 
height )3 — a, m descending fiom the point a situated above 
the point n 

As the determination of the line ol quickest descent is a 
pioblem of puie ciuiosity, we have lcstneted ouisclves to the 
considciation ol the simplest ease, namely, ihatm which the 
motion is peiloimed m a vacuum, the extreme points being 
given If these points a and n aie not fixed and given, but 
only subjected to oust on the given cuivcs d ve and fbo, oi 
on suifaces that aic given, the biachystochrone, when the 
motion is pcifoimed m a vacuum, will still be a cycloid, and, 
by means of the mlos of tlio calculus of vaaations, wc can de- 
tcnnine, mall these cases, thccooidmates ol these two points 
In a lcsistmg medium, this line will be «i dilleient cuive, the 
difleiontial equation ol which may he obtained by the lilies 
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this calculus , and as this equation depends on the law of the 
lesistance with lespect to the velocity of the moveable, it loi- 
lows that the cuive must be diffeient for each law* 

III. Motion on a given Surface 

203. The simple pendulum treated of in No. 179, will fui- 
msh us with an example of the motion of a matenal point on a 
given surface, provided we suppose, that aftei it is diawn out 
of the vertical cb, and transfened to ca (fig. 45), theie is im- 
pressed on it a velocity, the direction of which does not exist 
m the vertical plane acd. The pendulum will then deviate 
from this plane, and the material point by which it is termi- 
nated will move on the surface of a sphere dcscnbed fiom 
the point c as a centre, and with a ladius equal to a the length 
of this pendulum. The percussion that the moveable will 
experience at the commencement of the motion, may be ic~ 
solved into two forces, the one acting in the direction of ac, or 
of its production, and which will be destioyed by the lesistance 
of the fixed point c, the other will be perpendicular to ac, 
and will produce the initial velocity of the pendulum, which we 
shall denote by k. As the motion is supposed to be perfoimed 
m a vacuum, the gravity is the only given accelerating foicc 
that acts on the moveable. 

This being established, let cm be the position of the pendu- 
lum at the end of the time t 9 and let x , y, z , denote theiectan- 
gular coordinates of the point m. Likewise, let w i denote the 
mass of the moveable, and wzn the unknown tension of the 
thread cm, acting m the direction of its pioduction II the 
origin of the cooidinates #, y, #, be at c, the components of 
the acceleiatmg foice n m the dnection of then pioductions, 
will be 


No\\, if to the moveable a foice equal and contrary to n, 
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be applied, we may abstract altogether from the consideration 
of the thiead cm, and considei the moveable as entnely free, 
theiefoie, if we suppose that the axis of the positive zs is ver- 
tical, and its direction to be that of giavity, the three equa- 
tions of the motion will be 


c Px 

IP 


. x 

+- K =0, 


d 2 y 

dt 2 


+ 



0, 


<Pz 

It 1 



(O 


which accord with equations (3) of No. 151 By eliminating 
the unknown n, they will be i educed to two , and these com- 
bined with the equation ol the splieic, namely, 

*?+y 2 + z 2 =: a\ 


will furnish us with thiee equations, by means of which y, z 9 
may be detcimincd m functions oi t. 

204 Multiplying equations (1) by «r, ?/, 2 :, lespectively, and 
then adding them togcthei, theie lesults 


1 d 1 1 + yddij -\ ztl z z 

TIP 


+ N<7 — qz~ 0 


The fiist diffeiential ol the equation ol the spheic will give us 

xd i + ydy + z( ^ z = (2) 

and the second 


xd l x + ijd l y + zd 1 * + dx l + df + cfc 2 = 0 

Hence, if v denotes the velocity of the moveable, at the end 
of the time /, so that we may have 

dxr + dij 1 4 - dz z __ 0 
_ !>-, 




V 2 (JZ 

a a 9 
2 s 


theie will result(w?') 
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and) in fact, the tension /wn must be the sum of the centufugal 

force — and of the component of the weight which acts 
a a 

in the direction of the radius cm 

Likewise, if equations (1) be multiplied by ds 9 dy , dz , 
respectively, and then added together, the unknown quantity 
n will disappear, m vntue of equation (2), and wo shall have 

dx cPx + dy d 2 y + dz drz _ 

— " 0 


If this be integrated, we obtain 

g±£±g = »gs + i. 


TO 


b denoting a constant arbitral y As the initial value of the 
fiist member of this equation is A 2 , if y denotes that of z 9 we 
shall have 

A 2 — 2 yy = b, 

and, at any instant whatevei, 

v 2 -k 2 +2 g(z — y), 

as we know already 

Finally, if the first equation (1) be multiplied by </, and 
then subtracted from the second multiplied by x , we obtain 

xd 2 y yd?x _ 

Hi 1 dF~ ’ 

hence, by mtegiatmg, there results 

xdy — ydx zz cdt , (4 ) 

c denotmg a constant arbitrary. 

In this manner, the solution of the problem will only depend 
on the three differential equations (2) ? (3), (4), which are all of 
the first order, and with respect to the fiist of these, we know 
already, that its integral is the equation of the sphere 

We can separate the variables and i educe the question to 
quadratuies by means of the following calculus 
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205 Fiom equation (2) we obtain 

rdx + ydy = — zdz , 

it the two members of this equation, and also those of equation 
(4), be laised to the square, we obtain, by adding the lesultmg 
equations together, 

(rc 2 + 'if 2 ) {dx 1 +• dy 2 ) = z 2 dz 2 + c 2 dt 2 

If a 2 — z 2 be substituted instead of x 2 4- y 2 , and if dx 2 ^-dy l 
be eliminated by means of equation (3), we shall have 

(a 2 - f 2 ) [(2 qz 4 -h) (It 1 - dz 2 ] = * a + rW, 
hence we obtain 

dt — — a( ^ - - • (5) 

\f(a 2 -z 2 )(2gz+b)-t 2 


Let r denote the radius vectoi of the piojection of the move- 
able on the honzontal plane of the axes of x and y, and ip the 
angle that this ladius makes with the axis of x, we shall have 

x zz j cos ip, y = ; sin \p, xdy — t/dx z: ( 2 dip , 
and, because i 2 zz a 1 — z r, equation (4) will become 


(a 1 — z~) d<p = cdt , 

by substituting for dt its pioceding value, we deduce 

cadz 


ityzz 


(a 2 — z 2 ) z 2 ) (2(/z -f b) — c 1 


(«) 


The integrals of these expressions of dt and dip will make 
known the values of / and ^ m lunctions of they may be 
always reduced to elliptic functions, and cannot be obtained 
uiulei a finite foim, unless the quantity of the thiid degioe f 1 
with lespcct to z, contained under the ladieal, has a double 
lactou The value of and the equation of the sphere, will de- 
tennme the tiajccto) // of the moveable, and the value of t as a 
function of s, oi of z as a function of will then make known 
the position ol the moveable on tins euive, at each instant. 
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The constant b may be known from the given quantities A andy 
The constant aibitianes which aie introduced by the mtegia- 
tions of dt and dip, aie deteimmed by the conditions t zz 0 and 
\p zzQ, when z = y 9 the second of these conditions, supposes 
that the axis of a? exists m the veitical plane acis, iiom which 
the pendulum commences its motion Thcic lomams, theie- 
foie, only the constant quantity c to determine Now, as 
the direction of u 9 the velocity of the moveable, is perpen- 
dicular to cm, the radius of the spheie on which the body 
moves, if it be resolved into two, one peipendicuhn to the 
vertical plane mcb, and the other compnscd m this plane, the 
fiist component will be the velocity of the hoiizontal pi ob- 
jection of the moveable, perpendicular to its ladms vectoi >, con- 
sequently, if it be lepresented b yii, we shall have (No 150) 


we have also m virtue o t equation (4)(w / ) 


li zz 



therefoie, if c denotes the angle that the initial velocil } k mak e , 
with the peipendicular to the plane ace, so that we may ha\e 

u=z k cose at the commencement of the motion, theie will 
lesult 

c = k Vo 2 — y 2 cos c 


When the velocity k is cypliei, wc shall have < =■ 0, 

6 = — 2 gy, and, consequently, 

7 adz 

dtzz ' 




this expression coincides with the value of dl given m No. Is% 

* became a ~ z and a - 7 aie what have been denominated <n 
and aj3 m that value. 

206. Let us considei the ease in which the pendulum Ji.is 
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icceived a very small initial velocity, and, theielorc, deviates 
very little fiom the vertical cu If the dnection of this ve- 
locity be horizontal, it will be pcipendicular to the plane acb, 
and, consequently, we shall have e z= 0 Let (i denote a very 
small fi action, and let 
k = fiv'ga 

Likewise let a and 0 lepresent the angles acb and mob, if 
their fourth powcis be neglected, we shall have 

y — a— \ «a 2 , s = a — l aO 2 , 
h zz - 2ga + ga (a 2 + p 2 ), c 2 = ga *a 2 P 2 , 
and foimulae (5) and (6) will become(o') 

d f =-\/“ M 

vtfV-W-fy? [ (a) 

= — — 

e vV- o>) p) 

The angle \p will make known the position ol the veitical 
plane mcb, hi which the pendulum exists at eacli instant, it 
evidently may mciease indefinitely The angle 0 will deter- 
mine also at each instant, the position ol the pendulum m this 
vaiiable plane , it is considered as a positive quantity, and the 
positions of the pendulum, which aie equidistant liom the 
veitical cb on opposite sides, eouespond to the same angle 0, 
and to values of \p which diftci fiom each othei by 180°, 

Fiom the value of deduced fiom the Just equation (a), 

it appeals that the angle 0 will be always compnsed between 
the limits a and p. It ft zz a, we shall have 0 always zz a , 
it equations (a) be divided the one by the othei, theic icsults, 
in all cases, (//) 

<ip-\/i a fidi, <i>) 

tbeietoie, wlien 0 z«z p, we shall ha\e 
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a 

consequently, the pendulum will then descnbe umfoimly the 
surface of a right cone with a cnculai base, and the time 

of an entire revolution will be 2r ^ >(?0 1S to say, the 

same as the time of a double oscillation m the voitieal plane 
acb. Thus, two pendulums having the same length a , and 
which depart together from the same lmc ca, the one without 
any initial velocity, the other with a velocity peipendicular 
to the plane acb and equal to a / ga , will icturn altei the 
lapse of the same time, to this line ca. 

207 The value of dt may be expies&ed undei the following 
form, 

Odd 

[a 2 - j3 2 ) 2 — (2 0 * - 9 

and if, for greater simphcity, we make 

20 2 - j3 2 = (a 2 - 0 2 ) 0 ?, 4 9d0 = (a 2 - (3 *)dr. 



the radical becomes ± (a 2 — /3 2 ) V l — and tlieie lesults 


dt= + l\/“- 


dx 


g V\ — x l 

Since 6 = a, and x~ l, when t z: 0, wo obtain fiom this 


?=±i V~- 


and conversely, 


i V - arc (cos =:a), 
$ 


x = cos 2t \/9_. 

a 

Theiefore, at any instant whatever, we shall have 

® S= £ (a 2 + /3 2 ) + \ (a 2 — /3 2 ) cos 2 1 -»/ 1 £ 

a ' 
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which shews that the oscillations of the pendulum, of which 
the two extremities conespond to 9 = a and Q = /3, m the va- 
nable plane mcb, will be isochronous, and their duration will 

be l it \/“ , which is equal to half the time of an oscillation 

in the fixed (r') plane acb. Substituting this value of 0 2 m 
equation (b), and obsemng that 

cos 2 1 \/~- = cos 2 1 V\ — sin 2 1 l/|> 
a CL cl 


theie results 


(hp 


= i/l 


afjdt 


d 2 cos - 1 




and, because -p — 0 when t _ 0, we mfer(i') 


a 


tang. = 0 tang* 



This being the case, the motion of the plane mcb will be 
no longer unifoim as when a = 0 , but it is evident that this 
plane will pciform successively the four quarters of its entire 
l evolution, m times respectively equal to each other and to 


i r7r \/ ", which is half the time m which an oscillation is 

poifoimed m this vanable plane 

Fiom this last equation we deduce 


cos 2 1 p : 


sm 2 ip = 


a 2 cos 2 1 


1/1 


a 2 cos 2 1 \/ R - + 0 2 sin 2 1 


a 1 cob 2 1 


l/l 


+ |3 2 sm 2 1 




we have also 
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x 2 zz (a 2 — z 2 ) cos 2 \p s= a 2 0 2 cos 2 
y 2 == (& 2 — ? 2 ) sm 2 \p zz a 2 0 2 sm 2 
by substituting for z its appioximate value , theiefoie, since 


we obtain 


9 2 = a 2 cos 2 £ i £ + j3 2 sm 2 / y/Z > 

a # 

# 2 =z a 2 a 2 cos 2 \p 9 y 2 = a 2 j3 2 sm 2 


and, consequently,^) 


X“ 


+ 1 -a 2 


hence it appears, that the trajectoiy of the piojection of the 
moveable on the horizontal plane passing tlnough the point c, 
is an ellipse which has its centie in this point, and one of its 
axes in the plane acb, fiom which the pendulum commences 
its motion with a velocity, the dnection of which is peipendi- 
cular to this plane 
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exvmples or the motion of \ body altogether free. 

1. Motion oj Ptojcf tiles 

208 Iiie tlieoiy of piojectiles, which aie dischaigod by 
cirtilleiy with gieat velocity, and aic at the same time sub- 
jected to the action of giavity, and also to the losistancc of 
the an, will constitute the subject mattei of this section* 

In the fiist place, let us abstiact iiom the consi delation of 
this lesistancc, and let us considoi the motion of a heavy ma- 
tenal point which moves fiom the point o (fig 48), with a 
velocity a m the dnection of the line oa It is evident, that 
the mo\ cable will not deviate fiom the veitical plane passing 
thiough(tf) this line Let omd he its iiajeetoiy m this plane, 
to which oa will be a tangent 11 in tins same plane, two axes 
be diawn, the one honzontal and the othei veitical and ch- 
locted fiom the houzon, these axes may be taken toi those 
of the cooidmatos, and at the end of any time, such as /, let 
M be the position of the moveable, its absusx op, and y its 
oidmate pm, then if a denotes the acute angle a<h, which 
the dnection of the initial velocity a makes with the axis or, 
its components will be, oscosa m the dnection of this axis, 
and c f sin a in the dnection of the axis o //, the angle a will 
be negative, if flic light lme oa falls below o,r. 

Fiom what lias been established m No 148, it is evident 
that the mol ions oi the pi eject ions of the moveable on the two 
axes o i and <>// will be independent of each othei , the mo- 
tion of its hoii/ontal piojoction wdl bo thoieloie unifoim, and 

2 i 
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equal to the velocity a cos a, and as that of its veitic.il pio- 
jection arises from the initial velocity a sm a, and from g the 
constant force of gravity acting in an opposite dncction to this 
velocity, we shall consequently have 

xz= ta. cos a, y — ta sin a — 1 fft~ > 

eliminating t between these equations, and substituting i/'igh 
for a, ( h being the height through which the moveable must 
fall to acquire the velocity a ) theie will icsult 

a 2 

y = X ' tang «- 

for the equation of the trajectory 

Therefore, this curve is a parabola, of which the axis is 

vertical, its summit detei mined by the equation -^=0,has foi 

eoordmates(Z>) 

x zz 2 h cos a sin a, y = h sm 2 a , 

and it meets the axis ox m a second point b, which is obtained 
by ma kin g y — 0 m the equation of the cuivc, hence, if h 
denotes the distance ob, we obtain 

b zz 4A sin a cos an 2/i. sm2a. 

This distance b is called the amplitude of the projection 
If the motion is performed m a vacuum, it is a maumxm , when 
a z= 45° , m this case it is equal to 2 A, oi to twice the height 
through which the body must fall to acqune the initial ve- 
locity 

Naming v the velocity of the moveable at the end of the 
time t , we shall obtain, by substituting the differentials ol the 
preceding values of x and y m the equation (c) 

v 2 =z a 2 — 2 aqt sm a -\~q > /*• 



MOTION OF PROJECTILES 


323 


As t , the time which the moveable employs to leach the 
point b, while descnbing the cuive ocb, is the same as it takes 
to descnbe the line ob with the velocity a cos a, we must 
consequently have 

b Ah sm a 


t — 


a cos a a 

a 2 

and since h zz — , there lesults qt = 2 a sin a , hence wc have 

v 2 zz a z , therefore the velocity of the moveable m this point 
b, is the the same as at the pomt o, its direction is along the 
tangent be, and ebt, the angle which the direction of the 
moveable makes m its descent with ob, is the same as aoi, 
the angle of piojection If the moveable, instead of being a 
matcual pomt, be a solid body of any form and dimensions 
whatever, it will be shewn in a subsequent chapter, that these 
equations of parabolic motion ought to be refen ed to its ccntie 
of giavity 

209 The velocity a being given, if it weie required to de- 
termine the angle a such, that the moveable may reach a de- 
terminate point, of which the cooidinates are x = /3, y = y, 
these values should be substituted m the equation of the tia~ 
icctoiy, and we shall have by this means, 

P 2 

y — tang a ~ £J ( 

to detennmc a. By making, 

tang a = z, cos 2 a = 

tins equation becomes 

Ahy + ft 2 — 4hpz + (3 2 z 2 


cos 2 a’ 


1 


1 + 




0, 


hence we obtain 

.-=“±I J v'4i»-4A 7 -F- 

As thexc aic two values ol z or tang a furnished b}- this, 
equation, it follows that when 4A s i& gieatei than 4 hy + ($'•> 



324 


MOTION OF PROJECTILES 


the proposed object will be struck, if the elevation of the pro- 
jectile be either of the two angles which aic deduced from 
this equation , if the ladical pait of this equation vanishes, the 
two values of z are equal, and these two dnections coincide; 
and when the radical pait is impossible, in which case 4 h 2 is 
less than 4hy+(3 2 , the maik cannot be leached undci any 
direction whatever 

Hence, if m the veitical plane which passes thiough the 
initial dnection of the moveable(d), apaiabola be descnbcd of 
which the equation is 

4/iy -f- j3 2 iz 4/r, 

this cuive ^ ill divide the plane into two paits such, that no 
mark without this cuive and in the vertical plane can be stiuck 
by a body piojected with the given velocity, while ioi all 
points which lie within this cuive, tlieic aic two diffei ent di- 
lections, along eitliei ofwhich, if the body be piojected, ltwill 
i each the maik, and if the object to be stiuck exist on this 
paiabola itself, theie is only one elevation at which the pio- 
jectile can be discharged to leach the maik. 

210 It appeals fiom what has been stated in the two pre- 
ceding numbeis, that the tlieoiy of the motion of piojectiles 
would be extremely simple, if the resistance which the air 
opposes to then motion could be neglected , but when the ve- 
locity is very gieat, as m the cases which we aic paiticulaily 
concerned with, this foice is too considerable not to be taken 
into account, m fact, as we shall piesently see, it changes 
altogether both the form of the tiajeetory, and tlic law of its 
motion on this curve. 

It will be pioved in a subsequent cliaptei, that whatever 
be the foim and dimensions of the piojectile, its centie of 
gravity will have the same motion, as a heavy material point 
whose mass is equal to that of the moveable, the dnection and 
magnitude of the initial velocity being the same in both, and to 
which besides are applied, parallel to the directions in which 



MOTION OF PROJECTILES 


325 


they act, the foices, which, ansmg from the friction and the 
lesistancc of the air, act on the surface of this solid body. It 
will likewise be shewn, that the motive force which results 
from these resistances, when transferred to the centre of gra- 
vity, may sometimes cause this point to deviate from the ver- 
tical plane passing thiough the direction of the initial velocity , 
but lieie we suppose that this is not the case, and that the motive 
force in question acts always m the direction of a tangent to 
the trajcctoiy described by the centie of gravity 

This being established, in Older to obtain the equations of 
its motion, let the pieceding notations be retained, and let them 
be supposed to icfei to figuie49, in which the trajectory omd 
is no longci to be consideicd a paiabola Let & be the aic om 
descubed by the moveable at the end of the time t , and let n 
denote the motive force ansing from the resistance of the air, 
and which acts m the dnection of the part mt of the tangent 
tit M The cosmos of the angles which this line mt makes 
with the axis diawn thiough the pomt m m the dnections of the 

dx dv 

positive atulys, will be — — , — theiefoie, if m denotes 

the mass of the piojectile and g the giavity, 

<P\ __ it dx 
dt l ~~ m </s 5 


dt 1 J 


n dy 
m ds* 


will be the equations of the motion of its centie of giavity 
Let this piojectile be an homogeneous splieie, 01 one com- 
posed of concentncal sliata each of which will be homogeneous, 
then if its mean density be denoted by n, and its ladius by r, 
we shall have 

47td> *\ 


Likewise if we suppose, agieeably to the hypotheses which 
aic gcneially admitted, that the foice a is piopoitional to the 
squaic of the velocity of the centie of giavity, to the surface of 
the piojectile, and to the density of the an, theie iesults(e) 
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R _ Up d & 2 

m ~ oy * dt 2 3 

p being this density, and ra a numerical factoi to be detei mined 
by experiment This expression satisfies the condition of the 

r d 

homogeneity of the quantities, for — and the latio of-^p to ?, 
are two quantities of the same nature as g the giavity, and the 

factoiswand- are abstiact numbeis Foi gieatei conve- 
nience, let 

d r 

so that ^ may be a line of a given length, which, when we do 

not take into account the change of density of the mass of an, 
tiavcised by the projectile, may be consideied as constant. 

211 By substituting m place of ^ , its value r the two 
equations of motion become(/) 


d 2 x dsdx__ 
~dt i + c 'dt'~dt~ 


d 2 y 

li- 


ds du , 

+ <■* -i + 9 = ( 


dt dt 

The integral of the fiist is 


0) 


dx 

dt 


= a cos ae~ c ', 


dx 


for — = a cos a, at the point o where 5 = 0 , and e is the base 
dt 

of the Napenan system of logauthms As the foim of the 
second equation differs from the first only m its last term, we 
may assume, in order to integiate(#), 

dy dx 


dt 


dt'> 


p being a new unknown. If we substitute this value of 
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in second equation (1), we obtain, by taking into 
account the fhst( 7 ?), 

dx dp __ 

TtTt~~ 9 ' 

If the membeis of this equation be respectively divided by 
dx 

the squaie of and its value given above, there will 1 esult 
dp dx q 

JL_ y g 2 c? 

dt dt a 2 cos 2 a 

If */ and;; be legarded as functions of n, we shall have 

__ dy dx __ d\j dp dx __ dp 

^ dt dt~~ dx 9 dt dt~~ dx' 


theiefore, it we substitute 2 gli for a 2 , the piecedmg equation 
will become 


± _ 1 c ,« 

dx 2 fi cos 2 a ? 


( 2 ) 


and this will be the diffeiential equation of the tiajectoiy 
Since 

V 1 + p 2 dx = ds , 

if each membei of the preceding equation be multiplied by 
these quantities lespeetively, we shall obtain 


V 1 +/> 2 dp — 


df> 


2 h cos 2 a 


pZci 


hence, if we integrate and denote the constant aibitiaiy by y, 
there results 

p v 'l +p i + l og (p + V / l + p^ =y -—L- r -e i " (3) 


In older to deteimine 7, let <t = 0 and p = tang a at the same 
time , this gives 
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^ Z 2 cAcos 2 +tan gaV 1 +tang 2 ct+log(tanga+ V l+tang 2 a) 

howevei it is bettei to retain y m place of this value, as it is 
a more concise expression. 

From the piecedmg equations, we obtam(/) 

di - —2h cos 2 a e _2c9 dp, dy zip dx , gdl? = — dx dp 


Hence, if the exponential be eliminated by means of equa- 
tion (3), theie will result 

tip 1 


cdc =: 
cdy = 
V eg ,dt zz 


P^i+Z+log (p+ Vi +p*)—y 

ptip 

pv/i+p 2 +iog (p + V 1+rD-V 

— dp 


\_y-pV i +p 2 — iog(p + V i +jp 2 )] 


lYl* ’ 


( 4 ) 


foimulas which cannot be integrated under a finite form, m 
the last, the ladical should be considered as a positive quan- 
tity, because the angle of which p is the tangent, diminishes 
when the time increases. 

212 Naming w this angle, that is to say, the inclination 
mt# of the tangent to the trajectory, on the horizontal axis o t, 
we shall have 

, . d(o 

p ~ tana tt), dp zz — 

& 1 COS 2 O 


The values of x,y, t , deduced fiom equations (4), will be 
of the foim the mtegial being taken, so that it may 

vanish at the point o wheie a> rz a, and Q, denoting a given 
function of w These thiee values should be calculated foi 
each point m, by the method of quadiatuics (No 15) In this 
manner, the trajectory can be constiucted by points, and t the 
time that the moveable takes to describe each axe om, of 
which the length s is given by equation (3), will be known 
To detemune the velocity of the moveable at the point m, 
we have(&) 
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mid, consequently, 

Ll jl i?(l +P 2 ) 

7 “/^ 1 +i> 2 - log (;? + /l + /> 2 ) 


( 5 ) 


It tliese mtegials be extended to o> = 0, the abscissa and 
ouhnato of c 9 the most elevated point of the trajectory, can be 
obtained Then by assigning to to negative values, the points 
ot the descending blanch cnn of the tiajectoiy can be detei- 
minod When we anive at a value, such as — a', ot w, foi which 
(/ the oidmate ot the tiajectoiy vanishes, the corresponding 
\alue oi % will be equal to on the amplitude ot the piojection , 
which will be no lougei, as m the case of a vacuum, double of 
the oidmate ot the point c when it is a maximum , m fact a is 
then equal to an angle less than 45°, and depending on the 
magnitude ot the initial velocity The angle a\ oi eb#, and 
the velocity at the point b will likewise differ from a and a 
Thus it appeals, that all the cucumstances ot the motion 
will be known, and the problem completely lesolved, when 
the values ot the tlnec constant quantities //, «, c, contained 
in the preceding fonnuke, aie given, howcvci the numencal 
oak illations which must be poiloimed in each paiticular case, 
sue extiemely tedious 

1213 The motion of the pi eject ilo on the descending bianch 
ol the tiajectoiy, continually tends to become veitical and 
uiutoim, m lact, it wc tianstei the ongin of the coordinates 
to ( the summit of the curve (fig 50) by making 

'i=zr l + a/, // = y x — + 


then x\ //, are the abscissa and oidmate of any point m' of the 
descending bianeh, letened to the hoixzontal axis c% and to 
the axis < 7 /, winch is diawn m the dnection of giavity, and tf 
denotes the time employed m descnbmg the aic cm' Like- 
wise if p' lepiesents the tangent of the angle m'tV, which the 

2 u 
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tangent to the curve at m', makes with the axis cr', 
have(Z) 


dy_ _ 
dx'~ 


we shall 


and because 


log + p ,a — p') = — log (p' 1- 1 + p'~)> 

the first equation (4) will become 


m = d 4, 

P 


m which p' denotes, for conciseness, 

y + pV 1 + p' 2 + log (p' + / 1 4 -P' 2 
As the acute angle mV#' continually approximates to a 
right angle, the variable p‘ will increase indefinitely , but this 
will not be the case with respect to x f When p f is veiy gloat, 
we can substitute p ' m place of V 1 + p /2 , and then if y + log 2 
be neglected with respect to p /2 , we shall have (m) 

p '=/>' 2 + ilogjp' 2 , 


or simply p' = p n , since the logarithm of a very gieat quan- 
tity p'\ and, d fortiori, Jlogp' 2 , is very small with respect 
to this quantity, theiefore, for these values of //, we shall 
have 


, __ dp' 


dx'z = 


cp 


,/ 2 * 


If this equation be integrated theie will result 



c being an aibitraiy constant, and hom this mtcgial it ap- 
v pears, that the values of a/ do not increase indefinitely with 
those of p f This being the case, if 
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q will be a line of finite magnitude, which can be calculated 
by the method of quadratuies , and if we take on cx' a pait ca 
equal to this line, the vertical ab drawn through this point 
will be an asymptote of the pait cd of the trajectory, so that 
the motion ot the piojectile on this descending bianch ap- 
pioaches indefinitely the vertical direction It may also be 
obseived, that when the values of p' are very great, the two 
last equations (4) become 

cd y' = y, \/7gdt>= d -l, 

consequently, there results 



hence it appeals, that when the final and vcitical motion of 
the piojectile becomes unifoim, the velocity of this motion will 
be that which a heavy body acqunes in falling through a height 

equal to in a vacuum, this is also evident horn formula 

(5), by substituting — p in place of p, and then considering 
p f as a vciy gieat quantity (n) 

If m the fiist equation (4) we make 

p = Un gl o, dp = 

and, for conciseness, 

[7— tan wv' , l + tang^w— log( tang o> + V 1 +tan a w)]co& 2 a)= -L 

12 

wo shall obtain 

= 7 So adw ’ 

for the abscissa of the point c If, theiefoie, we take on ox 
(fig 49) a point l, such that 

ot =: r, + q, 

the vcitical h>, diawntlnough this point i, will he the asymp- 
tote of the descending Inanch of the tiajectory 
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214. Let on be the production of the tiajectoiy oi’D , o 
being the point from which the piojectile commences to move, 
the motion of the projectile will not take place in this pait of 
thecuive, but, notwithstanding, we may wish to know its 
foim Now, if it be constructed by points by means oi the 
two fiist formulae (4), taking caie that the values of p aio po- 
sitive and greater than tang a, it is easy to be assuiecl that it 
also has an asymptote, which however is not voi total, as m the 
case of the descending bianch 

For thispuipose, we may observe that it appeals from the 
value of 7 of No 211 , there is always given an acute angle* ft 
greater than «, which is such, that p = tang ft leiuleis the 
common denominator of these two foimulae cyphei , that is to 
say, an angle j 3 which satisfies the equation 

y—tang/3\/ 1 +tang i /3— log(tang/3 + V l + tang , /3) = 0 ( 6 ) 

This being so, it appeals fiom the value of dp deduced hom 
either of the two fiist equations ( 4 ), that though the abscissa 
x and ordinate y mciease indefinitely (absti acting fiom the 
sign), m this pait on of the curve, the quantity p ceases to in- 
ciease, when the difference between it and tang [3 is infinitely 
small, so that p can never pass, noi even ngoiously attain to 
the valuer ~ tang j 3 , this indicates, that the bianch of the 
curve on has an asymptote, which mteisects the axis <>* when 
pioduced, m an angle equal to / 3 , and its distance fiom the 
point o may be determined in the following mannoi , let an 
axis be drawn thiough the point o, which may make with the 
production of ot, an angle equal to the complement of [3, and 
which is, consequently, perpendiculai to the asymptote of on 
Let u denote the abscissa of any point of the cuivo, leckonmg 
from the point o on this axis, as the coordinates of this point 
with respect to the axes ox and o y aie always x and //, we 
shall have 

uz=.y cos j3 — x sm j 3 * 

By taking the differential of this expiession, and by sub- 
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stituting foi dx and dy their values furnished by the two equa- 
tions (4), we shall obtain 

( du = L tan ^ Z 3 Zg) cos P • d P 

(7 —pV 1 +p*) — iog(/? + /r+7) 5 
in this foimula, values should be assigned to p gieater or less 
than tang accoiding as the point m question is on the part 
on, 01 on the pait om of the cuivc If lrom its denominator 
the fust member of equation (G) be taken, and if, moreovei, 
we make 

, , doj 

p = tang w, dp = — 3 — , 

cos 2 CO 

and, loi conciseness, 


tcing/Vl + + log (tang /3 + /l + tang 2 |3 

— tang w / 1 + taug‘ 2 to — log (tang w + 1 + tang 2 to) = 

thoie will lcsult 

du — ( tan ^P —tangfti ) cosftdco 

' ,,J ~~ CUC0b 2 (O 


Now, it we assume 
_ cos ft 


C/3 (tang/3 

Ja U 


— tangaj)r/a) 


eos^u) 




y will be a line <>l a finite magnitude, winch can be calculated 
by the method of quadiatiues, and it will expiess the value ol 
u with inspect to the asymptote of on, that is to say, the 
length ot the peipendieulai let fall horn the point o on this 
line, which was icquncd to be detci mined The equation of 
this asymptotic line will be 

u cos ft — x sm ft = / , 

so that if on the pioduction of ox a point n be so taken, that 
we may have 

r 

on = — rr , 
sm ft 

the asymptote of the bianch on will he the line hk, drawn 
thiough the point u, and making with oc pioduccd, an angle 
kiio the supplement of ft The two asymptotes to and hk, 
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produced above the axis ox , will meet in a point l , so that the 
entire curve will be comprised within the angle klg, the com- 
plement of (3, the angle that was determined by equation ((>) 
215. When oax or a the angle of projection is veiy small 
t r (fig. 51), the height of the projectile above the horizontal axis 
ox 9 drawn through the point from whence it was discharged, 
is inconsiderable. Now, m this case, we can obtain by an 
approximation that is sufficiently accurate, the equation m x 
and y of the part ocb of the trajectory, that is situated above 
ox , and we can even extend this equation to a point u, the 
distance of which from this axis is not very great In fact, m 
all this part ocb, or even ocd of the trajectoiy, the tangent to 
this cuive will be very nearly horizontal, and the quantity p 
will be very small, theiefore, it the square of p be neglected, 
we shall have 

ds =z dx, s = x, 
and equation (2) will become 

L_ e 2c, 

dx dx 2 2Acos 2 a 


By integrating twice successively, and deteimming the aibi- 

trary constants, so that we may have — tang a and y = 0, 
when x = 0, we obtain (p) 

for the approximate equation of the trajectory , which was pi o- 
posed to be determined It the exponential that it contains 
be developed, this equation becomes by reducing and then 
making c= 0, the exact equation of this cuive in a vacuum 
From the equation gdt 2 = — dxdp of No 212, compared 
with the preceding value of |j?, we can mfei (q) 



and, consequently, 
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t 


= 0 C *~ 1 ) , 

c V tyh cos a 


by means of which, the time t that the moveable takes to tia- 
verse om, any poition of the cuive ocd, can be determined 
216 If we suppose that the piojcctile falls on the ground 
at a point d, and if X denotes the depiession of this point below 
the horizontal plane diawn through the point o, oi dq the pei- 
pendieular to the axis or , also, if l be the distance oq, and r 
the time employed to go from the point o to the point d, we 
shall have, at the same time, 


*0 — h V — — X, t — r, 

and, for greater simplicity, by substituting unity foi cos 2 a, 
m the pieccding foimulae, there will result 

8 cVi(\ + / tang a) = e 26/ — 2cZ— 1, ] 

rcVzijh = e a — 1 | ^ 

When, therefore, the two constants h and c are given, and 
the angle a, and X the elevation of the point o above the 
giound, aic measured, these equations will make known the 
honzontal langc /, and r the time in which the projectile de- 
senbes this lange Conveisely, when a, X, /, r, aie known by 
dnect measuiement, those equations will enable us to dctci- 
mine c the coedieient of the iesistanee, and It the height due to 
the initial velocity. If h be eliminated, we obtain 


4 (X 4 - /tang «) (c d — l) 2 = </t 2 (o 2d — 2 cZ— I) , 

an equation from which the value of c may be deduced, and 
then one of the two preceding will immediately give the value 
of/> 

There still exists some uncertainty lespectmg the magni- 
tudes of the langes and of the initial velocities According to 
Lombaid, for a twenty-four pounder, of which the chaigc is a 
tlmd of the weight of the bullet, the initial velocity is about 
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463 metres for each second , and foi a twelvc-poundei, ol 
which the charge is also a third of the weight of the piojcctilc, 
this velocity amounts to 494 metres Accouhng to the same 
author, the coi responding ranges relative to X = 0, aie 700 
meties in the fiist case, a being supposed = 1° 15' 6", and 
660 metres in the second case, in which we suppose that 
a = 1° 5' 36" 

In place of the time r, we may employ foi the detcimi- 
nation of h and c, a second range of the same cannon at a dif- 
ferent elevation above the point where the piojcctilc 1 caches 
the ground Thus, if we suppose that the weight ol the pio- 
jectile, that of the charge, and the angle a leinam the same, 
the quantities h and c will likewise lemam unchanged, and it 
X and l become X' and Z', we shall have 

8 c 2 h (X' + V tang a) =: e 2d '—2cl — 1 , 

hence there lesults 

(X + Ztang «) (e 2c ''-2e/'- 1) j 

= (X' + Z' tang a) (e 2d — 2cl— 1), j 

h being eliminated by means of the first equation (a) 

Those authors who have tieated of the Ballistic pendulum, 
are by no means agreed as to the magnitude ol the number w 
which occurs in the expression of the coefficient c, namely 
(No. 210), 

D/ 

It has been inferred from a very imperfect theory of the 
resistance of fluids, that this numbei^w is J, hut the lesult of 
all experiments that have been made, assign a less number 
than this, and Lombard made it equal to ^ Equation (b) 
would furnish a means, the most susceptible of piecision of any, 
for determining c, if a the angle of projection was supposed to 
be known and invariable 
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II The Motion of the Planets 

21 T, The laws of the motion of the planets about the sun, 
are geneially known by the denomination of the laws of Kep- 
ler, because they weie disco veied by that astronomer, who 
deduced them hom obseivation They aie three in number, 
and aie expiessed as follows 

1. The planets move m plane curves, and their radii 
vectored desciibe areas pioportional to the times, about the 
ccntie of the sun. 

2 Ihe oi bits or trajectones of the planets are ellipses, of 
which the sun occupies one of the foci. 

3 Ihe squaics of the times oi the revolutions of the 
planets, aie to each otliei as the cubes of the gi eater axes of 
theii oi bits 

Keplei does not appear to have been awaie of the great 
importance of these laws , it was Newton who applied them 
to determine the foice which retains each planet in its orbit, 
that is to say, the dncction of this force, and the vanations of 
its intensity, from one position to another oi the same planet, 
and also liom one planet to another. In fact, it will be proved 
m this section, that each of these tlnee cncumstances is a ne- 
cessary consequence of the three laws of planetary motion 
which have been just stated. 

• As these laws lefei to the motion of the centre of gravity 
of each planet, it is the motion of this point which we proceed « 
to considei, and m every question respecting the position or 
velocity of a planet, it is the position and velocity of this 
centre that is always lefei red to. 

218 Let amii d (fig . 52) be the ellipse described by a planet, 
ab its greater axis, c its centre, o and o' its two foci, o that 
which the centre of the sun occupies, b the perihelion , or the 
point of the orbit nearest to the sun, a the aphelion , or the 
point which is most l emote fiom the sun. After the lapse of 

2 x 
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time t which is reckoned from the moment that the planet 
passes through the perihelion, let m be the position of the 
moveable. Let r denote its radius vector, 6 the angle mob, 
which is termed in astronomy the true anomaly. The sector 
described by the radius during the instant dt will be \ > ‘d6 (No. 
156), therefore, in consequence of Keplei’s first law, we have 

r'-dQ ~ cdt, 0) 

c being a constant arbitrary equal to twice the aiea dcscubed 
m the unit of time, and ct twice the aiea mob descubed m t 
any time whatever Likewise, let o'm — r' 9 cb i: u 
co =: co 7 = ae. By a propeity of the ellipse we have 

r + r' = 2a , 

we have likewise, m the triangle o'mo, 

t* 2 — r 2 + 4/ ae cos 9 + 4 a 2 e 2 , 

and if t be ehminated between these two equations, there 
results 

r : = . a £~‘\ . ( 2 ) 

1 + e OOS ft 

for the equation of the trajectory. 

For all the planets which were known pieviously to the 
present century, the excentncity e is a veiy small fi action, 
with the exception of Mercury, the excentncity of which is 
more than a fifth , m the case of the orbit of the earth 

e= 0,01685318, 

or, very nearly, a sixtieth The greatest was that of Mars, 
which exceeds nine hundredths, it was consequently foi this 
planet that the elliptic motion ought to cliffei most from the 
motion of a planet m an excentnc(a) circle, in which the 
planets were supposed to mo ve pi e viously to the time of Kep- 
ler; and m fact, it was from the observations of Ticho-Biahe 
on this planet, that Kepler first recognized the difference be- 
tween these two motions. If the values r and 9 be developed 
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into senes arranged according to the powers of e, by means of 
the equation of areas proportional to the times, combined with 
that of the elliptic trajectory, or with that of the trajectory of the 
excentiic ciicle, we shall find that when the time t is the same, 
the conesponding expansions of these two curves difFer only 
m terms, that depend on the square or higher powers of e , 
from which it is evident, that in Kepler’s time it was extremely 
difficult, m consequence of the imperfection of the observa- 
tions, to discover the difference between these two motions 
219 If t denotes the time of the revolution of a planet, 
and if we assume 



this constant quantity n will be the mean angular velocity, 
and nt the mean motion of the planet 

If we conceive a fictitious star whose motion is uniform, to 
set out horn penhelion, and to complete its revolution m the 
same lime as this planet, then its radius vector will describe 
nt , while that of the planet desenbes the angle 6, and the 
angle 0 — nt contained at any epoch between these radii, is 
what astionomeis teim the equation of the centre , it is posi- 
tive, and the planet precedes the fictitious stax m going from 
penhelion to aphelion (&), the contiary takes place in re- 
turning fiom the second point to the fiist The maximum of t 
the equation of the con tic depends on the magnitude of the 
excentneity If we assume the mean day for the unit of 
time, we shall obtain in the case of the earth’s orbit, by sub- 
stituting 300 foi 27 r, 

t = 305 rf , 256374, n = 0,59', 8" 

Tins value of t is the duiation of the sidereal year, or 
the intei val of time which lapses between two consecutive 
i chans ol the sun to the same fixed star, m its apparent motion 
about the caith. The interval of time between two conse- 
cutive returns to the same equinox , is shoiter, because the equi- 
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noctial points have a retrograde motion on the ecliptic, that is, 
a motion the direction of which is contraiy to that of the 
sun. If we suppose that the annual precession in 1800 was 
50' / 23427, then since the radius vector of the sun describes 
this small angle m (H, 014158, there lesults 305^, 24221 G, for 
the length of the equinoctial year at the commencement of 
the present century. The sidereal year is constant, but as 
the precession of the equinoxes vanes a little, the equinoctial 
' year must participate m this inequality, its length diminishes 
very nearly half a second m a centuiy 

220 The value of the constant quantity c will be equal 
to twice the area of the ellipse divided by t, theiefoie, as 
the semi-axis minor is a v / l — e\ and the area of the ellipse 
rra 2 V 1 — e 2 , we shall have 


27raVl~c 2 
c zz - . 

T 

By means of this value and of that of n , equation (I) becomes 
r 2 dO zz nd 2 y/l — e^dt 

equation (2) gives(c) 

e = arc(cos = ^L^)-r), 

aV—Kdr 

r V «V— (/ — df 9 


therefore, we shall have 
nadt : 


rdr 


V aV— (r-— a) 2. 

In order to integrate these formulae, let 

o zza (1 — ecos u)i (f * 

and, consequently, 

drz=ae$mudu, ndt = (1- ecos u) du , 


(a) 
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because at the point b, r = a (1 — e), it is necessary that u 
should be equal to cypher at this point, where we have also 
t = 0 , therefore, by integrating we obtain 

nt zz u — ■ e sm u . (b) 

By substituting in the expiession of d9, for r its value, 
and observing that cos u = cos 2 ^ u — sin 2 1 u } there results 


dQ=z 


\/ 1 — e l du 


1 — ecos 2 \u 4- csnv^w 9 


and if we assume 


, dn ~ * 

tan *!“ = *» c^ = 2d “’ 


this value becomes 


d6 


2 / 1 — e l dz 
1- e + (l + c)^ 


If we integrate and observe also that 6 and u vanish at 
the same time, that is, at the point u, wc shall have 


1 0 = aic (tang -z \/ , 
and hence we can deduce, by substituting for z its value. 


tang 1 0 


-\/\±L 

~ V l-< 


tang \ u. 


(e) 


These three equations (a) (b) (c) express m a finite form, 
the values of 7, nt , 0, by means of the variable auxiliaiy u, 
which is called the exccntnc anomaly . By eliminating u 
between them, we shall obtain the polar coordinates 7 and 0 of 
the planet m functions of the time, under the form of senes 
ananged accoiding to the powers of the cxcentncity, which 
will, consequently, conveige vciy rapidly m the case of the 
planets known previously to the present century. 

In the series which will thus arise, the poweis of cos nt , 
which occur m the development of ; , and those of sin nt, 
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which are contained m the development of 6 — nt , can be re- 
placed by the cosines and sines of multiples of nt If we sup- 

pose that these developments of the ladxus vector and of the 
equation of the centre, are then arranged according to the sines 
or cosines of the increasing multiples of nt , the values of the 
coefficients of these two series in functions of the excentucity, 
may be determined directly by the following analysis 
221 Let 

r — Aq + Aicos?^ 4* a 2 cos 2 nt + + a 4 cos mt -f- &e , 

nt = BxSin nt + b 2 sin 2 nt + b, sm i nt -f &c ; 

a 0) a 15 a 2 , &c , B lf b 2 , &c. and generally, A ly b 0 being the co- 
efficients which it is required to determine. 

If i and %' be any two positive integral numbers different 
from each other, we shall have, by performing the mtegia- 
tions(tf) 

^ cos mt cos i'ntd nt = 0 , 

sm mt sm i nt d nt zz 0 , 
and v hen ? =: % , we shall find, 


R 

S 


cos 2 mt d ntzz. 


suPintd ntzz^Tr 


These last formulae cannot be applied when z z r 0 , in 
this case, the fii&t integral is equal to 7r, and the second to 
zero. This being agreed on, if the development of / be mul- 
tiplied by cos znt d nt and that of 6 - nt by sm mt d nt , and 
if the results be respectively integrated from nt = 0 to ntzz tt, 
then all the terms vanish, except those of which the coeffi- 
cients are A t and B t respectively , hence we infer, 


IT JO 


/ c O'stntd nt. 
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2 

B t =: - \ (0 — nt) sm mtd nt 

7T JO 

In the case of i = 0, we shall have, m this particulai case, 

a 0 — - \ i d.nty 
7 r JO 

that is to say, the general value of A t is reduced to the half 
If we integrate by parts, and at the same time observe, that 
0 — nt — 0, at the two limits nt = 0, and nt = 7 r, the integial 
of B t may be replaced by the following expiession(6) 

B t rr p ^ cos mt d (9 — nt). 

Since, from what precedes, it is evident that 

d vt 


dO 


l/l-H 


du 1 — e cos u da 


:= 1 — e.cosw, 


it follows, that if in place of 0, their values m functions 
of u> deduced horn the equations (a), (b), (c), be substituted, 
we shall have(/) 

A t z= — ^ (1 — e cos uY cos (at — ie sin?f) du , 

7T JO V 


2 CV r /\ T /, x-n COS(?W — ?6JSin u) , 

b. — — \ [k 1 — — (1 — e cos mV] — ; -efo, 

nr JO L v 7 J 1 — e cos u 


because u — 0 and u = tt correspond to nt — 0 and nt = tt , 
these foimuLe will make known the numerical values of the co- 
efficients a* and b ( , either by the method of quadratures, or by 
reducing them into senes In ordei to effect this i eduction, we 
shall have by Tayloi’s theorem / * ' 

t 2 e 2 ' ? V 4 

cos(m— *e.sm u)zz (l —sin 2 ?^ + — : sin 1 u — &c.) cos zu 

<U A O Tt 


?V 3 

+ (te sm u — — - sin 3 u + &c ) sm tu , 

A O 


344 


MOTION 01 '1 I1L ri VM 'IS 


and hence there will result toi \ t and r>,soiieswhirhareinh^ ltl l>l r 
with respect to w,thcexact values otw Inch < an be obtained « uhei 
immediately, 01 by means oi known lounula% so that \w in i\ 
continue these developments of \, and i> as tai as \\ t phas,» 
We can even obtain then geneial hums in junctions of t and 
e, but we will not insist Iont>ei on this subject lieu, as it be- 
longs especially to astiononry* 

In the case ol i zz 0, we have(//) 

a° = ^ ^ (l — e.cos irf <tu — <t{ -)- ' t '), 

foi as -was observed above, only hall oi the i>eneial \, t In< ul 
is taken, when i ~ 0 , this is the oni\ one oi the coelln tents 
Ao, Ai,a 2 ,&c, b u , b„ &e, (he e\aef \aiue ol «hu h i m 
be obtained. 

222, If v denotes the velocity ol the planet at the , nd n| 
the time l, and B the <uis>le which its dnettion makes \wtli the 
radius vector i or om pioduied, by \o lot* we sh dl h.t\ e 

„,2 <//'+/ ~<H)“ (/(I 

V = , t Mil d ) , 

(It ft[ 

Eliminating dt by means of equation (1), there lesults 



From equation (2), we likewise obtain 

- = 1 ± f C0S 0 f_ r _ <- Sin 0 

r a(i- c y <w ,7(i ') ' 

hence we have(i) 

° l 0 ~ = (1 + 2 e cos 0 + < ,J ) < ^ 

and, consequently, 
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(7 ~ 1 )’ sin8 = 


aV 1- 


r __ j 


00 


lienee it appeals that in case of elliptic motion, the velocity 
and tin action of the moveable at each point may be deter- 
mined by means of its ladius vectoi Substituting the value 
of c of No 220, that of v 2, may be written 


IT Z= 


4 7 t “ or /2a 
T 2 \T 


- 1 


) 


"1 hose foi mulae, when combined with those of the preceding" 
iuimbei, will completely detennme the motion of a planet in 
the plane of its 01 bit, but when the motions of two 01 more 
planets aio consideied at the same time, then it is necessaiy 
to lolei the position of each of them to anothei plane, which 
is generally the plane of the ecliptic, 01 of the earth’s oibit 

223 Let non' (fig 53) be the mteisection of the plane of 
ihe mbit of a planet with a plane passing llnough o the 
u k nhe of the sun, oe a light line diawn in this second plane, 
o\i' the pi ejection of om, the ladius vectoi of the planet, on 
this same plane Let us denote by 7 the inclination of the 
two planes, by a the angle noe, by to the angle bon which the 
ladius vectoi Ob diawn to the perihelion of the planet makes 
with the hue on These tlnce angles a, 10 , 7, being given, they 
detennme the plane of the oibit, and the position of the ellipse 
m this plane Also, let </> and \p lepicsent the variable angles 
mom' and jm'oe, which the ladius vectoi om makes with its 
piojcction om', and this piojection with the lmc oe, these 
angles will deteinune, <it each instant, the dnection of OMthe 
radius drawn to the planet 

This being established, in the solid angle, whose vertex is 
tit the point o, and which is contained by the thiee sides 
om, om', on, as the true anomaly, oi the angle mob is le- 
piesented always by 0, the thiee laces of this solid angle 
will he 

9 * 


4 
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MON zr MOB + B0N — 0 + &S 
m'on = m'oe — noe zz ip — a , 

MOM'zz < t > } 

the first is opposite to a light angle, and tlie third to the angle 
y By the rules of spherical tngonometiy we have 

sm (p zz sm y sm (0 + w )> 

tang (p — a) =z cos y tang (0 + o>) , 

and, as by what precedes the angle 6 is known in a function 
of t , each of the angles p and p will be also given by means 
of these foimulae 

When the given plane, on which the angle p is lcckonod, 
is the ecliptic, then if the hne oe, from which this angle is 
measuied m the direction of the eaith’s motion, is tlie line 
drawn fiom the sun to the vernal equinox, the angles p and <j> 
aie called the longitude and latitude of the planet in question 
The line non 7 is the line of the nodes ol its oibit, it it passes 
into the northern hemisphere, when it travel scs the plane ot 
the ecliptic at the pomt n, this point is the ascending node, 
and n 7 is the descending node According as the planet 
exists rathe noithern or southern hemisphere, the latitude </> 
is said to he positive or negative, and the angle mon, oi 
0 + w is less oi gi eater than 180(7e) The angle <j> extends 
fiom — 90° to 90°, and the angle mon, and also the longi- 
tude m 7 oe, from zero up to 360° 

If the point o be replaced by the centie of the eaitli, and 
ii the plane of the equator be that on which the angle ip is 
measuied , then when this angle is counted fiom the lino 
drawn from this centie to the fiist pomt of Anes, the angles 
P and <j> will denote respectively the ru/ht ascension and de- 
duxation of the planet When these formula) are applied to 
the appaient motion of the sun about the earth, we have «=(), 
7 tv ill express the obliquity of the ecliptic, and 0 + w will be 
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the longitude of this stai, hence, denoting it b) A, we shall 
have 

sin <£ = & m-y sin A, tang \fi = cos y tang A, 
and, consequently^), 

sin y tang \L 

sm ( j) — — L- . fa .r — 

V^cos 2 ^ + tang 2 £ 

The gieatest noithern and southern decimations cones- 
jjond to A = 90 and A =z 270°, and aie ± y This angle j 
is also equal to the angle which the avis ot rotation of the 
eaith makes with^tlie peipendiculai to the plane of the ecliptic, 
it is subject to a slight inequality called the natation , the penod 
of which is about eighteen ycais, and which at its maximum 
amounts only to 9"4 Its mean value, at the beginning of tins 
centuiy, was 

y = 23°, 27', 55", 

it diminishes by 0"45C92 loi each yeai 

224 In what piecedes, no leleicnce has been made to the 
force which acts on each planet, in fact, all the cncumstanccs 
of its motion have been determined by data furnished by ob- 
sexvation, and without having any lecouise to the pnnciples ol 
dynamics, it is now lcqiusite to deteinnne the laws ot this 
foice as they have been a heady stated m No 217 

It follows horn the fust law ol Keplci, that the foice which 
ietains each planet m its oibit, is constantly dnected towaids 
the centie ol the sun, although this necessaiy consequence of 
the piopoitionality ol the aieas to the times has been alicady 
deduced m No 1 {>5 liom the equations of motion, it will not 
he deemed supeifluous heic to give a synthetic demonstiation 
ol it 

Let MjM (fig 54) be the side of the liajectoiy dcscubod by 
the moveable m an indefinitely small poition of time r. Wlien 
it ai lives at the point m, if no foice acts on this moveable, it 
will descube m a poition ol time equal to r, a pait m m of mt, 
the pioduction ot M|M, and equal toMMq , but, m consequence of 
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the force winch acts on it, m this second instant, it is trans- 
fened to anothei point m' Let mk be the dnection of this 
foice at the point m , we may suppose, that during the time 
r it lemains parallel to itself, hence, if we diaw the line mm 7 , 
it will be parallel to mk (No 148). Now, if c he the fixed 
centie about which the radius vectoi descubes aieas piopoi- 
tional to the times, the tnangles m l cm and mcm', which aie 
the aieas descnbed m two equal poitions of time, will be 
equal to each othei But the tnangles m l cm and nun aie 
also equal to each othei, since then vertices aie at the same 
point c, and their bases m^, mm, aie equal and exist on the 
same line, consequently, the tnangles mcm and mom 7 aie 
equivalent, and as they exist on the same base wc, the line 
m' 772 which joins their vertices must be poiallel to this base, 
hence the line mk, parallel to mm', coincides with mi Theic- 
fore, m each point m of the trajectoiy, mk the direction ol the 
force, will be that ol the ladius vectoi mc 

Conveisely, if the foice which acts on the moveable at 
any point M, is dnected along mc, the light line mm' will be 
paiallel to this ladius vectoi, the two tnangles m'cm and mm 
will be equal, and, consequently also, the two tnangles m'cm 
and m^cm. The areas descnbed by the ladius vectoi about 
the point c, m two consecutive instants, being equal, and this 
being the case foi the entne tiajcctoiy, it follows, that ll the 
force which acts on the moveable be constantly dncctccl to this 
point, the aieas described m equal times will be equal, and, m 
any time whatevei, piopoi tional to these times 

225. Let, as m No 218, m be the position of the planet 
at the end of the time t (fig 52), and let, as m piecednig 
numbers, 7 denote the ladius vectoi om, and 0 the angle mob, 
moreovei, if % and y repiesent the two lectangulai eooicli- 
nates op and pm, referied to the axes ox and o ?/, of which the 
fiist passes thiough the penhelion, we shall have 

x=i7 cos 0, yzz?*>mO, + 
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Also, let n denote the accelerating foice, acting on the 
planet, the intensity of which is unknown. 

Wc have seen that this force acts along the ladius vector, 
and, because the concavity of the tiajectoiy is turned towaids 
the sun, it is dnected hom m to the point o , thciefore, the 
cosines of the angles wluch it makes with % and y pio- 

duced, aie — - and — consequently, the equations of the mo- 
tion will be 

(Pr nr (Py __ ni/ n 


v being’ the velocity at the pomt m, we shall have 


- fit- df-’ 


and, by diffeientiatmg, 


d 2 x 


d~y 


.rf^=5p*+^, 


consequently, if equations (1) be multiplied by d\ and dy 
respectively, and then added togethei, wc shall obtain, by 
observing that %di + ydy = nh, 

~ 2 d — rub 

But, when the motion is pciioimed m an ellipse, \»e have 
(No. 222) 


47T 2 # i 

fi being made equal to - ~ 2 - Consequently, we shall obtain, 


it 



hom which it appeals, that the force which acts on each 
planet, vanes m the mveisc latio of the squaic ol the distance 
fiom the centre of the sun 
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The magnitude of thus foice at the unit of distance is /z, 
if j u/ be what it becomes for any othei planet, of which the 
semi-axis major and time of levolution aie lepiesented by a* 
and t', we shall have 

, 4 7 rV J 

But, by the third law of Kepler, we have 
t 2 t /2 r / 1 a 

fiom which results 

a* __ a'* __ ; 

P — > 

consequently, at the unit of distance, and, generally, at the 
same distance from the sun, the accelerating foice it is the 
same foi two diffeient planets 

The motive force of each planet is tlieiefoie independent 
of its paiticulai natuie, and, like the weight of a body at the 
suiface of the caith, is propoitional to its mass It vanes 
from one planet to anothei, according to the same law, as it 
does fiom one position to anothei of the same planet , and if 
two planets were situated at the same distance fiom tlie sun, 
and then lemitted to themselves, without any initial velocity, 
they would descend towaids this star with the same velocity, 
and leach it m the same interval of time 

Thus it appears, that the three laws of Keplex completely 
deteimine the foice which retains the planets in their oibits ; 
the law of the areas proportional to the times, shews that this 
force is constantly directed towaids the centre of the sun , that 
of the elliptic motion, or the expression foi the velocity, which 
is deduced fiom this law, combined with the preceding, piovcs 
that its intensity vaiies foi the same planet in the inverse utio of 
the squaie of the distances from the sun , finally, fiom the law 
of the squaies of the times of revolutions proportional to the 
cubes of the greatei axes, we infer that at equal distances from 
the centie of this star, the intensity of the motive force is pio- 
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portional to the mass of each planet* and independent ot its 
paiticulai natuie 

226 Newton extended to the motion of comets about the 
■>un 5 and of the satellites about their lespective primanes, the 
laws of Keplei, and the consequences that follow from them, 
with i espcct to the force which acts on these moveables 

Comets m their motion differ only from planets m this, that 
they aie not constantly visible, m consequence of the great 
distance of their aphclia, which rendeis the determination of 
then oibits extremely difficult Notwithstanding this, there 
aie tlnoe comets, of which the oibits and times of revolution 
aie known almost as accurately as those of the planets With 
respect to other comets, astionomeis have computed then 
motion in an approximate manner, by assuming foi then tia- 
jcctoiy, in the small extent foi which they aie visible, a para- 
bola of which the focus exists m the centre of the sun, and 
supposing always that the aieas described by the radii vectores 
about this point, are piopoitional to the times for each comet. 
This case is cmbiaccd undei the preceding formulae for elliptic 
motion, by making 

a rz x , a (1 — e) = b, 

b denoting the penhelion distance on, which is a finite quan- 
tity 

The mas-.es of the comets arc veiy small compared with 
those of the planets, and they seem to be of an entirely different 
natmo(»/) By the thud law of Kepler, the motive forces of two 
comets, oi of a comet and a planet, at the same distance from 
the sun, aie to each othei as then respective masses, and their 
accelerating foi cos aie equal, this is likewise true for several 
satellites of the same planet, but not for satellites of two dif- 
fei en t planets, or foi a satellite and a planet , for the law of the 
squaies of the times of the revolutions piopoitional to the 
cubes ol the gi eaten axes of the oibits, obtains only for bodies 
which levolve about the same centre, m the sequel we will 
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shew the lelation which exists between the motive forces of 
two satellites belonging to two diffeient planets, 01 between 
those of a satellite and a planet. 

It ought to be observed here, that within the last few 
yeais, the laws of elliptic motion have been extended to those 
double stais, in which a periodic motion of one of the stais 
about the othei, has been lecognized, and then 1 dative posi- 
tions, computed by means of these laws, agico with then ob- 
seived positions as accurately as could have been expccted(w) 
227 Let us now consider the changes which the resistance 
of an extiemely lare ethei diffused thiough the heavenly 
legions would produce in the elliptic motion of the planets 
about the sun If these bodies aie not pciicctly sphencal, 
this circumstance, combined with the faction of the fluid 
against then suiface would cause the centic of gravity to de- 
viate from the plane of its oibit Howevei we will at picsent 
abstiact fiom the consideration of these cucumstances, and 
foim the equations of the motion of this point, fiom the con- 
sideiation of a cential foice vaiying in the mveisc latio of the 
squaie of the distance, combined with a tangential force ansmg 
from the resistance of the medium 

Let this resistance be supposed, as in the motion of pio- 
jectiles m the air, to be pioporlional to the squaie of the ve- 
locity, to the density of the medium, and to the smface of 
each planet, the accelerating force which icsults will be m 
the inverse latio of the mass of the moveable II ds lepie- 
sents the velocity of the moveable, then we can denote this 
dtp 1 

foicc by p ~dP> P being a vciy small coefficient, and foi the 

same planet propoitional to the density of the medium. Since 
this foice acts always in a dncction conti aiy to the velocity ot 
the moveable, it the pnncipal foice dnected towaids the centie 

of the sun be denoted by p at the unit of distance, and by 

at the distance /, equations (1) will be loplaced hy the fol- 
lowing^). 
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d*T& .fx% — ds dx 

df i+ ~~ ~ p Jtdi’ 

#1 , M|/ 

dr 2 > * p dt dt 


( 2 ) 


If we make use of polai cooidmates, we, may without dif- 
ficulty, deduce from them(/>) 


d(d,*+, W) 1_ (rf/ 2 +*W) 

2fid. 7 ——2p ^ a*, 


dt 2 


d = — pt 2 dOds, 


( 3 ) 


which aic the equations into winch the picccdmg may be 
fciansfoimed 

228 Equations (2) become, when then second membeis 
*ue neglected. 


^4.^-0 
dl l + r'~ ’ 


d \>/ . t!-n 
dt' i+ t* ' 


( 4 ) 


and equations (3) aie l educed to 


d(d,* + > 2 dO*) 
dt 2 


2 ixd j = 0 , 


d r~dQ = 0 


(5) 


We can satisfy equations (5) by me*.- ns oi fonnulcC (a), (b), 
(c), of No 220 , howevci, as these foimulae contain only two 
constaut aibitiaues, a and e, they are not the complete mtc- 
gials of these equations, but if we considci that equations (5) do 
not contain explicitly the yanables 0 and t , but only tlieii 
difleientials dO and dt , it is evident that the foimulm ol the 
numboi cited will still satisfy these equations, by adding to t 
and 0, ceitam constants In this mannci, the complete in- 
tegrals ol equations (5j, and, consequently, of equations (4), 
will be cxpiessed by tlic following system ol foimuhe. 


) —a(\ — e cos?*), 
wf + t- wzw - v sin iu 

tang \ (0 — to) = | - -- tang J w , 

2z 
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a, e 9 f, w, being foui constant aibituiues, and n a constant 
connected with a by the equation 

a 3 n 2 zz ju 3 

which results from = by the elimination of i * 

When the vanable u is cypher, the value of > is a minninuu*, 
which is the case at the perihelion b (fig. 52). In the case of 
u = 0, we have 0 — w, so that m this case 0 will lepiosent the 
angle moe, measuied fiom the light line of, which makes the 
angle boe =z o>, with ob« The value of 0, expiessed m a senes, 
will be of the form 

0 — nt *4“ s "4" 0i j 

m which Oj denotes its pei iodic pait, ananged aeeouhng to 
' the sines of the mcieasmg multiples of + c — w Tins 
angle 0 will be the tiue longitude of the planet m the plane 
of its oibit, at the end of t any time wliatcvei ; /// + c w ill ex- 
press its mean longitude at the same instant, c its mean longi- 
tude at the epoch from which the time t is lcckonod, and t he 
longitude of its peiihelion 

229 This being established, when the complete mtogiuls 
of a system of differential equations, such as equations (4), 
aie known, the integrals of anothei system of difleiontial 
equations, such as equations (2), which only dillei horn the 
fiist by very small terms, may be deduced horn them by a 
method that has been most successfully applied by goomotois 
to different questions m celestial mechanics, and of which we 
pioceed to explain the pnnciples, for the sake ot the pioblein 
which weaie at present occupied with I he values of \ and 
y which satisfy equations (4), aie of the fonn,| 

e, (l>), y zz F (tf, fty e 9 c, to) , 

/and f denoting given functions In oidoi that these values 
may likewise satisfy equations (2), a, e n i, *>, should he can- 
celed as new variables, which it is leqmied to detoimme 
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But as the numbei o f these unknown is four, while equations 
(2) aie only two m number, we may assume aibitianly two 
uuxihaiy equations, and, m consequence, make 


d £ da + Te de + s * + 1 ; ^ = °> 

dv , . dF , dp , 

“ 7 — da *-j- ~~j~d6 -J~ — 7 - de 4- — r- c&o — 0, 
da de de do) 


0 >) 


that is, m other words, the parts of dx and dy^ which aiisc 
iiom the vanations of e, e, w, are made equal to zeio By 

this means, the complete values of and aie simply 


dx _____ df dy ___ (ft 
(// (ft 5 (ft dt 


By difleicntiatmg again, we obtain, 


(ft~‘ 


(ft 2 ' 



drf da 

<Pfde 

_£f A 

d 1 / do> 

dt^ 

Atda dt 

dtde ’ (ft" 1 

dtde dt 

dtdd) 

dt’ 

dh 

dh da 


cPf de 

cPf 

dh} 

dt 1 ' 

dtda * dt 

^ dtde ' dt 

^ dtde dt 

dtdu) 

Tt‘ 


Now, by hypothesis, the piecedmg values of x and?/ satisfy 
equations ( 4 ), a , 6, c, w, being considered as constant aibitia- 
nes, consequently we have 


^ 4.^-0 

^7+Ti- 0 ’ /7/2+,J — U ’ 


(ft 2 


d^x (Pit 

hence, ll the complete values ol ^7 and be substituted m 
equations (’ 2 ), we shall have 


r/V , 
dlda la + 


< 1 F 
(//(/« 


(/(( +■ 


d 2 f . , 
dtd, d ^ 

.jy dc+ w. 

dtde dtdh) 

dh , 
dIiiT dH 

(P f tPf 

h + rfftfw 


dsdv. 

d( 0 =-pjtdi dt ’ 

dsdt), 

d( 1 } =- p dtTt’ 


(c) 


and thus, by means ot the foui equations (b) and (t), wc can 
deteiminc (?, r, t, w, m lunctions of ft 
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230 In geneial, this substitution of four dilleicntui equations 
of the fiist 01 dei , in place of the two equations (2) of the second 
ordei , will not be attended with any advantage But as the va- 
lues of da , de, dc , dw, which aie deduced fiom equations (b) and 
(c), have for a factoi p the coefficient of the lcsistancc, which 
is a very small quantity, the vanable gaits of a, f 5 , e, w, will he 
also evtiemely small ; and if the squaie ol p be neglected^ 
a?, c, c, to, may be consideied as constant, m the expressions of 
da , de , dc, du, hence the determination of the variable pails of 
a, e,e, o), may be reduced to quaclratmes By the method ol 
succccssive appioximations, the values of these quantities may 
he thus obtained, airangcd accoiding to the powoib of p, and 
continued to whatever clegiee of accuiacywc please; liow- 
evei, we shall stop at the fiist powei of p, m the pie^cnt in- 
vestigation^) 

If m equations fa), the variable values of a, c, c, <o, be sub- 
stituted, they will male known, as m the case of elliptic mo- 
tion, the values of 7 and 0 in functions of the time The 
tiajoctoiy which in this case is desenbed, will be still an ellipse, 
but its elements continually vaiy. If at ouch instant, the 
constant ellipse which satisfies the values of the elements at 
this same instant, be constructed, the oulmates i and //, and 
then diffeientials dx and dy will be common, m \ntuo of 
cquitions (b), to this ellipse, and to flic tiajeetoiy, which 
consequently will be the osculating cmve of all the constant 
ellipses Foi the same season, the velocily of the moveable 
and its components will have the same evpiessums in the el- 
liptic motion, and in the motion alteicd by the lcsistance of 
the medium, and will be deteimmcd by foimuke (<1) of No 
222 . 

231 As we have identically 

nt =r Indt + l (chi, 

by composing the unknown C) the second equation (a) 

may he written as follows. 
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^ndt -f e — w = « — e smw , (d) 

Then, if m the equations of elliptic motion, there be substi- 
tuted foi the constants a, e, c, to, then vanable values, we should 
at the same time replace nt, by the integial §iidf, winch is 
supposed to vanish when t — 0 The quantity n that it involves, 
may be deduced fiom a, by means of the foimula 



which is furnished by the equation a ’a 2 — fi of No. 228 This 
mtegial$w& cxpi esses the mean motion of the planet(No 219), 
altcicd by the icsistance ot the medium, and thus, the difte- 
lcntial ot the mean motion will be ndt, m the disluibcd motion 
as well as in the elliptic motion. 

At the pcnhehon, the angle 0 - to is cithei cypher, oi a 
multiple ot 360° , and this will be also the case with the angle 
n, mvutue of the fiist equation (a), tlieictoic, m the time 
which lapses duung two consecutive passages of the planet 
thiough its penhelion, the quantity $« dt + c — to will be m- 
cieased by 360° , this will enable us to detoimme this intei val, 
when n, c, to, aie given in tun cl ions of L The time ot a i evo- 
lution, oi the intei val which lapses between two ictuins of the 
planet to the same ft) td point, will m like mannei be that in 
which its tine longitude 0 is lncieascd by 3b0°(> ). 

232 Equations (h) and (c) may he lcplaeecl by cquiv.ilcnt 
ones, horn which the values ot dci, th, <h , </<o, can he nifoiied 
with gieatei facility Fox this puipose, it is to he observed, 
that if any equation 

</> (nt, t, 0 , u, t, to) — 0, 

obtains in the ease ot elliptic motion, it will 111 ewise subsist ^ 
when the motion is ulteml by llic icsistance of the medium, 
tt, t, t, w, bung legal tied as variables deleinuned by equations 
(b) and (e), and $W/ being substituted instead of vl Tlieic- 
foie, the difloienti.il ol the lunetion <j> will be equal to eyphoi, 
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whethei it be taken m the first case with lespect to nt, r, 0, 01 
in the second case, with lespect to $ ndt, r, 6, a, e, e, w Now, 
as i andflaie functions of x and y, their differentials aie tlic 
same in the two cases, in vn tue of equations (b) , consequently, 

it m the complete difleiential of 6, the pait d nt A- — 

d nt dr 

dr + d6) which is separately equal to cypher, be suppiessed, 

we shall have 


^da + & 


da 


j _i_ d ± 


** + 2 *+ 2 ^ = 0 - 


Now, if in equation (2), of No 218, 6 - w be substituted 
in place of 0, theie results 

7 + re cos (0 — w) = a (1 — e 1 2 ) , 

and, if this be differentiated m the manner already pointed out, 
we shall have 

f cohOd ecoba)+r$in0d.esmw~d,ci(l-~e 2 ). (e) 

If the fiist equation (a) and equation (d) be also differenced, 
we obtain 

(1 e cos u)da — a cos ude + ae sm uduzz 0, 
de — da) 4- sm u de — (1 — e cos u ) du = 0, 

u being regarded as function of a, c, e , w 

By eliminating du between these two($) equations, we 
obtain 

(1 — eeos u) z da+ a(e— cos u) de + aesinu^de — deS) zz 0. 
But, if m the foimulse 


cos u = 


1 - tang 3 1 u 

1 + tan g 2 %u’ 


sin u “ 


2 tang \u 
1 + tcing 2 ^?/* 


we substitute foi tang \u s its value which is given by the thud 
equation (a), we have(£) 



MOTION OT THE PLVNETS. 


359 


cos * = sm M = (<>- «) 

1 + e cos(0 — a)) 5 1 + e cos (0 — <*>) ’ 

by means of which, the preceding equation becomes 


(1 — e 2 ) da 
l -he cos(0 — to) 


v, , aesm(0— a>) 
Of COS f 0 — to) U6 -j- 

Vl-e* 


(de— c?to)= i0. (f) 


What has been stated with respect to the equation 0 = 0, 
may likewise be applied to the case in which the function <j> 
contains the fiist diffeientials of 7 and 0* Thus, in the case of 
elliptic motion, we have 


* 3 + ?W 2 ul_ fl 
dt~ 7 a ’ 


r 2 dO = 1/^(1- €?*)*, 

lift being substituted ui place ot a 2 n m the expiession foi 
7-dO ot No 220(u) Now, since the diffeientials*, d9, as also 
/ and 0, remain the same when a, e, c, w, become vanable, it 
tollows that these two equations will also subsist on this hy- 
pothesis , this being so, it then complete differentials be com- 
paied with equations (3) of No 228, we can mfei(w) 



d V ci (l — e 2 ) = — p V a (1 — e 2 ) ds. 


r (s) 


Now, the values of da, de, dc , du, may easily be mfencd 
tiom the tom equations (e), (t), (g) , by substituting foi r its 
value, namely, 

, = 

1 + e cos (0 — to)’ 

m oidei to cxpicss them m functions ot the angle 0 solely, we 
find(i) 
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da = - [1 + 2 « cos (0 - «) + e 2 ] A, 

— — 2p [e + cos (0 — to)] ds, 

edu = — 2 p sm (0 — to) ds , ‘ ^ 

_ 2 pg sin (6 — Ci)) [ ^ 1 — 6 2 — e 2 — c cos ( 0 — 6>)] ? 

[l + ecos(0— a))] (1+ /l—e 2 ) 

The value of tfe which should be substituted in these foimulse, 

»■ 

and, by substituting in this expression the value of i , we obtain 

«(1- e 2 )/l + 2 ecos(0 — to) +e 2 , 

[1 + e cos (0 — to)] 2 

The second mcmbeis of these equations should be inte- 
grated on the supposition that a , e, £, to, aie constant, as has 
been already stated , and when the coefficient p is given m a 
j{ function of r, and consequently of 0, the values of the vanables 
a> e , c, to, may be deduced by the method of quadiatuies, oi by 
reduction into a senes, which values should be substituted m 
the equations of elliptic motion. 

233 It the cxcentncity e be a veiy small fiaction, foimulae 
- (h) reduced to then puncipal part, become 

\ 

da = ■— 2 pa?dd 9 de~ — 2 pa cos (0 — to) dO , 
edu zz—2pa sin ( 9 — to) d9 , dc = 2pae sm (0 — to) d0 , 


and the coefficient p may be legarded as constant Hence, 
by mtegiatmg and denoting the variable parts of a, e, e, to, by 
8a, $e, Se, 8 co, we shall have 

8a = — 2pa 2 0 , 



$e =z — 2 pa sm (0 — o>), 
g8(o = 2 pa cos (0 — (o), 

Sc = — 2paecos) 0 — to). 



MOTION OF THE PLANETS 


361 


\r UL 

It the coriespondmg part ot n , 01 ot — ~=beexpiessedby 

ay a 

Sn , so that we may have 

3 ’"'is* 


Sn — — 


theie will lesult 


2 <&V a 
Sn — 3pan0. 


Hence it appears, that the effect of the resistance of an 
extremely laie medium, on the motion of a planet m an oibit 
of very small excentucity, will be to cause the gieatei axis to 
deciease indefinitely, also to increase n the angular velocity > 
and to produce m each of the three quantities e, o>, e, an in- 
equality of which the penod is the same as that of the planet’s 
l evolution Not only is the angulai motion more and moie 
accelerated, but also the absolute velocity , foi it is vciy neaily 
equal to an , its increment is therefore aSn + nSa , which is a 
positive quantity and equal to pa 2 nO. 

If the excentncity be altogether neglected, we have 


r - a, 6 = Indt + s ; 

Iheiefoie, if St and S9 denote the paits of the radius vectoi, 
and of the longitude which aie pioduced by the action ol the 
resisting medium, we shall have to the same degree of appioxi- 
mation, 

S?=z~2pa% Se^lpqO 2 . 

In consequence of this continual diminution of the radius 
vector, which amounts to 4 Trp# 3 at the end of each revolution 
of the planet, this body must eventually fall on the suiface of 
the sun 

Finally, if there exists in the regions of fiee space, an 
ether which affects the motion of the heavenly bodies, its in- 
fluence will be particulaily sensible in accelerating the motion 
ol the comets, on account of the extieme smallness of theii mass, 4 
and because that, eveiy thing else being the same, the coefficient 
p is m the inverse ratio of the mass of the body. And, in fact, 

3 A. 



362 


MOTION OF A MATERIAL POINT 


we have not been able as yet to recognize any traces of an 
ether which resists the motion of the planets and satellites , but, 
according to the calculations of M. Enke, this resistance ap- 
pears to have an appreciable influence on the motion of the 
comet recently discovered, the time of whose revolution is about 
1200 days. 


III. Motion of a matenal Point acted on by ct central Force . 


234. The problem which we now proceed to considei is 
the inverse of that of the preceding section, there the tia- 
jectory and the law of motion being supposed to be furnished 
by observation, it was proposed to deteimine, m magnitude 
and direction, the force which produced this motion , in 
the present case, a constant force dnected towaids a fixed 
centre, and given m a function of the distance of the move- 
able from this point, is supposed to be applied to this move- 
able, and it is requned to determine from thence the tiajectoiy 
and the law of the motion. 

This curve dmb (fig 55) will be contained m the plane 
passing through the fixed centre c, and through da, the di- 
rection of the initial velocity. Let two lcctangular axes ca?, 
c y 9 of which the first passes through d, the point fiom which 
the body commences its motion, be drawn in this plane, 
through the point c, and let them be the axes of the cooi di- 
nates. At the end of the time t, which is reckoned fiom the 
departure at d, let the moveable be supposed to be m m, and 
let x and y denote its coordinates cp and pm, t its laclius 
vector cm, r its accelerating force dnected fiom m towards 
c, and given in a function of r , the equations of the motion 
will be 


<Px x 
d? = -- r n ’ 


d 2 y _ v _ 

dt*~ r 


0) 


if the force r acts in the direction of the production of cm 3 it 
■will only be necessary to change the signs of then second 
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members. We can immediately deduce from these equations, 
the two following integrals of the first order, 

xdy — ydx = cdt, — ^ % dy — — 2$r dr + b, 

in which b and c are the constant arbitranes introduced by 
the integration , and if 6 denotes the angle mc#, so that we 
may have 

x = r cos 0, y = i sin 0 , 
these integrals will become 

i*d9 = = — 2$iufr + 5 , (2) 

if the values of A and dO be deduced from these equations, 
they will be of the form 

dt~ ft dr 7 dO = vrdr, 

which it will be only necessary to integrate either accurately 
or by approximation. 

If dt be eliminated between equations (2), we obtain 

c2 (^|) + 5 + 2 l*dr = b, (3) 

for the difleiential equation of the trajectory 

If v represents the velocity of the moveable at the pomt 
m, we shall have 

v 2 =zb — ; (4) 

and 8 denoting the angle that its dnection makes with mc, its 
components will be 

* dt * rdO 

t,c°s8=--, t>sm8=— 5 

in the respective duections of mc, the ladius vector, and of mh 
perpendicular to mc. 

The two constants b and c, and those which are introduced 
by the integration of the values of dt and dd P can be determined 
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by means of the initial position and velocity oi t lie moveable. 
For this pm pose, let y lepicsenf the initial distance < n, a the 
angle cda which may be eithei acute oi obtuse, and It the 
height due to the initial velocity, so th.it this velnufv in . in 
be V g denoting the giavity II the mtegiul 
which occurs m the preceding loimul.e vanishes, when t * ^ , 
we shall have, as is evident liom the gonei.il expulsion ioi r , 

b zz 2 (jh 

In virtue of the equation ? hlO = the value ot / mu d 

is the same thing as consequently, we shall have 

czzy\/2gk sin a 

As to the two othei constant ai bit lanes, they aie detci- 
mmed by the supposition that 0 = 0, and > = T , when / 0, 

and thus, the problem will be completely icsolved. 

235 When the foice it is pi opoilion.il to the <list.nu ey , 
the variables x and yaic sepaiated m equations ( i ), and then* 
is no occasion to recur to polar cooidmalos, oi to equations 

(2). In fact, let k denote the value oi n which omesponds 
to r =z y, and 

h 

a = — » 

7 

will be its general value. Equations ( 1 ) « ill b mmu . 

({*!/ 1 ( 1 / 
y ’ Ut*~ 

and then complete integrals will be(c) 

I XZZ A COS t + a' Sill t 'l/^- t 

! y = Boost + 

7 7 

A, A', B,B', being the foui constant aibituuies that «ue mtiu 
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duced by the integration. In order to determine them, -we 
have, by the preceding suppositions, 


« = 7> 2/ = — V^gh.cosa, ^ = V%gh . sin «, 

■when t s= 0 , hence it follows that 

a = 7 , a' i/I = — t /2 gh cos a, 

7 

b ~ 0 , b' a/ - = V' 2 gh . sin a, 

7 

and, consequently, 

jb = 7 ^cos 2 l/I — cos a sin t a/I^, 

y =7 V^Pr *sin a sin£ A"/-. 


&y 


It appears from these formulae, that the revolutions of the 
moveable about the point c, will J}e isochronous, and theii 

common duration equal to 27 r \ / |(V)* We can deduce from 
them 


y sin a sm t 




A /k 

y sin a cos t y - = x . sm a + y cos a , 

y 

hence we obtam(6 / ) 

ky 

KjV 2 + (a?sma + y cos a) 2 == y 2 sm 2 a, 
Zgh 


fox the equation of the trajectory, which is, evidently, an ellipse 
of which the centre is at the point c. This elhpse becomes a 
cncle when a = 90°, and ky =: 2 gh. In this case, the motion 
is uniform, foi by the expiessions foi x and y, we have 

^ - \/^k sm t % = V’yk cos t , 

at 1 y at y 
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hence the velocity v is equal to \/yh. The cential force n and 
2 

the centrifugal force — are constant, and respectively equal to A. 

If the foice R be repulsive instead of being attractive, as 
has been supposed, k must be changed into — k m the pic- 
ceding formulae. The trajectory will be then an hyperbola, 
and the body in its motion will never return a second time to 
the same point. 

236 Let the force r be supposed to be propoitional to the 
inverse cube of the distance, and, consequently, that 



k being always its value at the point d. 

In this hypothesis, we shall have, 

2lvdr = ky (l-ja)’ 


because the integral vanishes when 1 — y. 

If we take into account the values of b and c, and make 



equation (3) will become 

if 2 , (1 _ h \ _2 _ h 

dd 2 ~ r \ 2gh sm^rt/ sin' 2 a 2gk bin 2 « ’ 

As the coefficient of z 2 may be either positive or negative, let 

1 — t- 

2 gh sin 2 a ’ 

consequently, we have(c') 

cZz 2 
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ndz 

nay =. ■ . , === 

\/ cot 2 o ± w 2 q: » 2 

When the superior signs are employed, we shall have(<f) 

nd = arc (sin = —p====) — arc (sm = ,, ===\ » 

' cot 2 a -f- nr' \ V cot 7 a -\-n / 

and, when the inferior signs are made use of, 

, nz + V cot 2 a — ft 2 4- n 2 z z 

nd = log — — ; : — 9 

& n + cot a 

taking care to obseive, that i = y and z zz l when 0 — 0 
From the first value of nd, we deduce 

nz zz cot a sm nd + n cos nO 

The maximum of 2 , or the minimum of r, corresponds to the 
value of 0, deduced horn the equation dz = 0, or(e / ) 

tan nd zz- cot a, 
n 

for which we obtain 

zzz- z. V 1 + -s cot 2 a, 
r nr 

Beyond this value of 0, the distance of the moveable from 
the point c will mciease indefinitely, and its radius vector r 
will be infinite, foi the least value of 0 deduced from the equa- 
tion zzz 0, or^') 

tang nd zz — n tang a , 

and to attain this value of 0 an infinite time is required The 
value of t as a function of 0, may be obtained without any 
difficulty, by substituting in the first equation (2), m place of 

r, the value of 

z 

When the value of nd is a loganthmic function, we shall 
have, by passing to numbers, and denoting the base m Napier's 
system of logarithms by e , 
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nz + \/ cot 2 a - n 2 + n~z z zz (n + cot a) e ni > , 
hence we obtain (</) 

z = ^ ^ (w + cot a) (/i — cot a) e~ nd , 


it appears from this expression, that the value of ?* diminishes 
indefinitely, consequently, the cuive descnbcd by the move- 
able body about the point c, will be a spnal, and it will not 
reach the centre until aftei it has peifoimccl an infinite nuznhei 
of revolutions. 

If, in order to simplify, we make a zz 90°, we shall have 
) — 

e n0 + e~ n0 * 


for the equation of this spiral The fust equation (2) becomes 


/2 ^<fc =7 — ML- 

J (e nl> + e-"< y 


and, by integrating, we obtain 



237. Let us suppose, for tbo last example, that the loice 
» vanes in the inverse ratio of the square of the distance, 
which is the law that obtains m natuio, in which case 
have 

R = ^r> S*dr = k y (l - 2^ ; 

ft being the intensity of this force at the point i>, whcie the 
preceding integial is supposed to be equal to nothing. 

If we make 

1 

r — P> 2 fty— ft — 


equation (3) of the trajectory will become 
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d0*~ 

fiom which we obtain(A') 


c* a JL = 2ky*p-cy-(l, 


J0 = 


cdp 




Hence if we mtegiate and denote the constant aibitraiy by 
w, we shall have 


0 = o) + aic 


^ cos = 


ky 2 ~ C 2 f> 

iAy- c 2 f 3 


by means of which we can obtain 

ky 2 } zz c 2 — ? / ky — 6^/3 cos (0 — (*>), (a) 

7 T being substituted m place of a>, m oidei that cj may 
be the value of 0 which coi responds to the least value of ?, 
that is to say, to the point of the tiajectory wheie the move- 
able is neaicst to c 

In Older to obtain the equation of this cuive in lectangular 
coordinates, let 

x' zz ? cos (0 — y' — / sm (0 — o>) , 

x ' and y being the lcctangulai coordinates of the moveable 
lefeired to the axes ex' and cy\ so that x'cx zz <a, we shall 
have evidently 

x n + y' 2 = 7 2 , 

and if the two members of equation (a) of the tiajectoiy be 
raised to the square, it will become^) 

kyy' 2 + fit 2 #' 2 = r 4 - 2 cV Vky~ c 2 (3 

Now, it is evident fiom inspection of this expression, that it 
belongs to a come section, which will be an ellipse, a paiabola, 
or hypeibola, accoidmg as the constant P is positive, cyphoi, 
or negative It appeals also, that m all cases, the point c 
will be a focus of this cuive , for, m the equation (a), the 
ladius vectoi t is a lineal function of the abscissa %* , now m 

3b 
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the three conic sections, this is only the case, when the origin 
of the coordinates is one of the foci. 

Since b = 2 gh^ we shall have 

/3 = 2ky — 2 gli , 

hence it follows, that the sign of /3, and consequently, the 
nature of the conic section described by the moveable, de- 
pends only on the initial distance and velocity of projection, 
and not at all on the direction of this velocity , so that if se- 
veral matenal points commence to move from the same pomt 
c with equal velocities, all of them will describe conic sec- 
tions of the same nature, whatever may be then initial di- 
rections If toi example A = g, the curve described will be 
an ellipse, a parabola, oi hyperbola, according as the height 
due to the initial velocity is less than cd, equal to this dis- 
tance, or greater than it. 

238 In the case of the ellipse, equation (a) shews that the 
gieatest and least values of ? correspond to 6 = u) + tt and 
0 zz 0 ) , if we denote them by a (1 + e ) and a (1 — e) res- 
pectively, then a is the semi-axis major, and e the excentn- 
city, and we shall have 

( ky a(l + e)zz c\ 

(ky 2 + /ry-c 2 £) a( 1 - e) c 2 , 

oi, what is the same thing, 

(3 a (1 + e) = ky 2 + c% 

(3a (1 — e) n ky 2 s/ Ay — c 2 /3. 

If we add these equations together, and if we also multiply 
their corresponding members, we shall obtain 

f3a-k y 2 9 j3a 2 (1 — e 2 ) = c 2 , 
and, by substituting for (3 and c their values, 

f3 =: 2 (ky — gh), c = y/ 2 gh sin ct, 

we obtain 
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2 {ky - gh) a =z fey 2 , 1 

yk \/ 1 — e 2 = 2 V gh (ky — gh ) sm a , J 

by means of which, the semi-axis major, and the excentncity, 
may be obtained. The angle w is determined by making, at 
the same time, 0=0 and r = y m equation (a) Thus, when 
the position, initial velocity and direction of the moveable are 
given, the dimensions of the ellipse, and the position of its 
gicatei axis, will be completely determined With respect to 
its motion on this cuive, that is known by formulae (a) (b) (c) 
ol No 220 It appears fiom formula (4) of No 234, that 
the square of the velocity at any instant is expressed by the 
equation 

2 fry 3 

vPzz 2gh — 2fry + — 
oi, what comes to the same thing, 




on account of tine value which we have found for a, and by 
making fry 2 = ju, so that here, as m the formula of No. 225, 
m e\pi esses the intensity of the cential foice at the unit of 
distance 

239. As the motions of comets are observed to approximate, 
diu mg the time of their apparition, to that of a body moving in 
a paiabola, it will not be nrelevant to discuss heie this parti- 
cular species of motion Since we have m this case (3 = 0, 
oi ky = fjk, equations (b) give a = so and e = 1 , which is m 
fact the case m the paiabola Formula (c) becomes 


2 

ir= — • 


and ^ u denotes the velocity in a circle, of which the radius is 
equal to /, wo shall have in viitue of the same foimula, 


n 

u 2 = - , 

r 
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consequently, at equal distances from the sun, the velocity of 
a comet is to that of a planet, which descnbes a circle, as 
l/2 to 1. 

In general, if the two membeis of the last of equations (b) 
be raised to the square, and if they then be respectively multi- 
plied by those of the first, we shall obtain 

ky a (1 — e) (1 + e) = %ghy sm 2 a, 

hence, if p denotes the least distance of the comet from the 
sun, so that(A/) 

p-a( 1 — e), 

and if we make ky = gh and e = 1, we shall have 
p zzy sm 2 a; 

fiom this it appears, that the penhelion distance is determined, 
when the initial distance and angle of projection aie known 
If, m equation (a), we make j3 = 0, and ky = gh, it will be- 
come, by substituting foi c 2 its value 2 g Ay 2 . sm 2 a, 

? 2 y sin 2 a — r cos (0 — a>) , 

hence there results 

2 p 


r zz 


1 + cos (0 — w ) ? 


(d) 


for the equation of the trajectoiy. If we make 0 = 0, and 
my, we obtam(Z') 

y (1 + cos a>) =z 2p, cos \ = sin a , 

by means of which, we can deteimme the angle w that the 
radius vector diawn to the perihelion, makes with the radius 
drawn to the point from which a body is projected. 

If we substitute for the values of c and r in the fiist equa- 
tion (2) of No. 234, and if, in order to abridge, we make 

y y / gh s in a 

p 1 

there results 


= v. 
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Add 




and because 

it we make 
we shall have 


[1 -1-cos (0 — o>)] 2 

1 + cos (0 — w) = 2 cosH (0 — u>), 

0 — w = 2 \p, dO — 2 dip, 


dip ndt 
cos^~ \/2 9 

hence by integrating and denoting the constant aibitiaiy by i 9 
we obtain(m') 

37lt 

(3 + tang 2 t/ 0 tang xfj + c = -^=- 

In older to deteimine this constant, it is to be obscived 
that we have, at the same time, 

t zz 0, 0 ~ 0, \p : — — J oj j 

and because cos^oj = sin a, theie results 
c = (3 + cot 2 a) cot a 

Naming tf the mteival which lapses horn the moment the 
body begins to move until it passes thiough the penhelion, 
we shall have at once 

t = 0 = w, ip = 0, 

and, consequently, 

c s/ 2 


*' = ■ 


3# 


This being so, if r denotes the time reckoned fiom the 
instant of this passage, so that t = t' + r, we shall have 

//4 . 3 nt . 

[3 + tang" 5 (0 - «)] tang },{0 - <o) = (e) 

and if this equation, which is of the thud degiee with lespect 
to tang J 2 (0 — w), he resolved, we shall obtain tang ^(0 — w) 
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in a function of r, and, consequently, we shall have the values 
of 9 and 6 at any given instant , the time r is evidently positive 
aftei the body has passed through the perihelion and negative 
pieviously to this passage 
Because 

ghy = ky 2 zzfx, V y sin a zzVp, 
the piececling value ot n is the same as 

V» 

» = — 7 => 

P Vp 

therefoie, it appeals from the equation aV — fi of No 228, 
that Ti expi esses the mean angular velocity oi a planet, of 
which the gieater semi-axis is equal to p , and if i denotes 
that of the eaith, and l its semi-axis major, so that we may 
have 

I Vi 

we shall obtam^V) 

tlVl 

w = — 7=, 

P Vp 

for the value of n 

240 From the pi ecedmg analysis it appeals, that if the 
determination of the motion of a comet be consideied as a mete 
problem of dynamics , and if, m consequence, its initial posi- 
tion, its direction, and velocity, aie supposed to be known, 
we can, from these data, determine p the distance of the sum- 
mit of the parabola from its focus, the instant of the passage 
of the body through this summit, or the value of i and the 
position of the axis which depends on the angle , the velo- 
city of the comet, and its position on its trajectoiy at any 
instant whatever, are known by means of equations (c), (d), (c), 
and as the plane of this curve is that which passes through 
the centie of the sun, and thiough the direction of the initial 
velocity, it follows that the motion is completely determined 
But the astt onomical problem is altogether different When 
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a comet is fiist discoveied, neither the plane of its orbit, its dis- 
tance from the sun, its velocity, nor its direction at the instant 
of its apparition, are furnished by obseivation, so that if its 
position at this instant be taken foi its point of departuie, the 
constant quantities y, h, a , -will not be given as in the pie- 
ceding pioblem The question then consists m deducing 
from obseivations, the five following quantities, namely, the 
inclination of the orbit, and the longitude of its ascending 
node on the plane of the ecliptic, (which two quantities will 
determine the plane of the oibit ,) the longitude ot the peri- 
helion, and its distance fiom the sun, (horn which two, the 
position of the oibit in its plane may be known ,) and lastly, 
the tune corresponding to the passage of the comet through 
its perihelion. When these live unknown quantities aic de- 
termined, equations (c), (d), (e), lepiescnt, as m the preceding 
numbers, the motion of the comet in its plane Now, fi om cach 
observation of the comet, we can deduce its light ascension 
and decimation, theiefoie, three observations furnish six data, 
and, consequently, six equations, which aic moie than suffi- 
cient to determine the five unknown quantities mentioned 
above, and this cucumstancc enables us to lcplace two ol 
these equations by that combination of them which is most 
piopoi to dimmish the influence of the cnois of obseivations. 

Having thus deduced appioxunate values of the five ele- 
ments adveited to above, fiom thiee obseivations made at the 
epoch of then appantion, subsequent obseivations seive to 
conect these fust values, and to veufy formulae (d) and (e). 

We can only m this treatise thus geneially advert to this 
pioblem, which is one of pure astionomy, of which diffeicnt 
solutions have been proposed 



CHAPTER VIL 


DIGRESSION ON UNIVERSAL ATTRACTION 

241. The material joints of all bodies attract each other 
mutually , in thedvect iatio of the masses , and in the i/ivcise 
of the squat e of the distances . 

This gieat law of nature, which was discovered by Newton, 
is a necessary consequence of observation and calculation In 
fact, it is shewn in the exposition of the system of the iro)ld 9 
how, by setting out from experiment, we aie conducted, 
without assuming any hypothesis, by an unmteirupted tiam 
of ngoious reasoning, to the principle of universal <)i mutation . 
The developments of this pnnciple constitute the especial 
object of the celestial mechanics . We shall restrict oui selves, 
m this chapter, to a brief exposition of its pimcipal conse- 
quences. 

242. The force that retains the planets in their mbits is 
the lesultant of the attraction, which all the material points 
of the sun exercise on all those of each planet. Considenng 
the small ness of the dimensions of the sun and the planets re- 
latively to the distances which intervene between them, it is evi- 
dent that these attractions may be regarded, with an appioxi- 
mation sufficiently near to the truth, as equal and parallel toices 
m the entne extent of each planet , 'their lesultant is then equal 
to then sum, and, the distance remaining the same, the mo- 
tive force of each planet is pioportional to the pioduct of its 
mass into that of the sun>, the circumstance of the form of 
t ese bodies being very nearly spherical, renders this con- 
clusion still more exact, when their mutual distance is as- 
sumed to be that of their centres of gravity, (No. 99 ) 
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In ordei to expiess the intensity of this foicc numerically , 
let a ceitam distance, foi example, that ol the sun from the 
earth, be assumed as the lmcai unit, also let a detei minate 
mass and mteival of time be selected as the respective units 
of these two descnptions of quantities, and finally, let tli- 
unit of force he, as m No. 118 , the constant accelerating 
force, which produces, m the unit of time, a velocity equal to 
the unit of length. Let us now suppose two bodies, whose 
masses are lespectively equal to that which has been se- 
lected to lepiesent unity, to he distant fiom each othei by a ^ 
quantity equal to the lineal unit, then if f denotes the at- 
ti active foice of one of these Iwo bodies on the othoi, that is 
to say, the numeiical latio of its intensity to that of the foicc 
which lias been selected to lepiesent unity, m and m being tlie 
masses of the sun and planet, the motive foicc of the planet 
will be foim at the unit of distance, and at any othei distance 

it will be*^^. 

The magnitude of the quantity which we have denoted 
by f, depends on the attractive powei with which matter is 
endowed, when the mass and distance aie equal, this powei 
is the same foi all bodies , nothing lmlicito obseived leads us 
to suppose that it mci eases 01 diminishes with the time , and 
we have eveiy leason to tlunk that it has been and will le- 
main constantly the same 

243 . The motive force of the mass M, due to the attraction 

of m, is also ^presented, by so that the reaction of each 

planet on the sun, is equal and conti ary to the action of this star 

ontheplanct, but the motive foice'^^-, acting on the two masses 
m and 7)i 9 will impie&s on them, m each mstanl, infinitely 
small velocities, which aie lccipiocally proportional fo those 

masses, oi, m otliei wouls, then accelerating foi cos aie -pr and 

tOO: Hence it follows, that if those bodies aie lemittod, with- 

? 2 

3 c 
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out any initial velocities, to then mutual atti action, they tv ill 
move towaids each other, passing ovei, in the bamo time, 
spaces which am m the mveise ratio of thou masses , and they 
will meet at then common centie of giavity, winch wo know 
divides then initial distance m the mveise latxo of then musses 
In general, if a planet is projected in any lined ion wind over 
m space, and if it be requned to cleteiminc its appaiont mo- 
tion about the centie of the sun, consideied as a jnul point, 
we must conceive that m each instant, theie is impiossod on 
this star, an infinitely small velocity, equal and contiaiy to 
that which it receives from the attraction of the planet , bill, 
m 01 dei that the lelative motion of these tw r o bodies be not 
alteied, we should, at the same time, impiess tins velocity on 
the planet, which is the same thing-, as if theie was applied io 
it an accelerating force equal and contiaiy to that ol the sun , 
theiefoie, m the motion which we me consnloiing, the aiio- 
leiatmg foice of the planet m will be constantly duelled 
towaids the sun m, and equal to the sum of the two tones 

an( i' yr> hence if it is represented hy as m No 225, we 
should assume 

fi zzj(u + m) 

Theiefoie, this value ought to be substituted m the dille- 
rent equations of elliptic motion which have been given m the 
preceding numbers, and the equation 



of that number will then give 

4:71,2 

a 3 9 

t being always the time of the planet’s i evolution, and a the 
semi-axis major of its orbit 

It appeals, theiefore, that the latio inasmuch as it de- 
pends on m, the mass of the planet, wilAiot be the same foi 
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two planets when then masses aie unequal IIowcvci, as the 
observations which establish the third law of Keplei piove, that 
this latio, if not exactly, is, at least, veiy neaily constant, it 
follows, that the masses oi the planets aie veiy small xela- 

T“ 

tively to that of the sun, and this is the reason why — the latio 

of the squaic oi the time to the cube of the mean distance 
vanes veiy little, m passing fiom one planet to another In 
fact, the mass ot Jupitci, which is the most considerable of 
them all, is less than the thousandth pait of the mass of the 
sun 

244. It is on this account lliat the mutual attraction of 
the planets pioduccs only pei Lin buttons , which aie citlici veiy 
slow, oi veiy mconsuleiable, m the elliptic motion pioduced 
by the attraction of the sun In fact, the masses of two planets 
being m and the motive foice dnected from the one to 

the othei, is expressed by at the distance p , theicfoie, 

the accelerating foice of m arising from the atti action of m y , 

will be*^~, and as the distance p ncvei becomes veiy small 
P 

lelatively to 7 the distance of m fiom the sun, it follows, that 
if m x be a veiy small fiaction of m , the motion ot in pioduced 
by the solai attiaction, ought to be veiy little modified by the 
at ti action of m x 

The planetaiy pcituibations may, tlicicioic, be dctei- 
mined by the method of the vanation of constant aibitianes, 
whicli lias been alieady explained in No 229 They arc ot 
two difleient species The one consists of pet iodic inequalities; 
which aie, foi the most part, veiy small, and of winch the pe- 
nods compnse multiples of the levolutions of the clistuibing 
and distuibed planet, that in geneial aie mconsuleiable. 
However, when then mean motions aie n early common sui able , 
these periods may become much longei, and the inequalities 
much moie sensible Thus, as the mean motions oi Saturn and 
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Jupitei aie veiy nearly m the proportion ol 2 to b , JLapiaco 
proved, that an inequality results from the mutual attraction 
of these two planets, whose penod is 929 yeais, and ol winch 
th ^maximum is about 48 / m the longitude of Saturn, and veiy 
nearly 20' m that of Jupitei. 

The othei peituibations of the planets aie — 1st, the pro- 
gressive motions of the perihelia and nodes of then oibits, 
m which these points travel se the entire cncumfeicnce, m 
periods of such length, that they may exceed thousands of 
eentunes , 2nclly, the secular variations which aflect the 
excentncities and inclinations of these oibits, and also the 
mean longitudes of the planets, the periods of these aie 
similai to the preceding, and then amplitudes, though con- 
tained within very nanow limits, aie not yet veiy well 
known. 

But while these diffeient elements of elliptic motion simul- 
taneously vaiy m virtue of the planctaiy atti action, it is veiy 
remaikable, that this force pioduces no change in the gicatei 
axes of the oibits and the mean motions of the planets, winch 
will be the same at all epochs, as also the times of revolutions, 
that aie connected with the gieatei axes by equation (1). 
Nevertheless, the secular variations of the mean longitudes 
pioduce conespondmg ones m the intervals between two con- 
secutive returns to the same fixed point , they aie insensible 
m the motion of the planets , but this is not the case in the 
motion of the satellites, and particulaily m that of the moon, 
which, on this account, is acceleiatedfiom centuiy to cenliuy. 
As the acceleiatmg force which anscs from the atii action of a 
planet m u on another planet m , is independent of the mass 
of wz, and proportional to the mass it is easy to conceive 
Low the pertuibations due to this foicc, and which aie ob- 
served in the motion of m about the sun, may enable us (o 
determine the ratio of the mass m x to that of this star. Thus 
for example, by means of the gieat inequality m the mol ion 
of Saturn pioduced by the action of Jupitei, we find that the 
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mass of this last planet is equal to the 
sun. 

In the next number we will point out another means of 
estimating the mass of those planets, which are accompanied 
by one oi seveial satellites. The comets, on account of the 
smallness of their masses, do not produce any appreciable 
effect on the planets , but their motions are deranged by the 
attractions of the planets, and then peitmbations, which have 
a consideiable influence on the epochs of the reappeaiance of 
each comet, that is to say, on the inteival of time comprised 
between two consecutive passages thiough its perihelion, aie 
also detci mined by the method of No 229 

245 Let m' and m denote the masses of a satellite and its 
pnmaiy, and / the distance of then ccntics The motive 
foice of the satellite, dnected towauls the centie of the planet, 

will be expiessed by-p^r- at this distance ? the coefficient/ 

being the same as m the foimer expi essions. The accelerating 
foice of the satelhte in its apparent motion about the planet, 

will be expiessed by -p-, in which 

p'=f(vi + m') 

It a' denotes the semi-axis majoi of the oibit of the satel- 
lite, and t' the time ot its revolution, we shall obtain, by ap- 
plying equation (1) to its motion, 

t /2 _ 4 w 2 

ii 73 + m 7)’ 

and it these two equations be lespectively divided by each 
othei, m ouloi to eliminate the coefficient/ tlieic will lesult, 

t 2 (i ‘ m 4- ni' 

■r' 2 (? “ m + m ‘ 

Now, with the exception of the moon, the masses of the 
satellites «uc vciy small i datively to those ot then lcspective 
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primaries, lor example, the mass of a satellite of Jupitei is not 
the ten thousandth part of that of tins planet , theiefore, m this 
last equation, we may put m m place of m -f- m ‘ , and as a , a\ 
f i, t', aie given by obseivation, this equation will enable us 
to determine the latio m to m. It was in this way Newton 
found that the mass of Jupiter was the y^yth. of that of the 
sun, which difleis veiy little fiom the fiaction TI) Vo > that ^ ias 
been since obtained by another method 

246. II a planet is attended by seveial satellites, then 
mutual atti action, combined with the inequality of the action 
of the sun on each satellite and on the planet, pioduccs m the 
elliptic motions of the satellites, peituibations analogous to 
those we have alieady adveited to m the case of the planets 
The pertuibations which anse fiom the iccipiocal action of 
the satellites, will enable us to determine the latio that then 
masses beai to that of the planet, whose atti action pioduccs 
then elliptic motion But as the moon is the only satellite 
winch levolves about the eaith, we cannot apply this me- 
thod to deteimme its mass , howovei it may bo obtained liom 
otlici consuleiations, one of which is the action of this satel- 
lite on the wateis of the ocean, and which we now pioceed to 
detail. 

Let c (fig 56) be the centre of the eaith, a that of the 
moon, m any point whatever of the tenestiial sphenoid, also let 
ca = a, am rz p, cm ~ i , 
then if we denote the angle acm by X, we shall have 
p 2 = a 2 — 2 a? cos X + 7 2 , 

and if fiom the point m, the perpendiculai mb be let fall on 
the line ac, we shall also have 

mb = i sm X, ab = a — ? cos X* 

At the point m, the value of the acceleiatmg foice aiismg 
from the attraction of the moon, and acting m the direction 
fml 

ma, will he* 7 — j, m l denoting the mass of this satellite and /the 
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same coefficient as in the preceding expressions The com- 
ponents ot this foice m the dnection of the perpendicular ml 
and of md paiallel to ac, will be theiefoie 

fm'i sin X fm ' a fm 'r cos X 
P 1 ' Q i P* 

It m these expressions we substitute foi p its value given 
above, we may neglect the squaie of 1 , the ladius of the earth, 
as it is about the sixtieth pait of a , hence if we make (a) 

fm'i sm X , 2 fm*) cos X , 

-?- = ♦' — 7 — ♦’ 

the two components of the lunai a tti action will he p and 
w 4- f Theiefore, all the points of the caith will be soli- 

ft .. 

cited m a dnection paiallel to ca, by a constant foice equal to 

and besides, by the foices <j> and <j>', of which the lesult- 

ant vanes in magnitude and dnection, liom one point M to 
another, and at the centre c it vanishes Now, it is evident, 

that in vntue of the foice'^— j , the cnlue mass of the eaith is 

mged towards the moon, by a motion which is common to all 
its paits, without the points of the fluid paits undcigomg 
any change m then lclativc position, theiefoie, the flowing 
and ebbing of the sea, pioduced by the action of the moon, 
ansc fiom the foices <p and f applied to diileicnt points of the 
ocean It m be the mass of the sun, and a its distance fiom 
the centie of the eaith, and if, moreovei, fi, p, ¥ , denote what 
X, <j>, <[>', become relatively to this stai, we shall also have 

. fm sm /a ,, 2 /m/ cos fi 

*=— r- 2 * +=—?—’ 

foi the components of the force ansing from the action of the 
sun, which contubute to pioduce the phenomena of the tides. 
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If they be compared with the foices $ and 0', it will appeal, 
that for a point of the ocean, whose ladius vector 7 makes 
the same angle X 01 p with the ladius vectoi of the moon’s 01 
01 sun s oi bit, the actions of these two stais, which produce 
the oscillations of the sea, are to each otliei as their masses, 
divided by the cubes of their respective distances from the 
centre of the earth Now, we may conceive that, when every 
thing else is the same, the magnitudes of these oscillations 
t V' must be to each other, as the conespondmg foices ; if, theie- 
foie, & lcpiesents the latio of the lunai to the solai tide, m 
the same place of the eai th and ioi snnilai positions of these 
two stais, wc shall have(5) 

_ wm 
a 1 

m which equation we assume, that a and a denote the mean 
distances of the moon and sun from the eai th, hence we obtain 

_ a* M ' 

7)i denoting the mass of the eaith 

As the lunai and solar tides may be pci feet! y distinguished 
from each other, by means of the different laws to which they 
aie lespeetively subject, then ratio in each place of the eaith 
may be determined. From a mean of a great numbci of ob- 
servations made in the harbour of Brest, we obtain 

to = 2,3533, 

for the value of this latio The distance a is veiy nearly 400 
times the distance a, and the mass m is also, as we shall see 
immediately, very neaily 355000 times the mass of w By 
substituting these values m the piecedmg fonnula, wc find 
the mass of the moon to be equal to the ^ 7 th ol that of the 
eaith. Besides the oscillations of the fluid pait of the eaith, 
the actions of the sun and moon produce also m the motion of 
the tenestnal spheioid, about its centre of giavity, in conse- 
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quence of its not being perfectly spherical, perturbations, the 
nature of which will be investigated, when the motion of lota- 
tion of solids comes to be treated of. 

247 We may lemaik heie, that if each of the forces 0 and 
<p' be lesolved m the dnection of me, the production of the 
radius vectoi cm, then sum will be <b' cos X — <p smX; so that 
its value is(c) 

(2 cos 2 X — sin 2 X) 

75cr 

This is the diminution of giavity at the point m, produced 
by the action of the moon Now, if m be supposed to exist 
on the suiface of the eaith, we have fm zr g/* veiy ncaily, 
g denoting the giavity at tins point , moi eovei, 2 cos 2 X — sm 2 X 
is a maximum when X — 0, m which case its value is equal to 
2. Consequently, the greatest value of this diminution of gia- 

2 ov ^ i 

vity will be — - 5 „a quantity which is veiy neatly equal to the 

eight thousandth pait of g , on the supposition that the ratio 

— is equal to 60 Tlieiefoie, m older that the influence of 

the action of the moon, on the length of a pendulum that " 
vibiates seconds should be appi enable, the appioximation 
ought to be continued as fai as the second decimal beyond the 
hundiedth thousandth place, at which point we geneially stop 
in expressing the measure of its length This influence will 
pioduce, m the measure of the time, an inequality depending 
on the motion of the moon, which, when a maximuM^ docs not 
amount to half a hundiedth of a second m a day. 

248 If we do not take into account the ccntiifugal force 
that anses fiom the rotation of the eaith, the weight which is 
obseived at its suiface is the lesultant of the attiactions that 
all the points ol the spheioul excicise on each matenal point, 
winch resultant depends solely on the position and mass oi 
this point, and not at all on the natuie of the body to which 
it belongs , and this, in fact, has been fully confirmed by ex* 

3 D 
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periment. The intensity of this foice should dimmish ac- 
cording as we ascend above the suiface of the eaith; this di- 
minution is indicated by observations of the pendulum made 
at diffeient elevations Besides, the teriestnal giavity, dimi- 
nished m the ratio of the square of the ladius of the eaith to 
the square of the radius of the lunai orbit, should be equal to 
the accelerating force, which retains the moon m its oibit. 
But, as the distance of this satellite is very neatly sixty times 
the radius of the earth, it follows, that if the moon fell fiom a 
state of rest, it would move towaids the earth m a minute , 
/ through the same space that any body would in a second lall 
through, m a vacuo, at the suiface of the earth This quan- 
tity is, m fact, the versed sine of the aic which the moon 
describes m a minute in its orbit, or very neaily the squaic of 
this arc divided by the diameter of this cuivc , and as the cir- 
cumference of the orbit is 60 times that of the earth, it fol- 
lows, that the quantity m question is equal to 40 millions of 
60 7T 

metres, multiplied by — 5-, n denoting the numbei of minutes 

contained m the time of a 1 evolution of the moon Therefore, 
it appears from the numerical value of g , which ib detoi mined 
by experiments made with the pendulum, that this pioduct 
must be very neaily equal to 4 m , 90 , it has been found, m fact, 
equal to 4 m ,88, n being assumed equal to 39343(d) ; and the 
difference will he still less, if we take into account the various 
circumstances, the consideration of which wc omitted in older 
to simplify the demonstration. It follows from this, that the 
terrestrial weight is only a particulai case of uni vei sal atti action , 
and, on this account, this general foice has been likewise teimed 
the weighty or universal gravitation 

249 As the earth deviates very little from the sphencal form, 
the attraction which it exeicises on a point of its suiface is very 

TleaT ^y “ 2 “? which is the expression foi that of a spheie, m which 

m denotes its mass, r its radius, and y*the coefficient of universal 
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attraction This approximate value should be altogethci 
exact for points which exist on a certain parallel 3 and, it 
appears fiom the theory of the attraction ol spheroids, which 
differ little from splieies, that this parallel is that of which the 
square of the sine of the latitude is \{e) On this paiallel, the 
measure of the gravity is 9 ??l , 79386 (No. 193), but, m ordei 
that it may be accuiately equal to the tenestnal attraction, it 
should be previously increased by the veitical component of 
the centnfugal force, which component is, undei this parallel, 
equal to the fraction of the gravity (No 178) 

Consequently if we make 

g = (9™, 79386) (l + = 9*, 8 1645, 

we may regard this value of the gravity, thus coirected, as 
equal to the attraction of the earth, and assume 



By multiplying the members of this equation by the cones- 
pondmg members of equation (1) of No 243, applied to the 
motion of the eaith about the sun, we shall obtain 

m _ g\ 2 r 2 
m + m ~~ 47 rV ’ 

which formula enables us to determine the ratio of the mass of 
the earth to that of the sun 

If we conceive a right angled tnangle, of which the base is 
the ladius of the earth, and whose height is its distance fiom 
the sun, then the small angle at the sun opposite to the base 
is the parallax of the sun, which can be detei mined either 
diiectly by astionomical observations, or theoretically by a 
certain inequality produced m the motion of the moon by the 
action of the sun, and which has been teimed the patallacttc 
inequality. The magnitude of the parallax depends on the 
the radius of the earth, and on the distance of the sun from 
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the earth, foi the mean distance and to i the ladius diawn to 
the parallel of which the square of the sine ol the latitude is ^ , 
its value is 8", 60. Consequently, we have 

- = tang. 8^60, a = (23984)/. 
a 

If we assume the compression of the eaith equal to 
we have under this same parallel, 

r = 6364551™, 

for the value of the radius i The time ot its revolution 
about the sun, expressed m seconds, is 

t = (86400) (365,250374) 

By means ol these values, and that of </, m winch it is 
also assumed that the second is the unit of time, we find 

M 

wi — 

354592 

250 The sun is a sphere, of which the ladius is 1 10 times 
that of the earth, therefore, as the latio of the volumes of these 
„ two bodies is known, and also that of then masses, we may 
* ^ rnfei at once that of their mean densities It appeals by this 
method, that the density of the sun is, veiy neaily, the louith 
part of that of the earth. At the suifacc of lias stai, the at- 
traction is expressed by 

Jm 

r 2 ’ 

r representing its radius And since 

R=110 ? , g= f -^, 

this quantity is equal to 

ffM 

(110 ) 2 m 9 

which, by substituting foi — its numeiical value, become* 

WJ. * 
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(29,5 )g. As the duiation of the sun's lotation on its axis is 
25^,5, the centrifugal foice at its equator is only the sixth 
pait of this force at the equatoi of the eaith Theiefore, it 
we neglect the diminution which it pioduces m the weight at 
the suiface of the sun, it is evident that the weight ot a body 
at this suiface is 29 times and a-halt the weight of the same 
body at the suiface ot the earth, and that bodies descend there 
through 135 mcties m the fiist second of then fall 

It equation (1) ot No 243 be applied successively to the 
earth and to any othei planet, the quantities ?n 9 a , t, xolatively 
to the eaith, being supposed to become a l9 T l9 with lespect 
to the planet, we shall obtain tiom it, by eliminating f 9 



+ T i 2 

a' “ m + m 9 T 2 ’ 


If the value of a be known horn an obsci vation ot the solar 
paiallax, and it likewise, m the mass of the eaith, and t the 
duiation of the suleieal year be known, this equation will en- 
able us to deteimme a x the semi-axis majoi of any planet, 
when Wi its mass, and t l the time of its levolution are known 
In the method given m No 245 toi dctei mining this mass, it 4 ^ 
is only supposed that an appioximate value ol the semi-axis 
majoi is known 

251 The attiaction which a consuleiablc mass, such as a 
high mountain, exercises at the cai til’s suiface, causes heavy 
bodies to deviate iiom the vertical dnection, consequently, 
the pioduction of the plumb-line will not m such a case meet 
the heavens m the zenith It will be deflected hom it, m con- 
trary dncctions, at the two opposite sides of the mountain, so 
that it every thing conesponds on one side and the other, 
with lespect to the foim ot the mountain, and the quantity of 
the deviation of the plumb-lmc from the vcitical, the angular 
distance ot the two stais thiough which its pioduction passes, 
will be double of its deviation^) Thisefleet has been obsei ved 
at Peru and m Scotland , but, because the masses of the highest 
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mountains are very small, relatively to the mass of the eaith, 
the deviations m question are also inconsiderable, and amount 
only to a small numbei of seconds We proceed to give an 
example of the calculation of the deviation of the plumb-line, 
caused by the attiaction of a given mass 

Let a (fig 57) be the centie of a homogeneous spheie sus- 
pended at the extremity of an mextcnsible and inflexible 
thiead, of which the other extremity is attached to the fixed 
point c , also let o be the centre of another homogeneous 
spheie which acts on the first. The thread ca will be 
drawn from the vertical cb, without, howevei, deviating 
fiom the vertical plane which passes through this line and co , 
and when it is in equilibrio, the resultant of the weight of 
the first sphere and of the attraction of the second, should 
pass thiough the fixed point c ; now, these two forces will be 
applied to the point a, the one m the vertical dnection ad, and 
the other along the line ao , and their tendency is to make 
the thread ca turn m opposite directions about the point c 
In ordei, therefore, that their resultant should pass through 
the point o, it is necessary that then moments with respect 
to this same point, should be equal (No 46) , consequently, 
if p and q denote respectively the weight of the fiist spheie 
and the entire attraction of the second, and if p and q denote 
the perpendiculars ce and cf, let fall from the point c on the 
productions of da and oa, we shall have 


r p = Q q> 


for the equation of equilibrium, by means of which the un- 
known deviation bca can be determined. If x denotes this 
angle, y the given angle bco, a and c the distances ca and 
co which are also given, and y the unknown distance ao , we 
shall have 

y 2 zz a 2 + c 2 — 2ac cos (y — x) 9 

and, besides, 


«in coa = 


a sin (y — x) 


ac sin (y — a) 

( l— y 


P 


a sin x . 
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Likewise if m denotes the mass of the earth, m x that of 
the attracted sphere, and m f that of the attracting spheie, the 
motive foices p and q will have for values 

_ fmm x __ fm f m x 

f and i denoting, as before, the coefficient of universal attrac- 
tion, and the radius of the eaith , also, if p be the mean density 
of the eaith, p'that of the attracting sphere, and r' its radius, 
we shall have 

. w?pV 3 
m* zz ■ ■ t ■ 

P ' 1 

By means of these diffeient values, the equation vp = o.q 
will be changed mto(<7), 

piy' sm x zz p'r n c sin (7 — x) 9 

m which it is only necessaiy to substitute the value of y given 
above, to deteimme that of x 

It we assume that ca, the length of the plumb-line, is veiy 
small with respect to the distance co, which is generally the 
case, we may neglect a relatively to c in the values of y 9 and 
v T e shall have simply y zz c , hence there results 

sin x __ p'/ n 
sin (7 — t) ~~ pic 1 

The density p ' and the ladius of the attiacting sphere 
remaining the same, the value of x , which is deduced fiom 
this equation, will be so much the greater, according as the 
distance c is less, and the angle 7 appioachcs to a right 
angle , and as c can never be less than the ladius ? it follows, 
that the greatest deviation of the plumb-line, which the at- 
traction of a given spheie can produce, will be obtained by 
assuming c = r' and 7 = 90, from which suppositions we 
deduce 

p'r' 

tang x zz - — 

& pr 
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If, for example, we suppose p'~ p, and that it wcio 1 en- 
quired to know the magnitude of the ladius ) when the devi- 
ation x amounted to one second, wc would have ) i tang l ;/ , 
and, because 2nr the circumfei ence of tlic cailh is 40 millions 
of meties, it follows that rzzS0 m 9 S5G .. Hence it appeals, 
that a homogeneous sphere, of wlncli the ladius is about 31 
metres, and whose density is equal to the moan density of the 
earth, produces only a deviation of one second, at the most, 
in the direction of the plumb-line, anil m oxdei that it may 
produce this, it is necessaiy that it touch the mlenoi o\tio- 
mity of the string, and that its centie should he situated in the 
horizontal plane passing through this extienuty. 

252 This mean density of the eaith, which 1ms been in- 
ferred from the deviation of the plumb-line pioduced !>} the 
attraction of mountains, lias been estimated al loin oi live 
times that ofwatei Cavendish, who detei mined ll 1)} (lie at* 
traction exeicised by two leaden splieies, eight inches m dia- 
meter, which he lendered sensible by means of (hi ha /am v of 
toision , found it equal to five times and a-lialf tins density 
Without enteung herein to all the details of this beautiful 
expenment, the dilfei ent precautions wlncli ltiequnes, and the 
computaf ns that must be made moidei to pi educe an e\ac i le- 
sult, we shall only buefly indicate the pnnupal points of these 
computations The balance of toision is the most exact instill- 
ment wbichwe have foi measuring veiy small foices ( \>ulomb, 
to whom we are indebted foi its invention, has cluelly omploj ed 
it, m measurmg the attractive and lepulsive foiees of olecfnfied 
bodies, and, on this account, it is also known m physics, by 
the name of the electric balance It consists puncipally of a 
veiy fine vertical metallic thread, attached to a fixed point 
and having a horizontalQi) level suspended at its exficimty 
This lever consists of a slendei loci aca / (fig 58) divided info 
two equal parts at the point c, to which the tin end is at f at hod, 
and it is teimmated by two spheres oi a^ small diametoi, w hose 
centres are a and a'. From the point c as centie, and w it h a 
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ladius equal to cv, let a horizontal circle babV be described, 
and let its cncumfeience be divided into a great numbei of 
equal pa\ts When the level turns about the point c, its 
extiemities a and a' will tiace this circumference, and the 
points of division to which they correspond at each instant, 
will make known the aics that they have described As long 
as the suspended thiead which tcimmates at the point c, is not 
twisted, the level quiesces in a certain position Suppose 
that then it exists on the line non', if we cause it to deviate 
fiom this line, and make it assume any other position aca 7 , 
the suspended thiead will be twisted on itself, and this toision 
will tend to bung the level back towaids the line bcb 7 Let 
us suppose that, m oidci to ictain it in the dncction aca 7 , 
there is applied to its two extiemities equal and opposite 
foiccs, dnected m the horizontal plane, and pcipendiculai to 
its length , the common value of these two forces will be the 
measure of the foice of toision with which they constitute an 
equilibrium Now, Coulomb has proved by expenment, that, 
when the thread of suspension remains the same, this lorce of 
toision is pioportional to the angle bca ; theieforc, if wc take 
the light angle to repiesent unity, and h to denote the force of 
toision which conesponds to this angle, 0 the angle bca, this 
force will be equal to h0 9 m the position aca 7 of the level , thus, 
m this position, the torsion of the suspended tlnead is equiva- 
lent to two horizontal forces, equal to hO, applied at the points 
a and a' perpendicularly to aca 7 , and winch tend to bring 
back the lever to the line of lepose bcb 7 

This being piemiscd, let us cause two equal homogeneous 
spheres, consisting of the same matter, and symmetrically 
placed on opposite sides of the line bcb 7 , to appioach the 
level, and let o and o 7 be then centres, situated m the hori- 
zontal plane which contains the level, equally distant horn c, 
and existing on oco 7 , the line diawn tlnougli this point The 
attraction of these two bodies will cause the level to deviate 
from the line bcb 7 , and, because cvoiy thing is sirmlai about 

3 h 
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j ' the centre c, the line aca will turn about this point, which 
^ will remain immoveable. Accoidmgas thclevci deviates hom 
the line of repose the force of toision will in ci case, and theie 
exists a position m which this foice constitutes an equihbuum 
with the attraction of the two splicies , but as the level attains 
this position with an acquired velocity, it passes beyond it, 
and oscillates on one side and anothci in the same maunoi as 
a horizontal pendulum. The duiation of an entiie oscilla- 
tion may be known from observation, and by company the 
length of this pendulum with that of a common pendulum, 
*/V which vibrates m the same time, the latio of the loicc of 
attraction of each sphere to gravity may be mlei 1 od , and, con- 
sequently, the ratio of the mass of this splieio 1o that of the 
earth. It is easy to obtain the equation, by means ot winch 
this ratio can be determined, as we now pioceed 1o show 
253. Since the two spheies whose centies aie m v and v', 
are sohcited by the same foices, and have the same motion 
about the fixed point c, it will be sufficient to consul ei the 
motion of the centie of one of them, the point a foi example , 
if, therefoie, as in the preceding pioblcm, 

ca z: d, co = r, nco zzy; 

and if, as before, m' denotes the mass of the attiachng spheic, 
and/the coefficient of univeisal attiaction, we shall have 

z* = a 2 + c 2 — 2ac cos (7 — 0), 

2 denoting the distance ao, and 0 the angle acb at the end of 
any time t , also the accelerating force ansing hom the attiac- 

fiYb ^ 

tion in the direction ao willbe 4 ^— r • If this foice be icsolved 

z 2 

into two other forces, one in. the dnection of the pioduetion of 
ca, and the othei perpendicular to ca, this last component will 

he equal to ^ sm c ao, that is to say, to sin (7 — 0), by 

substituting for sin cao its value deduced from thetnangic coa. 
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If fiom this component, which acts in the direction of a tan- 
gent to the trajectory, we take the force of toision k$, which is 
dnectly opposed to it, we shall have, as the arc ba described 
by the spheie is equal ad , 


— = — r sm (7 - e ) - ke > 


<& 


foi the equation of the motion (No. 152). 

As the attiaction of the mass m‘ is a very small foicc, the 
angle 0 , by which the lever aca ' deviates fiom the lme of le- 
pose, is veiy small. Denoting the distance bo, 01 the value 
of 3 which conesponds to 0 =z 0, by 5, m which case we have 

5 2 = a 2 + c 2 — %acco$y, 

theie results by developing according to the poweis of 0(i) 

"• [(& 2 +c 2 ) cosy — 2 ac—ac sin 2 y] +&c 

Theiefoic, it in older to abndge, we make 
[(a 2 -f c 2 ) cos y — 2 ac — ac sin 2 7 ] + h 

and if poweis of 0 higher than the first aie neglected, the equa- 
tion of the motion will become 

(PQ ,nj ,n V 


hence, by integrating, we obtain 

0 — p + A cos (tf */i + > 

CL 

» 

k and V being two aibitraiy constants. 

It appeals fiom this value of 0, that the least and gieatesl 
deviations of the level aca', leekoning fiom the line bcb', 
will be 3 — & and f} + h , and, if the lme dcd' he diawn m 
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such a mannei, that the angle bcd may be equal to /3, the 
lever will perform on each side of this line, equal and iso- 
chronous oscillations, whose amplitude will be equal to the 
constant h, the angle (3 is determined by measunng the 
least and greatest deviation of the level, and then, taking 
for this angle, half the sum of these extieme values of 9 The 
line Dcn'that answeis to 0 = (3, i S the position of the lever 
in which it would lemain m equilibiium, if it attained to it, 
without any acquned velocity The duiation of each entire 
oscillation of the lever, on one side and the other of this line, 

™ll be the time in which the angle t\/ 9 -+k’ increases by 
180°; therefore, if we denote it by t, we shall have 



and this duration t will be likewise given by obsei ration 

Now, if <7 denotes the foice of gravity, and l the length of 
the simple pendulum, which makes infinitely small oscilla- 
tions m the tune t, we have (No. 182), 


consequently, 
and hence, because, 


T = *^ l g> 

ga-g'l. 



we shall have, finally, 


_ fin'c sm y 

J ~ ~ ffl 


m' __ (3 aP 

vn clr 2 sm y 

m being the ma&s of the earth and r its ladius. 

As all the quantities contained in this foimula aie known 
in each expenment, it will enable us to deteimme the latio of 
mass in to that of the eaith , and as besides, the volumes 
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oi these two bodies and the density of m ! are known, we can 
deduce from it the mean density of the earth 

254. It is demonstrated in the Celestial Mechanics of 
Laplace, that m oidei to msuie the stability of the equili- 
bnum of the sea, it is necesssary and sufficient that the mean 
density of the eaith should suipass that of water It is in 
consequence of this condition being fulfilled, that the forces 
arising fiom the simultaneous actions of the sun and moon 
pioduce only very small oscillations , if this was not the case, 
and if the earth, for example, while its mean density continued 
to be what it is, was coveied ovei by a sea of mercury, the 
action of the least forces extianeous to the teirestrial spheroid 
would pioduce m this fluid a piogrcs&ive motion, m conse- 
quence ol which it would traverse the entne suilace of the earth. 

It may he also piovcd, fiom various considerations, that 
the density of the concentncal strata of the terrestnal spheioid 
must mciease as we approach the centie, hence it follows, 
that its mean density must suipass that of the supeificial stra- 
tum , a condition which is found m fact to be established , foi 
with the exception of the metals, that constitute a very small 
pait of this stiatum, the density of the other matenals of which 
it is composed, aie all of them much less than five times and 
a-liall the density of watei 

But it should be obseived, that this mciease of density 
does not imply the existence of substances entirely different 
fiom those which are observed at the surface, and of which the 
actual density is excessively great, it may be assumed, that 
all the stiata of the earth arc composed of the same kind of 
mattoi, a little compiessible, or of a variety of different sub- 
stances, as is the case at the suiface, and on this hypothesis, 
winch appeals to be the most natuial, their increase of density 
would anse fiom the condensation, pioduced by the pressuie 
ol those above them, and which continually augments fiom the 
suilace to the centie. 

In the nitcuoi of the eaith, the law of attiaction depends 
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on the unknown law of the densities , beyond the surface, il 
vanes on the production of each ladius, veiy neaily m thi 
inverse ratio of the squaie of the distance from the ccntic 
and it experiences at the same time, fiom one ladius tc 
another, a variation pioportional to the square of the cosiik 
of the angle which each ladius makes with the axis of figuic 
of the terrestrial spheroid(A) It follows fiom a consideiatioi 
of this last vanation, that at equal distances fiom the ccntrt 
of the earth, the force applied to the centic of the moon, ant 
arising fiom the attraction of this spheroid, is not the same n 
all directions of the ladius vectoi , so that this foico may lx 
consideied as composed of two others, the one ansing fion 
the spherical part of the earth, and which may he icgai ded a 
constant, when the distance fiom the centic of the caith ic 
mams the same, the other is due to the piotuhciance, 01 e\tos< 
of matter at the equatorial paits of the caith, and this vane 
with the dnection of the ladius with xespect to the axis ol tlx 
poles Laplace has determined the small inequality m longi 
tude and m latitude, which this second foico pioduces in tin 
motion of the moon , assuming that its magnitude depends oi 
the compiession of the earth, and companng it with that fui 
mshedby observation, the compression of the caith is lounc 
to be equal to which diffeis very little fiom that wind 
results from taking the mean of a great numbei of measure* 
of the pendulum and of degrees of the meridian (7) 

At the surface of the eaith, the variation ol gravity arising 
from that of the attraction and of the centnfugal force, lol 
lows the same law as at any distance whatever fiom tlx 
centre, that is to say, it is, as has been already stated, (No 
178), proportional to the square of the cosine of latitude 
When it is proposed to verify this law by taking the long llr 
of pendulums which vibrate seconds, we should take taro no 
to make the observations near to a mountain , for the honzon 
tal component of the atti action of the mountain will taus< 
the pendulum to deviate fiom the vertical, m its position o 
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equilibrium, at the same time that the vertical component 
of this force diminishes the giavity, and consequently, 
the length of the simple pendulum, that vibiates seconds 
Even when this cause of anomaly is avoided, it is still found, 
that m ceiiam places, the length of the pendulum which 
vibiates seconds deviates fiom the law given by theoiy , this 
must be owing to the density of the eaith in those places, 
being for a considerable depth and extent, gieatei 01 less than 
the geneial density of the superficial stratum , hence arises 
an increase 01 diminution of the total gravity, and, conse- 
quently, ot the length of the simple pendulum, which is pio- 
portional to its intensity The pendulum may, in this point 
of view, be consideied as a geological instrument, that in- 
dicates, by its anomalies, vanations of gieat extent m the na- 
ture of the stiata 

Finally, it should be obseived, that the law of the de- 
ciease of giavity, piopoitional to the squaic of the cosine of 
latitude, as we proceed fiom the pole to the equatoi, supposes 
that we assume foi the suiface of the earth, the production oi 
the level of the seas , and as the elevations of those places on 
land, whcie obseivations have been made, above this level, 
aie different, the obseived lengths should be i educed to those 
which they would have at this level itself m each vertical. 
This i eduction is commonly made by mci easing the giavity 
and the length of the pendulum which vibrates seconds, m the 
latio of the squaie of the distance of the place of obseivation 
fiom the centie of the eaith, to the squaie of this same dis- 
tance diminished by the height of this place above the level 
of the sea, it thus appears that the attraction of the stiatum 
of eaith compusecl between the surface of the continent and 
the production of the sea is neglected. But this collection is 
too gieat by nearly one-half, as is evident fiom the following 
consideiations 

2 55. Let am n (fig 59) be the suiface of a continent, 
dambe the level of the sea and its pioduetion, c the centre 
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of the earth , also let m / be the place of observation, and m the 
point where the ladius cm 7 meets this production, let m'm, the 
height of the point m 7 above the surface of the sea, be iepie~ 
' sented by h , (this can be determined eithei by levelling, or by 
~ v barometrical measuiements ) If m' was very near to the sea, 
the gravity would be a little diminished, and its dnection a 
{ little deranged, because the density of the watei is less than 
that of the eaith, but for the present we shall suppose that 
this is not the case, we shall also assume that the suiface of 
the earth about m 7 is horizontal, or sensibly perpendiculai to 
the radius cm 7 , and that its density is uniform. The question 
then is to compute the attraction exeicised at the point m 7 , by 
the stratum am 7 bm elevated above the level of the sea In 
this computation, it is not necessaiy to take into account eithei 
the cmvature of this stratum, or the vanation of its thick- 
ness, 1 e , m other woids, we may consider the thickness of 
this stratum as constant and equal to h, through the entire 
extent m which its thickness can be sensible Let c denote 
the radius of this extent, and p the density of the stiatum 
This being premised, let k be any point whatevei of the 
attracting stratum, z and y its distances fiom the suiface of 
the earth and from its radius cm 7 , and let two cylindrical 
surfaces be described which may have mm! foi their common 
axis, and whose radu may be y and y -f- dy. The volume 
comprised between these two suifaces will have 2 tt ydy foi its 
base and dz for its height , and if it be decomposed into hori- 
zontal lings, whose thickness is infinitely small, the volume 
of the ring corresponding to the point k, will be 2 tt ydydz, 
and its mass 27 rp'ydydz The attiaction of this ring on a 
material point situated at m*, will be reduced to a force acting 
m the direction mm 7 , which will be equal to the sum of the 
vertical components of the attractions of all its points , and 
since for any point k, we have 

KM 7 = vV + ,Z 2 cos KM 7 M ~ - > ■ — r ■ ; , 

vV + s 2 
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the expression for the accelerating force arising from the at- 
ti action of the entire ling, will be 

'ZTrfp'yzdydz 

/‘always lepiesentmg the coefficient of universal attraction. 
Consequently, m oidei to obtain the attraction of the stratum 
m question, this foimula should be integrated from z = 0 to 
s — K «in<l fxom y zz 0 to y = c, which gives(m) 

*'=27 r/p' (c + A— l/(c 2 + A 2 )), 

A' denoting this foice But m general, the veitical thickness 
of the atti acting stiatum is small, lelatively to its horizontal 
ladius , theiefoie, if A‘ 2 be neglected with respect to c 2 , we shall 
have simply, 

k'zz2irpfh' 

Let A denote the atti action exercised at the point M by 
the pait of the eaith which is terminated by the level of the 
sea, and / the radius cm , this attraction will become at the 
point m' 

hr 2 

( T+W 

Denoting the weight and the veitical component of the 
contntugal loice at the point m by g and y, lespectively, and 
by q f and y' at the point m', we shall have theiefoie 

U-k-y, 0 = (T+jiy+ k “7 

Developing the fiist term of the value of g* according to 
the poweis of A, and then taking g f from g> we obtain, by 
neglecting the squaie of A, and the small difference y'— y, (n) 


Smee the iactoi - is veiy small, we may assume hszy' in 

3 r 
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the first term of this formula , in the value of the small quan- 
tity k', we may likewise suppose 

Wfr _ 


p denoting the mean density of the earth, and then assuming 
4 7 

its volume equal to — — , there -will result 
o 


and, consequently, (o) 


vv 

2pr * 


2 h 
r 



Therefore, it appeals from this, that it is by the factor 
compused between these parentheses, and not by the factor 
2k 

1 + — , as is usually done, that we ought to multiply the 

weight g', which has place on the continent at the height h 
above the level of the sea, m older to i educe it to this level. 
In geneial, we may estimate p' as equal to the half of p, and, 

5h 

consequently, assume 1 + — foi this factor (p) At Paiis, Ji, the 

elevation of the point of the observatory where the barometei is 
placed, is about 63 metres , hence it follows, that the gravity 
and length of the pendulum which vibiates seconds, is less 
there than at the level of the sea m the latio of one to 
1,0000125 
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SECOND PART. 


CHAPTER I. 

OF TIIE EQUILIBRIUM OF A SOLID BODY. 

256. There is no body whatever that is not moie 01 less 
compicssible, and which does not consequently change its 
foim, when it is subjected to the action of the forces which 
constitute an equihbiium. But when the solid body which 
we now pioceed to considei has assumed the suitable form, then 
the points of application of the forces which solicit it, may be 
legardod as a system of an invariable form, and it is to this state, 
that the cooidmatcs of these diffeicnt points, winch occur in the 
equations of equilibrium and aic assumed to be known, refer. 

Let m, m', M ff , &c , be this system of matcual points. In 
the case of g$ich point, tlieio aie seven quantities to be con- 
sideied, namely, its tlneo cooidmatcs, the force which solicits 
it, and the three angles which dcteiminc its dnection Let 
p denote the foicc which is applied to the point m, md its di- 
lection (fig 60), x, y, ss, the three coordinates og, gh, iim of 
the point M lclcued to the icctangulai axes or, oy, o z , a, /3, 
y, the angles, citlici acute or obtuse, which the line md makes 
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■with the parallels to these axes drawn through the point M. 
Relatively to the other points m', m", &c., the analogous 
quantities are represented by the same letters with correspond- 
mg accents. 

This being premised, previously to investigating the con- 
ditions of equilibrium of the given forces p, p 7 , p", &c , we shall 
proceed to transform this system of forces into three otheis, of 
which one will be the resultant of forces parallel to the axis 
02 , another of forces parallel to the axis oy, and acting in the 
plane of the axes of x and y , and the third of forces acting m 
the direction of the axis Ox . 

257. Let each of the forces p, p 7 , p", &c , be decomposed, 
without changing its point of application, into three foiccs 
parallel to the axes of x, y, z , p cos a, p 7 cos a 7 , p" cos a", &c , 
will be the forces parallel to the axis ox , pcosj3, p'cos/3 7 , 
p" cos j3", &c., the forces parallel to the axis o y , r cos y, 
p 7 cos y 7 , p" cos y", &c., the forces parallel to the axis oz , 
the given foices may at once be replaced by these three groups 
of parallel foices. 

We can, without at all altering the system of forces un- 
der consideration, apply to the same point, two equal and 
paiallel forces Therefoie, at the pomt m, let two foices g 
and — y, equal and directly opposed, he applied, paiallel to 
the axis of z Let the foice g which acts in the direction mc, 
be compounded with the foice pcosa acting in the diiection 
ma paiallel to oa?, and let me be the direction of then re- 
sultant, and k the pomt where its production meets the plane 
of the axes of x and y , if its point of application be tians- 
ferred to the pomt k, and if it be then decomposed into two 
forces parallel to the axes of x and 2 , the foices p cos a and 
g will be reproduced , but the force p cos a is now directed 
along the projection of its first dnection on the plane of the 
axes of x and y, and the foice g is applied peipendiculaily to 
this plane, at the point k. of this pi ejection, the coordinates of 
which are easily determined. 
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In fact, h being the projection of M on the plane of the 
axes of x and y, its coordinates will be x and y, and y and 
x kh will be those of the point k, since these two points 
belong to the same parallel to the axis of x . Now, since in 
the lectangle knmii, its diagonal km is the direction of the re- 
sultant of the forces g and p cos a, which act m the direction 
of the sides kn and ich, we have 

kh hm . p cos a g , 
hence we obtain, because hm = #, 

z p cos a 

KH = , 

9 

consequently, the cooidinates of k, the point of application of 
the foicc g m the plane of the axes of x and y, are 

i 2? P cos a 
?/ and x . 

9 

By pcifoimmg the same operations on the forces p cos j3 
and — < 7 , the fust will be transferred on the plane of the axes 
of a, and //, along the piojection of its first direction, and the 
cooidinates of the new point of application of the force — y, 
in this same plane, will be 

, z*> cos <3 , 

y 4 and x. 

9 

If in the same manner, all the forces p'cosa', p^cosa", 
&e , v' cos / 3 ' ? p" cos j 3 /7 , &c., be transferred m the plane of 
the axes of a and ?/ , each of these forces will act along the 
piojection on this plane, of its pumitive dnection, which may be 
eithoi above oi below this same plane, and besides, there will 
be as many couple of forces, g r and — y', g" and — g"> &c , as 
thcie aie points m', m", &c The expressions for the coordi- 
nates of the points of apphcation of these last foi ces, m the plane 
of the axes of a and y, may be mfeired from those which express 
those of the foices g and — g, by accenting the letteis x , y, s, y, 
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258 . Now, i f a similai operation be perfoimed on the 
forces p cos a, p ; cos a 7 , p ,; cos a' 7 ? &c , parallel to the axis ol a , 
and comprised m the plane of the axes ol x and //, they will 
also be transformed into two groups offoiccs, one of which will 
be composed of forces parallel to the axis oy, and the othci 
of forces acting m the direction of the axis ox 

Thus, let two foices parallel to oy , and lepicscnted by h 
and — A, be applied to the point ii (fig 61 ), at which the 
force p cos a acts m the direction iif, and let the foicc A, 
actmg m the direction hb, be compounded with the loicc 
p cos a, then if the pomt of application of then resultant be 
transferred to the point q, where the production of its di- 
lection hk meets the axis 0,275 and if it be decomposed into 
two forces m the rectangular directions Qa? and Q y, the loices 
p cos a and A will be repioduced at this point q , moieovoi we 
shall have 

gq gh p cos a A, 

and, because og “ x and gh zz y, we shall obtain 


for the abscissa of the point q 

Therefore, the force p cos a, the dnection of which was in, 
will be replaced by a force pcosa, acting 111 the dnection of 
the axis oa?, and two forces A and — 7 i, peipendiculai to this 
axis, and applied to the points q and g, the positions of 
which are known The same will be the case foi the other 
forces p'cosa', p^cosa", &c,, paiallel to the axis of a, and 
compiisedm the plane of the axes of x and y, foi these will be in 
like manner replaced by the forces p' cos a', v ,f cos a", &c , 
acting m the direction of the line 027, and by the couples of 
foices h! and — A', A " and — A", &c , paiallel to the axis oy 
259 . It appears, therefore, that by means of these two 
successive operations, the given foices will be tiansfoimed, as 
has been stated, into thiee gioups offoiccs, actmg m the di- 



OF THE EQUILIBRIUM OF A SOLID BOD*. 407 

rection of the axis of in that of a perpendicular to this axis, 
and comprised m the plane of a; and y 9 and m the dnection 
of a perpendicuhu to this plane. 

In this tiansfoimation, any of the forces such as p will be 
replaced by six otheis, namely, — 1st, the thiee forces p cosy, 
-~9’> paiallcl to the axis of the coordinates of whose points 
of application on the plane of the axes of x and y , and refeired 
to the axes ox and oy, will be, for the fust, x and //, foi the 

second, x — ° S a and y , for the third, x and y -f — C0S a > 

9 9 

2ndly The two foices r cos /3 — h and A, paiallel to the 
axis of y, compused m the plane of the axes ol x and y 9 and 
which may be supposed to be applied to the axis of x, the first 
at the distance x from the point o, the second at the distance 
y p cos a 

X l 

3idly The force p cos a acting m the direction of the axis 
of#, the point of application of which may be tiansfened to o. 

260 It is easy now to form the equations of equilibrium 
of the given foices p, r', p", &c , 01 of the three groups of 
forces which have been substituted foi them 

It ought, howevei, in the first place to be lemaikcd, that 
this equilibrium cannot exist, unless it obtains separately for 
each of these tlnee groups of foices In fact, if the foices 
parallel to the axis of z do not destroy each othci's effect, and 
if, notwithstanding, the equilibrium of all the foices was pos- 
sible, we could, without distuibmg this equilibrium,^ a line 
traced in the plane of the axes of % and y , but then the 
foices compused in this plane will be destroyed eithci because 
they will meet this fixed axis, 01 because they will be parallel 
to it It is, thcicfore, permitted to suppress them, and if 
this is done, the cquihbiium will be deranged, conti aiy to 
hypothesis, since theie is nothing to pievent the forces per- 
pendiculai to the plane of the axes of x and y 9 hom causing 
the solid body to 1 evolve about the fixed axis, consequently, 
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the equilibrium will be impossible, unless these last forces 
separately destroy each other’s effects. In the same manner 
it may be shewn that the equilibrium cannot subsist between 
the foices comprised in the plane of the axes of x and y, unless 
the forces parallel to the axis of y mutually destroy each 
other’s effects For if it obtained, and this condition was not 
at the same time satisfied, a point might be fixed m the axis 
of x, which would destroy the effect of all forces acting m the 
direction of this line, nothing would then pievent the forces 
perpendiculai to this line, from making the system to turn 
about this point, so that the equilibrium would be destroyed 
by fixing a point in the system, which is absuid This being 
estabhshed, it is necessary, in the first place, (No. 57), if the 
solid body, which is considered, be entnely fiee, in oidci foi 
the equilibrium of the parallel foices p cosy, r^cosy’, v cosy , 
&c , g and - g, g' and - g, g" and - g", &c , that then sum 
should be cypher, hence we have 

p cos y + p/ cos y' + p" cos y /; + & c , = 0 

It is likewise necessary, that the sums of then moments 
with respect to the plane of the axes of x and s, and to that of 
the axes of y and z, which are parallel to these foices, should 
be also equal to nothing. Now, with respect to the fiist plane, 
we have 

y p cos y + y‘ p' cos y' + y” v 11 cosy'' + &c , 

fox the value of the sum of the moments of the foices, p cos y, 
p'cosy', p^cosy", 8cc., that of the moments of the foices 
<7, g', g\ 8cc , is 

gy + g'y ' + g n y" + &c > 


and the sum of the moments of the foices — — (/"> 

&c , is, in consequence of the expressions of the cooidmates of 
their points of application, 


/ z pcos(3\ ,( , , s /p/ cos /3'\ Q 

g) - g \ y + —?) - &c * 
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therefore* by adding together these thiee sums and concinna- 
ting, we obtain 

P {y cos y — 3 COS f 3 ) + P 7 (y'cos y f — z f cos j3 7 ) + &C., = 0 ; 

and in the same mannei, if the sum of the moments of the 
same foices, with lespect to the plane of the axes of y and z be 
formed, and put equal to cyphei, we shall have 

p (x cos 7 — z cos a) + p' (x f cos y — z r cos a 7 ) + &c , = 0. 

With lespect to the forces pcos/3— A, p'cos/3 7 — A', 
p ;/ cos j3" — h" 9 &c , and A, A', A 77 , &c , paiallel to the axis of 
y, as they aie comprised entirely in the plane of the axes of x 
and y, theie arc only two equations ol equilibiium (No. 57), 
it will suffice, therefore, that then sum should be equal to 
cyphei, which will give 

p cos j3 + p 7 cos j3 7 + r 77 cos /3 77 + &c , zz 0, 

and, that the sum of their moments with lespect to the plane of 
the axes ol y and z 9 should be also equal to cyphei Now, 
with lespect to this plane, the sum of the moments of the first 
foices is 

x (p cos /3 — A) + x‘ (p' cos /3' — A 7 ) + &c , = 0 , 

that of the moments of the foices A, A 7 , A 7/ , &c , is, at the same 
time, 

y ( pycos a\ . T / , PV cosa 7 \ , 

h - ~ L % j +, *\ — —) + 

as is evident hom the values of then distances fiom the axis of 
y , consequently, li the entne sum be put equal to cypher, 
we shall have 

p (x cos j3 — y cos a) + p 7 cos /3 7 — y f cos a 7 ) + &c«, = 0. 

Finally, foi the equilibiium ol the foices acting m the di- 
rection of the axis ot x , it will suffice if their sum be cypher, 
consequently, 

P cos a + P 7 COS a + r 77 cos a u + &c , = 0. 

3 G 
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The preceding are the six equations which are necessary 
and sufficient to secure the equilibrium of a solid body en- 
tuely free, and solicited by any forces whatever. 

261 . If, in order to abridge, we make 

p cos a + p' cos a J + p" cos a" + &c. = x, 
pcos (3 + p' cos j3' + p 7/ cos (3" + &c. = y, 
r cos y + p cos y' 4- P /; cos y" 4- &c. = z, 
p(#cos|3— ycosa)4- P / (aj / cosj3'— y'cosa 7 ) + &c. = L, 
p(z cos a — x cosy) 4- p'O*' cosa'— x f cosy') + &c. == M, 
p (y cosy— zcosj3) 4- p^y'cosy'— z'cos/3') + &c. = n, 
these equations of equilibrium will become 

xzO, YzO, zzOj lzO, MzO, NzO. (1) 

It may be lemarked heie, that these quantities, l, m, n, as 
also z, y, x, may be deduced the one from the other by the 
luleofNo 22 

These six equations contain the conditions of equilibrium 
which belong to all systems of mateiial points, that are en- 
tirely fiee, foi whatevei be the natuie of such a system, oi 
the mutual connexion of the material points which compose 
it, it is evident that, if their coordinates and the foiccs which 
solicit them remain the same, the equilibrium will not be dis- 
turbed by making their distances invariable Consequently, 
the equations of equilibrium of a system of an mvanable foim, 
which obtain between these quantities, must also subsist foi 
eveiy other system, but then they are no longei sufficient, 
and it is necessaiy to combine with them other conditions that 
are peculiai to each system m paiticulai, which, as we shall 
see m the sequel, will enable us to determine the relative po- 
sitions of its different points in the state of equihbuum 

262 When all the given forces aie paiallel to each othei, 
the angles which they make with each of the axes ox , oy, oz, 
are either equal or supplementary, according as these forces 
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act in the same oi m opposite directions , they may, however, 
all be supposed equal, if, at the same time, those forces which 
actm one direction aie consideied as positive, and those which 
act m the contiaiy direction, negative, (No. 11), theiefoie 
m this case we shall have 

a — a — a", &c , ft = ft' = ft ", &C , y = y' - j", &c , 
m consequence of which the three fiist equations (1) aie ic- 
duced to one, namely, 

p ^ p' 4- p" -j- &c. = 0, 

and the tlnee otlieis will become 

( vx + pV+p'V' + Stc ) cos/3=:(P2/+ I>/ 2/ / 4- p// // /y + & c ) COba > 
(p z + p 'z'+ p // 5 // +&c ) cosa = (ra4- v'x , +v"x"+&lc ) cosy, 
(p?j+ py+p / y / +&c ) cosy zr (yz+v'z'+ pV+ & c ) cos/3 

But as m the case of the equilibnum of parallel foicos, the 
numbei oi equations is only tlnee, these thiee last equations 
must be lcducible to two , and in lact, it they be added toge-l 
thci, aitei having been multiplied by cosy, cos/3, cosa, ie- 
spectivcly, tlicie results an identical equation, so that one oi 
these may be deduced fiom the two others 

When all the given foices exist m the same plane, tins 
plane may betaken foi that of the axes oi x and y , in tins case 
the angles y, y^ y \ &c , aie light, and the coordinates 9 ~ , 
&c , aie equal to cyphei, which will cause the tlind and also 
the two last equations (1) to disappear In this paiticulai 
case, as in that oi paiallel foices, tlicie aie only tlnee equa- 
tions of equilibnum, which aie 

X = 0, Y = 0, LzO, 

263. When the given ioiccs do not constitute an equili- 
brium, it may be lequired to know what condition they should 
satisfy, m oidei that they may have an unique icsultant, and 
what is the value oi this icsultant In oidei to determine this 
question, let r denote this foice, and a 9 ft, t the angles which 
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its direction makes with lines parallel to the axes ox 9 o y 9 oz 9 
drawn through one of its points, which may be taken as its 
point of application, and whose cooidinates paiallel to these 
same axes aie repiesented by x l9 y X9 z x If this foice be 
taken m an opposite direction from that in which it acts, it 
will constitute an equilibiium with the given forces. Theie- 
foie equations (1) will obtain, if to p, p', p", &c , thcie be 
joined a force equal and contrary to r , consequently, we shall 
have 

XZR COS €t 9 YZR cos5, ZZR cos c , (2) 


and, besides, 

l = r (x x cos b — y x cos a), 
m =: r^ cos a — x x cos c), 

N 5= R (y x cosc — z x cos 5), 
that is to say, m virtue of the three first equations, 


xy x — yx x + l = 0, 

ZX X — XZ x + M z= 0, 


( 3 ) 


yz x — zy x + n zz 0 


J 


As the coordinates x Xi y X9 z x may belong to any point what- 
ever of the right line along which the lesultant is dnected, 
these three last equations will be those of its piojections on 
the three planes of the coordinates. Therefore, m oidei that 
this line may exist, these equations must be reducible to two , 
now, if aftei having multiplied them by z, y, x respectively, 
they be added together, the three variables x X9 y X9 z x will 
disappear, and there results 

ZL + YM + XN = 0 , (4) 

consequently, m order that the given forces may have an 
unique resultant, it is necessary, and it suffices, that equation 
(4) be satisfied , when this is the case, this force will be de- 
termined both m magnitude and direction, by equations (2) 

If the three sums of the components parallel to the axes of 
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y , £ are respectively cypher, equation (4) will he satisfied, 
hut then the resultant will he an infinitely small foice, si- 
tuated at an infinite distance from the point of application 
of the given foices, or moie conectly, these forces are reducible 
to two, equal and paiallel, acting in opposite directions, hut 
not dnectly opposed, and therefore not reducible to an unique 
force, (No 44) 

When the three sums l, m, n are respectively cypher, 
equation (4) will also be satisfied , and, fiom equations (3) it 
appears, that the resultant will then pass thiough the ongm of 
the cooidinates 

264 When the condition expressed by equation (4) is not 
fulfilled, it may be satisfied by joining a suitable force to the 
given forces Toi gieatei simplicity, let it be supposed that 
it passes thiough o, the origin of the coordinates, if it be de- 
noted by Q, and if X, ju, v represent the angles which it makes 
with the axes o^, o y, oz , the quantities l, m, n will not be 
changed by the addition of this force, and the sums x, y, z 
will be increased by the teims qcosX, q cos fi, qcosv. 
Equation (4) will theiefore become 

Q (l COS v +MCOSJJL + NC0SX) + LZ + MY ■+• NX = 0 , 

so that it may be satisfied in an infinite variety of diffeient t 
ways, by means of the force q and of the angles X, \ u, v, which 
deteimme its direction. 

The intensity and position of r, the resultant of the forces 
q, p, p', r", &c , will be dctei mined by means of equations (2) 
and (3), m which x 4- qcosX, y + Q cosju, z + q cos v should 
bo substituted foi x, Y, z Consequently, the given forces 

p', p", &c , may be replaced by this resultant R and by a 
force equal and dnectly opposite to the force q (a) , hence we 
may infer that when the given forces are neither m equilibno, 
nor reducible to an unique force, they may always he reduced, 
in an infinite variety of different ways, to two forces only, which 
however will not exist m the same plane, for otherwise, if they 
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did, they would be reducible to one sole force contraiy to the 
hypothesis. This is, moreover, rendered immediately appa- 
rent by the transfoimation effected m No 257 , foi the given 
forces p, p', p", &c , may be replaced by the resultant of the 
foices parallel to the axis of z 9 and by that of the foices com- 
prised in the plane of the axes of x and y and we may then, 
without any difficulty, transform these two resultants into two 
other forces m an infinite variety of ways If the condition 
which should be satisfied m order that their directions should 
meet, be investigated, we will light on equation (4) relative 
to the existence of an unique resultant 

265 From what has been now established it will be easy 
to determine the conditions of equilibrium of two solid bodies 
a and a 7 (fig. 62), which being solicited by given forces, touch 
at a point k, and press against each other 

Foi this puipose, let the six quantities x, y, z, l, m, n 
of No 261, lefer to the body a, x 7 , y 7 , z 7 , l', m 7 , n 7 , bemg 
what these quantities become with respect to the body a', and 
let x u y X9 z 1 be the coordinates of the point k, referred to the 
same axes as those which occui m these different quantities ; 
through the point k let the line hkh' be drawn perpendiculai 
to the plane which touches the two bodies, and let a 9 b 9 c 
denote the angles, which kh, the part of this line comprised m a, 
makes with lines di awn through k parallel to the axes of x 9 y 9 z ; 
all these quantities are given, and it is only necessary to form 
the equations of equilibrium which they ought to satisfy. 

Now, the body a will exercise on a', m the direction of 
kh 7 , an unknown pressure, which we shall denote by r, 
it will experience from it, at the same time, a resistance equal 
and conti ary to this normal force If, therefoie, to the given 
forces which act on a, theie be joined a force r acting in the 
direction kh, we may then abstract altogether fiom the consi- 
deration of a 7 , and, m the same manner, if to the forces ap- 
plied to a' there be joined a foice r acting m the direction 
kh 7 , a 7 may be considered by itself as detached fiom a It 
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follows from this, and fiom equations (1), that the twelve fol- 
lowing equations will be required m order to the equilibrium 
of these two bodies 

x -J- it cos a z: 0, y + R cos 6=0, z + R cos c zr 0, 
x' — r cos a zz 0, y' — r cos 6 zr 0, z' — r cos c == 0, 
l + R (#i cos &—2/i cos a) = 0, 

M -f- R (~i COS Cl — Xi cos c) =0, 

N + R ( 2/1 COS c-^ cos 6) = 0, 

l' — r (xi cosi— 2/1 cos a) = 0 , 
m' — R (-1 cosa— a?! cosc) rz 0, 
n' — R ( 2/1 cosc — z y cosi) = 0, 

which will be 1 educed to eleven by the elimination of R After 
that these eleven equations of equilibrium shall have been 
venfied, one of the pieccdmg will make known the value of 

r, which must be a positive quantity, in older that the two 

bodies may pi ess the one against the othei 

From these twelve equations there results immediately 

x + x / = 0 , y + y' == 0, z + z' = 0 , 

L + L' = 0, M + M 7 = 0, N + N ; = 0 , 

which may be also deduced fiom the conditions of equilibnum 
which belong to all systems cntnely free, like that of the two 
bodies a and a' (No 2G1) 

In the same manner, the equations of equilibrium of any 
numbei ot bodies, which picss against each oilier, may be 
found, and it is easy to perceive that the numbei of these 
equations will be equal to six times that of the bodies minus 
the numbei of then points of contact (6) 

266 The equations of equilibnum of a solid body subject 
to given conditions must be comprised among those of a body 
entnely free , foi the equilibnum of this last will not be dis- 
turbed if it is subjected to these paiticulai conditions, pio- 
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vided that no new equation of equilibrium be introduced by 
these conditions But, on the conti aiy, one 01 moie of equa- 
tions (1) will become superfluous , and it will be of use to de- 
termine, m the different cases that may occur, which of these 
equations will be necessary It is this which it is proposed to 
do, m the following cases that are discussed in this number, it 
being always supposed that the given foices p, p', v r, 9 &c , aie 
replaced by the three groups of forces of No 259 

1* If the solid body which is m equilibno, contains a fixed 
"point, we may take this point for the oiigin of the cooidmates. 
The forces acting in the direction of the axis ox will be de- 
stroyed by this point , this will cause the equation x z 0 to 
disappear In order that the foices parallel to the axis oy f 
and comprised m the plane of the axes of x and y should be 
m equilibno, it is not necessaiy that we should have y z 0, 
it will suffice if then lesultant coincides with the axis o y 9 or 
that l, the sum of then moments with respect to the plane of 
the axes of y and z , should be equal to cypher (c) Finally, 
foi the equilibnum of the foices parallel to the axis of z 9 the 
equation z z: 0, will not be necessary, it will suffice, if their 
resultant coincides with the axis 00 , this will lequire that the 
sums of their moments with respect to the planes of the axes 
of y and z , and of x and z 9 which are represented by — m and n, 
may be equal to cyphei Thus, m this first case, the three 
equations of equilibnum which will be necessary, are 

l = 0, MzO, n z: 0. 

In fact, they indicate that the given foices have an unique 
resultant, and that this resultant passes thiough the fixed 
point o 

This foice will express m magnitude and direction the 
pressure exeited against this point, and it will be detei mined 
by equations (2) 

2. Let the solid body be retained by a fixed axis, about 
which it is consti ained to turn, without being able to slide m 
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the direction of its length. Let this axis be assumed to be 
that of z , the foices paiallel to this line oz cannot pi oduce 
any motion, and the three equations z = 0, m =: 0, n = 0 3 
lelative to their equilibiium, will be no longei necessary. 
Neither will equations x = 0 and y = 0 be requned foi the 
equilibrium of the forces compnsed in the plane of the axes of 
x and y, so that m this case, theie will be only one sole equa- 
tion of equilibiium, which will be l = 0, that is to say, 

p {x cos/3— y cosa) + p'(#'cos/ 3'— y'cosaO -}- &c =: 0 (5) 

But if the body is free to slide along the fixed axis, it is, 
moieovei, necessaiy, m older to lundei this motion, that z, 
the sum of the foices paiallel to oz , should be equal to cyphci , 
and m this case theie will be two equations of equilibrium, 

z 0, lzO 

The piessuie which the fixed axis will experience peipen- 
dicularly to its dnection, will be the resultant of foices com- 
prised m the plane of the axes of x and //, deteimmed both in 
magnitude and dnection, by the two fiist equations (2), and 
passing thiough the point o in virtue of equation (5) The 
foices paiallel to this axis will at the same time tend to make 
it l evolve on itself. 

It appeals fiom a companson of the quantities M and n 
with l, that the equation of equilibrium about the axis o y will 
be m = 0, and that it will be n = 0 about the axis ox. It 
likewise results fiom what has been established, that the condi- 
tion of equilibrium about a fixed point consists in this, that 
the equilibiium obtains successively about three fixed icct- 
angulai axes, drawn aibitranly thiough this point Consc-i 
quently, if the equilibiium subsists about thiec rectangulai 
axes which intersect in the same point, it will also obtain about 
every other line passing through this point. 

3. If in a solid body, thiec oi a gieater numbei of points 
which do not lie in the same right line, aie constrained to 

3 ii 
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exist on a fixed plane, of which the position is given, and it 
this plane be assumed to be that of the axes of x and y s as 
the forces paiallel to the axis of ss cannot produce any motion, 
the equations relative to their equilibrium will not have place, 
but the thiee equations 

x = 0, y = 0, L = 0, 

which obtain m the case of foices comprised m the plane of 
the axes of x and y , will be necessaiy, to prevent the body 
from sliding or turning parallel to this fixed plane. 

The force z will express the entire pressure which the 
fixed plane experiences If the body is merely placed on this 
plane, so that it may act, for example, as a polyhedron, one 
of whose faces is in contact with the plane of the axes of x 
and y> the sign of z must be such, that this force may press 
against this plane It is, moreover, necessary that this resul- 
tant of the foices paiallel to the axis of z 9 should meet the 
plane of the axes of x and y , within the area of the base of the 
body, otherwise it will detach it from this plane, by causing it 
to turn about one of the sides of this base Now, if x x and y x 
denote the coordinates of the point, where this resultant meets 
the plane of the axes of x and y, its moments with respect to 
the planes of the axes of x and z 9 and of y and z 9 will be zy x 
and zx x , they should be equal to the sums of the moments of 
the components with respect to the same planes , and from the 
values of these two sums which have been already found, 
(No 260), we shall have 


zx L = — m, zy x = N, 

It is necessaiy, therefore, m each pay titular case , to shew 
that the values of x x and y x , deduced from these equations, 
belong to a point within the base of the body, this condition 
of equilibrium cannot be expressed by equations, nomoiethan 
that which is relative to the sign of z 

4 If the number of points of a body which is constrained 
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to iest on the fixed plane of the axes of x and y be only two, 
or if they are all situated on the same line, we may assume 
this line for the axis of y , the resultant z must then meet 
the plane of the axes of x and m a point situated on this 
axis, and, independently of the thiee equations of the pre- 
ceding case, we shall have a fourth equation of equilibrium, 
namely, m zz 0 

5 Finally, when the solid body touches the fixed plane of 
the axes of x and y m only one point, at which, if o the origin 
of the cooidinates be placed, it is easy to peiceive that theie 
will be five equations of equilibnum, namely, 

xzz 0, Y =Z 0, L = 0, M = 0, N = 0 

The foice z will always expicss the piessure excited on 
the fixed plane at the point o, and it must consequently be 
affected with a suitable sign 

This lcsult coincides with that of the pieccdmg number, 
toi if the body a' be supposed to be fixed and tcimmatcd by a 
plane which may be taken foi that of the axes of x and and 
if the point k (fig 62) be taken foi the ongm of the cooidi- 
nates, we should make in the equations of this numbei, 
= 6? Vi = 0, Zy — 0, a =z 90°, b = 90° , by means of 
which we can reduce to the five preceding equations, a like 
numbei of the six equations which icfei to the equilibnum of 
the body a. The sixth of these equations will, at the same 
time, become 

r + z = 0, 

by supposing that c is equal to cypliei, oi which is the same 
thing, that the pait mi of the noimal coincides with the posi- 
tive axis of z 9 consequently, thcpicssuie excited on a', which 
is equal and contiaiy to the resistance r, will be the foice z, 
m magnitude and dnection, 

Fiom a consideration of the preceding enumeration of the 
diflercnt cases of equilibnum, it is evident that the numbei of 
equations relative to a solid body constiaincd by fixed ob- 
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stacles, may be any number less than six, which is the num- 
ber m the case of a body entnely fiee. 

267. As equation (5) relative to the equilibrium about the 
axis of # supposed fixed, contains neither the components of 
the given forces p, p 7 , p 7 ', &c , parallel to this axis, noi the 
coordinates of m, m 7 , m 77 , &c , then points of application pa- 
rallel to the same axis, the equilibrium will not be deianged, if 
these forces and their points of application are replaced by then 
piojections on the plane of the axes of x and y , this may be 
easily demonstrated a priori. 

Let q, q 7 , q", &c., represent the forces p, p 7 , p 77 , &c. pio- 
jected on the plane of the axes of x and y, that is to say, ic- 
solved parallel to this plane, and transferred to the piojections 
of the points m, m 7 , m 77 , &c on this same plane Let < 7 , q\ q l \ 
&c denote the perpendiculars let fall from the oiigm of the 
coordinates, which is supposed to be fixed, on the ducctions 
of the forces q, q 7 3 q", &c , and, for greater clearness, let the 
effect of the forces q, q 7 , q 77 , &c be to cause the body to turn 
m the same direction, and the eflect of q 777 , q 7 ^ &c. be to 
make the body turn in the opposite direction Foi the equili- 
brium of all these forces, it is necessary, by No. 47, that wc 
should have 

W + QV + aY - Q ir q lv — &c = 0 , ( 6 ) 

q> q ; > q l, i q in > q IV > &c. being considered as positive quantities, 
as also q, q', q /7 , q 777 , &c , consequently, this equation must 
coincide with equation (5), which it is easy to veufy in the 
following mannei 

Let h (fig 63) be the piojection of the point m, o<. and 
hg its cooidmates x and y, ha the dncction of the foice q, 
X and p the angles which this line makes with paiallels to the 
axes ox and oy, drawn through the point h. Though the 
point o, let two othei axes ox\ and o y x be drawn, the fust m 
the dnection iia, and the second peipendiculai to this hue, 
and such that the angle yoy,, may be acute or obtuse a I the 
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same time as xox x , now if x x and y x denote the coordinates 
of and fh of the point h, referred to these new axes, we shall 
have 

x l = V COS fl + X COSX, 2/1=2/ COSX — X COS fi. 

But, as the peipendiculai ok 01 <7, let fall fiom the point o 
on ha, must he a positive quantity, we shall have 

Q = ± Vi = ± (2/cosX — ojcos/u), 

accoidmg as the oidmate y x is positive or negative, or what 
comes to the same thing, from the dnection which has been 
assigned to the axes oy x , according as the force q tends to 
make the body turn m one dnection or the contiary, about the 
point o Moieover, we have 

q = r sin y, 

and, besides, (No 8) 

cosa= smy cosX, cos j3 zz smycosju, 

hence theie will result (<7) 

q <2 zip (?/cosa — x cos J3) 

As, by hypothesis, the forces q! and q" tend to make the 
body tuin m the same dnection as q, we shall have also 

Q V = ± p' ( 1 y ' cos a / — x' cosj3'), 
ol r q rl zz ± l yU (y" cos a 11 — x" cos j3 /; ) ■> 

and as the otliei forces q'", q 1 ^, &c. tend to make the body 
turn m the opposite dnection, we shall have 

q "V" = T r'" (//'" cosa'" - x m cos 
q " y" = qz q" {y IV cosa^ - cos/3")> 

&c 

Theieforc, in all these values, the superior signs or the in- 
tend must be taken at the same time, and by substituting 
them m equation (G), it will become equation (5) , which was 
lequncd to be venhed. 
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268, The body in equilibrio being always acted on by 
gravity, the weight of a body acting in the direction of a 
vertical passing through its centie of gravity, must be sup- 
posed to be included among the given forces p, p', p", &c. 
For example, if we suppose that the heavy body rests on an 
inclined plane, and is sustained by one sole force, (fig 64 re- 
presents a section of this body passing through the centre of 
gravity g, and perpendiculai to the inclined plane,) the 
length of this plane is ab, its base bc, and its height ac. Let 
o, the origin of the cooidinates, be in the vertical gh passing 
through the centie of gravity, and let the axes o z and ox be, 
the one peipendicular, and the other parallel to ab , the third 
axis oy , which is not lepresented m the figure, will be perpen- 
dicular to the plane of the figure. The force p will be the 
weight of the body, the veitical gh its dnection, and ho# the 
angle a Moieovei, we shall have x = 0, y rz 0 , (3 = 90 ° 
Hence, if p' repiesents the given foice which sustains the 
heavy body, the equations of equilibrium of the third case of 
No 266 will be i educed to 

p cos a + p' cos a' = 0 , p' cos (3' zz 0 , 
p'^'cos j3'~ 2 /' cos a 7 ) = 0 

Fiom the two last, we obtain (3 ' = 90 °, y' zz 0 , which shews 
that the force p' must exist m the plane of the axes of x and 
s ; and, m fact, this is evidently necessary, in ordei that this 
force and the weight of the body may have an unique result- 
ant, peipendicular to the inclined plane Let o be the point 
wlxeie the direction of p ' meets the vertical gii, and let od re- 
piesent this dnection The angle a' or pox must be obtuse, 
in ordei to satisfy the fust of the thiee preceding equations , 
let S denote the acute angle vox', which the foice p' makes 
with the production of o#, so that we may have 

cos a f zz — cos 8 . 

The angle a oi uox is the complement of abc, the inclina- 
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tion of the plane , therefoie denoting the height ac by h, and 
the length ab by l, we shall have 

h 

COS aZjj 

lienee theic will result tlie equation of equilibrium, (c) 
vh 

— = p'cosS, 

by means of which one of the two quantities p 7 and 8 will be 
detei mined, when the other is given 

Foi example, when the foice p 7 is parallel to the inclined 
plane, we shall have 8 = 0, and consequently, 

p' p h * Z, 

oi, what comes to the same thing, 
p 7 = p si ni, 

? denoting the inclination of the plane If q denotes the pies- 
suie that the plane cxpeiiences, and which m this case will be 
the weight p icsolved in the direction of the perpendiculai o z, 
we shall have, at the same time, 

q =z p cos i 

2f)9. In the pieceding discussion no account has been 
taken of the friction, which combines its effect with that of the 
foice p' paiallel to the inclined plane, in preventing the body 
fiom sliding along it If this force p 7 vanishes, the fiiction 
alone may id am the body, as long as the inclination t does 
not attain a ceitain limit It this limit be X, l e what i be- 
comes when thecquilibnum commences to give way, and if at 
this instant the fiiction is the haction/of the pressuie q, the 
foice /q, must be m eqmlibno with p smX, the component of 
the weight of the body icsolved parallel to the inclined plane 
Consequently, we shall have at the same time 

q = pcosX, /q = psiiiX 3 
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hence we obtain 

/ = tang X , 

which will enable us to determine the value ofj^ by ob- 
serving X the angle at which the body commences to move, 
this has been termed the angle of friction 

It is proved by expenment, that, every thing else being 
the same, at the instant the equilibrium gives way, the friction 
is proportional to the pressure, so that the coefficient/and 
the angle X are independent of the pressure q(/) ? and conse- 
quently of the weight p. This coefficient depends on the na- 
ture of the body and the smoothness of the surfaces , it has 
been also obseived, that it does not attam its maximum value 
until the body and the plane have been some time m contact, 
(which time varies with the nature of the body), and that it 
is only when this maximum is attained, that the friction is 
proportional to the pressure Assuming this experimental 
law to be correct, it follows, that if several bodies of the same 
nature, and whose surfaces have the same degree of smooth- 
ness, are placed on a horizontal plane, and if after the lapse 
of a ccitam time this plane is giadually inclined, all these 
bodies will commence to slide at the same inclination X, what- 
ever be their weights, and the extent of their surfaces m con- 
tact with the plane. 

270 When a body is placed on a horizontal plane the 
force with which, m consequence of its weight p, the plane is 
piessed, is distributed among the points of support of this 
plane , but when their number is more than three, this distri- 
bution seems at first view to be indeterminate The diffi- 
culty which appeals to occur in this case we now proceed to 
examine. 

For greater clearness, let this horizontal plane be supposed 
to be the surface of a table, the feet of which are vertical. 
Let two rectangular axes ox and o y (fig. 65) be drawn m 
this plane, let c be the projection of the centre of giavity of 
the body on this plane, and a, a', a", &c. the points of this 
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plane wheie the legs of the table meet it, and let x x and y 15 
x and y, x f and y', x f/ and y w , &c denote the cooidinates of 
the points c, a, a', a", &c. referred to the axes ox and oy In 
order that the table may not be overturned, the point c must 
lie within the polygon a a' a" a'", &c This condition being 
satisfied, the weight p, applied to the point c, may be le- 
solved into a numbei of parallel forces acting in the direction 
of gravity, and passing through the points of support a, a', a", 
&c , which foices are the loads that are suppoited by the legs 
of the table If q, q', q", &c , denote these unknown loads, 
by the theory of parallel foices, we shall have 

p zzz q, -j- “4" Q Hb &e 

vx x = ox 4- o! x* + o!' x " + 
vy x = Qy + q y + Q"y" + &e 

Now, if theie aie only three points of suppoit, a, a', a", 
these thiee equations will be sufficient to determine the loads 
Q, q', q", but if tlieie be a gieatci number than three, the 
problem will be mdeteimmate, and the values of all the un- 
known piessuies, minus thiee, may be assumed to be what we 
please, piovided that foi these three, the values which lesult 
for them aie positive This mdcteimination would m fact 
obtain, if the table was ngorously inflexible, but this is ne- 
ver the case and, though this flexibility may be supposed 
evei so little, still it will so fai cause a slight displacement, 
the effect of which will lie, that the table will be unequally 
pressed m its difteient parts Now, the figuie that it will 
assume, and, the foice with which it will be pressed, m each 
point, will depend not only on the weight p, but also on 
the numbei and disposition of the points of support a, a', a", 
&c. , and both the one and the othei, as also the piessuie 
which has place m each of these points, will be completely 
deteimmatc in each particular case Howevei, this clcteimi- 
nation is an extiemely difficult pioblem, the gcneial solution 

3 i 
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of which belongs to the department of mathematical physics, 
and has not yet been given. We shall therefore restrict our- 
selves here to one sole observation which is suggested by this 
subject, namely, that m nature eveiy thing is necessarily deter- 
minable, and that when any thing appears to us mdetermined , 
it is because we have not taken into account some one of the 
data of the problem, 1. e , some property of matter, like the 
degree of flexibility in the table m question 
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THEORY OE MOMENTS 

271. The moments which we propose to treat of in this 
ohaptei are those that have been already considered m No 42, 
where the moment of a force p was defined to be the pioduct 
of this foice and of p the perpendicular let fall from the centre 
of the moments on its direction Therefore, if c be this ccntie 
(fig 66), and if the force p be repiesented by the line ma taken 
on its direction, its moments will be expiessed by twice the 
triangle cam, which has this foice foi its base, and its vertex 
at the point c From this it appears, that the theorem of 
No 46, lelative to the moment of the resultant of two forces, 
is a geometrical proposition extremely easy to demonstiate 
In fact, if ma and mb be the two components, md the di- 
agonal of the parallelogram madb will be their lesultant; and 
if the point c be without the angle amb and its veitically op- 
posite, it is easy to demonstrate that the triangle cmd is 
equal to the sum of the triangles cma and cmb For in the 
first place, we have 

cmd =r cma + cad + MM> * 

and if a peipcndicular ce be let fall from the point c on the line 
mb, this will meet da which is parallel to mb in f, and we shall 
have 

CMB — J • MB CE, CAD = £ .AD.CF. , 

and since 

MB = AD, CF = CE — EF, 

theie will lesult 

CAD = CMB — MAD, 

and, consequently, 

CMD = CMA + CMB 

which was lequncd to be pioved. 
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In the figure, the line ef is supposed to be the difference 
of the perpendiculais ce and cf ; but it may be equal to their 
sum, and it is easy to modify the preceding demonstration so 
as to apply it to this case. In the same manner it may be 
proved, that, when the point c lies within the angle amb, or 
its vertically opposite, the triangle cmd is equal to the differ- 
ence between the triangles cma and cmb. 

272. Through the centre of moments (fig 67), let any 
plane whatevei be drawn, and let the right line ab, which 
represents the force p m magnitude and direction, bepiojected 
on this plane, also let q be the force repiesented by a 7 b 7 the 
projection of ab , the moment of the force p will be twice the 
triangle cab, and that of the force q twice the tuangle ca 7 b 7 , 
consequently, the centie of moments remaining the same, the 
moment of the projection of a foice on a plane passing thiougli 
this point, is the projection of the moment of this foice on this 
same plane. 

If h and k denote respectively the moment of the force r 
and of its piojection q, and if the perpendiculais cd and ce 
be elected to the planes of these respective moments, 8 the 
angle contained between these perpendiculars will be equal to 
the inclination ol h on k, and by No. 10 we shall have 

k = h cos 8. 

The force p remaining the same, the angle 8 and the mo- 
ment h will vary with the position of the point c on the line 
ce , but if the position of this line is not altered, the product 
ii cos 8 will not vary, for k or the tuangle ca 7 b 7 will only be 
displaced parallel to itself, without undergoing any change m 
its magnitude 

273. In place of one force p, let any number of forces 
p, r 7 , p", &c , be considered If h, h 7 , h 77 , &c , be then mo- 
ments with respect to the point c (fig. 68), 8, S', 8", &c , the 
angles which the perpendiculars cd, cd 7 , cd 7/ , &c , to the planes 
of these moments make with the same axis cl , q, q 7 , q 7/ , &c , 
the piojections of p, p 7 , p 77 , &c., on the plane drawn thiougli 
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the point c, and peipendiculai to this axis , k, k 7 , k' 7 , &c., the 
projections of H, h', h 7/ , &c , on this same plane* we shall 
have 

k = h cos 8, k 7 — h 7 cos S', k" = h" cos S", &c. 

If it is merely proposed to deteimine the areas of the pro- 
jections from knowing those of the projected surfaces, the in- 
clinations 8, S', 8", &c , must be considered as acute angles, but 
in the applications which we shall make of the projections of 
the moments, these angles will be regaided either as acute 01 
obtuse, or m other words, it being agreed on to consider a cer- 
tain direction as positive, and the opposite as negative, we will 
assume foi the lines cd, cd 7 , cd", &c , the paits of thepeipendi- 
culars to the planes of the moments n, h 7 , h", &c , which make 
acute or obtuse angles with the axis ce, accoidmg as q, q 7 , q", 
&c , the projections the foices ol p, p 7 , p", &e , tend to produce 
a l evolution m a certain direction previously agieed on, 01 the 
contiary. Thus, m the figure, the angles bce, d 7 ce, d"ce, 
being acute, and the angles d 777 ce, v if ce, See , being obtuse, this 
implies, that the foices q, q 7 , q", tend to produce a revolution 
m the same direction, and the forces Q 777 , o 2r , &c., m the op- 
posite dnection As the lines cd" and cd 7 " are the produc- 
tion the one of the other, this indicates that the forces p"and 
p 777 are both comprised in the same plane, passing through 
the point c, but that they, as likewise their projections q" and 
q 777 , tend to produce revolutions m opposite directions 

Denoting the sum of the values, whether positive or ne- 
gative, of K, k', k 7/ , & c , by s, we shall have, 

s = ii cos 8 + ii 7 cos 8 + h" cos 8" 4- &c. , 

and, abstracting fiom the consideration of the sign, s will be 
the sum of the moments of the forces Q, Q 7 , Q 77 * &c , which 
tend to produce a revolution m one direction Minus the sum 
of the moments of those which tend to produce a revolution 
in the opposite dnection; tlieiefore, by the theoiem of No. 
47, the quantity ± s will express the moment of their re- 
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sultan t, which will tend to produce a i evolution in the di- 
lection of the forces that lefer to the acute angles 8, S', 8", 01 
to the obtuse angles S'", S IV , &c , according as the preceding 
value of s will be positive or negative 

If all the lines cd, cd', cd", &c., aie at the same time 
changed into their productions at the other side of c, the 
angles 8, 8', 8 ", &c., will be changed into their supplements, 
and s will be changed into — s. This will also be the case 
when for the axis ce there is substituted its production ce'. 

Each of the parts which make up the sum s, and conse- 
quently s itself, will be independent of the position of the 
point c on the axis ce , it will depend only on the system of 
■forces p, p', p", &c , on the position of this axis, and on its 
dnection perpendicular to the plane of projection Hence- 
forth this quantity s will denote the moment of the forces 
p, p', p", &c , with respect to the axis ce. 

274 Fiom this definition it appears, that the three quan- 
tities l, m, n, of No 261, will be the moments of the forces 
p, p' p", & c , with respect to the axes of the positive coordi- 
nates of their points of application. 

In oi dei to prove this, let q be the projection of the force p 
on the plane of the axes of x and y , and q the perpendicular let 
fall fiom the ongm of the coordinates on its dnection, so that 
the value of its moment with respect to this point may be ay. 
Let us suppose that the force q acts from a towards b (fig 69), 
and that ac and ad aie the coordinates x and y of its point of ap- 
plication a, referred to the rectangular axes ox and o y Like- 
wise let X and p be the angles bac' and bad 7 which the force 
a makes with the productions of x and y , a cos X and a cos [* 
will be the components acting m the direction of ac' and ad', 
and yo cos X, xq cos /i, will be their moments with respect 
to the point o , it appeals fiom the figure, that they will tend 
to make the system to turn m opposite directions, and that 
the force q tends to produce a l evolution m the direction of 
a cos fx , consequently, we shall have 
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q q =: tq cos y — yo, cos X 

It is easy to perceive from a consideiation of the different 
positions which the point a can have, and of the different di- 
rections which may he assigned to the force q, that this equa- 
tion will subsist, whatever be the signs of x, y, cosX, cosy, 
provided that the force q transfeired to the point e or f, wheie 
its duection meets the axes of the coordinates x 01 y, tends to 
make ox the axis of the positive coordinates xs to turn within 
the angle of the positive xs and ys, and, consequently, o y, 
the axis of the positive ys , without this angle, as is indicated 
by the sagittae s and s' If the contrary be the case, that is 
to say, if the force q, thus transfened, tends to make the axis 
of the positive ys to turn within the angle of the positive xs 
and ys, and, consequently, the axis of the positive xs without 
this angle, we shall have 

q <7 = yo. cos X — xq cos y 

whatever may be the signs of x, y, cos X, cos y. 

It follows fiom this, that if s be the moment of the forces 
p, p', p", &c , with respect to the axis of the positive ~s, and 
if the angles 8, 8', 8", &c , of the picccdmg number die con- 
sidered to be acute oi obtuse, accouling as the projections 
Q , a' , q", &c , of these f oi ces tend to make the axis of the 
positive xs to turn within the angle contained between the 
positive cooidinatos x and //, or without this angle, we shall 
have 

s = q (r cos y - y cos X) + o! (?' cosy' - y' cos XO 
+ a" (x" cos y"— y" cos X") + &c. , 

c', if, X', y', x", y", X ", y", &c., being what x, y, X, y, become 
i datively to the foiccs o', (&", &c. 

Morcovei, if a, (5, y, a', fi', j', a"> y"> & c j 

angles which the directions of the forces p, p , p , &c , make 
with paiallels to the axes of x, y, z, we shall have 
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Q = P sin y, q'=Z p' sin y', p" sm y", &C., 

cos a = sin y cos X, cosa'zzsmy'cosX', cosa"=:siny"cosX", &c , 
cos/3=smycoSju, cos/3'=smy'cosju', cos/3"=siny"cos^ / ', &c. , 

and from these values* it is evident that the expression for s 
will coincide with the value of l of No 261(a) Hence, Lis 
the moment of the forces p, p', p", &c., with respect to the 
axis of the positive zs , and, according as it is positive or ne- 
gative, this system of forces will cause the plane of the axes 
of the positive xs and zs, to turn within the solid angle of the 
positive coordinates, or without this angle. 

Now, if the axes of the positive zs , xs , ys, be substituted 
for those of the positive xs, ys, zs, l will be changed into m , 
it follows, therefore, that M is the moment of the forces 
p, p', p", &c., with respect to the axis of the positive ys , and 
that accoidmg as it is positive or negative, this s/stem of 
forces will tend to make the plane of the axes of the positive 
zs and ys to turn about this axis, within the solid angle of the 
positive coordinates, or without this angle. In like manner, 
if the axes of the positive ys, zs, xs, be substituted foi those 
of the positive zs, xs, ys, m will be changed into n , conse- 
quently, n will be the moment of the forces p, p', p", &c., 
with lespect to the axis of the positive xs , and, according as 
this moment is positive ot negative, this system will tend to 
make the plane of the positive ys and xs to turn about this 
axis, within the solid angle of the positive coordinates, or 
without this angle 

The three quantities h, m, n, aie consequently, as has been 
stated, the moments of the same system of foices with respect 
to the thiec axes of the positive coordinates of then pomts of 
application, and the signs of their values, such as they are 
written m No. 261, lefer to a known direction of lotation, 
about each axis supposed to be fixed. 

• 275. It appears from the preceding number, that the fust 

value of q q is the same thing as (b) 
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Q2 = a p cos j3 — y p cos a 

Hence if n denotes the moment of p with lespect to the 
oiigin of the cooidmates, and 8 the angle contained between 
a part of the perpendiculai to tlie plane of this moment and 
the axis of the positive zs 2 we shall have (No 272) 

h cos 8 = p {pc cos j3 — y cos a) , 

which implies, that this part of the peipendiculai to the plane 
of h, is that which makes an angle with the axis of the posi- 
tive zs , that is acute, oi obtuse, accoidmg as the quantity in- 
cluded between the biackets is positive or negative If Si 
and $ 2 be the angles which the same part of this pcipendi- 
cular makes with the axes of the positive ys and xs , we shall 
have in like mannei 

h cos Si = p (z cos a — r cos y), 
ii cos 8 2 = v (y cos 7 — z cos f}) 

If, therefore, m oidci to abudge, we make 
(7 cos/3— ycosa) 2 +(s cosa— tfcosy) 2 4-(ycosy — zcos/3) 3 =:jp 2 , 
theie lesults, (p being regarded as a positive quantity,) 


because 


11 == pp, 

cos' 8 + cos 2 Si 4 cos* 2 ? 2 =1, 


consequently, we shall have 


cos 8 = ~ ( » cos ft — f/ cos a), 
cos 81 zz “ (z cos a — or cos 7), 
cos d>zz ~ (fj cos y — £ cos f3) , 


by means of which the thice angles 8,81,825 can be dctci- 
mined without any ambiguity The angle 8 will be acute 01 
obtuse, according as the sign of ,r cos /3 — */ cos a is positive 

3 k 
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or negative, and the angles Si and S 2 , according to the signs of 
# cos a— x cos y, and yeosy—z cos 

It is easy to veiify these formulae In fact, if the equation 
of the plane which comprehends the origin of the coordinates 
and the force p, be denoted by 

am + bv + cw;zO; 

w, v , w, being any coordinates whatevei, then if for these we 
substitute x , «/, z, the coordinates of the point of application 
of this force, this equation will become 

ax + By + cz = 0 , 

moreover, the equations of a right line diawn through the 
origin of the coordinates and paiallel to this force, will be 

v cos a zz u cos j3, w cos a = u cos y ; 

and as this parallel is likewise comprised in the plane which 
we are considering, theie results from it this second equation 
of condition 

A COS a + B COS j3 + c COS y = 0 
Fiom these two equations we deduce(c) 

a (x cos j3 y cos a) 

C ““ y cos y — z cos J3 9 
A (z cos a — x cos y) 

B ZZ — 3 

y cos y — z cos p 

and by substituting these values m the equation of the plane, 
it becomes 

w (?/ cos y — 2 cos j3) +v(z cos a — x cos y) +w(x cos /3 — # cos a) = 0 . 

Now, by known formulae (No 17), the cosines of 8, 8 1? S 2 , 
the angles that the noimal to this plane makes with the axes 
of u , Vi Wi which are likewise those of #, y 3 z, will have foi 
values the formulae which it was requiied to veiify. 

In virtue of the equation h = f p, the quantity p is the 
perpendicular let fall from the origin of the coordinates on the 
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direction ot the foice p. This may be also venfied without 
any difficulty, by taking the foot of this perpendicular for the 
point of application of p , foi, denoting the radius vector of 
this point, which will then be this perpendicular, by r, and 
the angles which its direction makes with the axes of x, y , z, 
by X, ju, v, we shall have 

x zz 7 cos X, y zz r cos ju, z r= r cos v , 

and if these values be substituted m that of p 2 , in consequence 
of equations (Nos 6 and 9), namely, 

cos 2 a + cos 2 /3 + cos 2 7 =z 1 , 

COS 2 X + COS 2 jU + cos 2 v zz 1 , 

cos a cos X + cos j3 cos jU + cos 7 cos v = 0 , 
wc shall find(tf) 

p 2 = ? 2 , or p zz 1 . 

276 The moments of the same system of lorces with res- 
pect to diffeicnt axes, possess lemaikable propeitics, which 
being an immediate consequence of those of the projections 
of plane suifaces on diffeient planes, we now proceed to in- 
vestigate. 

Let ox, oy, oz , be three rcctangulai axes which inteisect 
m the point o (fig 70) Tlnough this point let tlnec other 
letangulai axes ox', oy', oz\ be also diawn. In Older to de- 
termine the directions of these new axes with lcspcct to the 
first, let 

xox' zz «, yox! zz /3, zoJ zz 7 , 
xoy' zz a!, yoxj zz (3', zoy = 7 ', 
xoz! zz a", yoz' zz |3", zozf = 7 ", 

P ? 75 a '> & c ? being considered as nine given angles, winch 
may be either acute 01 obtuse. Then cosines will be con- 
nected together by six equations, foi with inspect to each of 
the three lines ox', oy\ oz , wc shall have evidently, 
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cos 2 a + cos 2 /3 + cos 2 7 = 1, 
COS 2 o' + COS 2 /3' + COS 2 y = 1, 
COS 2 a"+ cos 2 j3"+ COS 2 7"— 1 , 


0 ) 


and because x'o y\ x'o z l > y'oz', axe respectively right angles, 
we shall likewise have 


cos a cos a + cos f 3 cos j3' + cos 7 cos y = 0, 
cos a cos a 11 + cos j 3 cos f 3 " 4- cos 70087"= 0, 
cos a cos a"+ cos /3'cos j3"-f cos 7'cos 7"= 0 


( 2 ) 


By means of the nine angles a, a', a", &c., we can leciprocally 
determine the directions of the first axes oa?, o y, oz , with le- 
spect to the second ox' 9 o y', o z' 9 m which case we shall have 


cos 2 a 4- cos 2 a' + cos 2 = 1, 
cos 2 /3 + cos 2 j3 / *+■ cos 2 j3"= 1, 
cos 2 7 4- cos 2 7' 4- cos 2 7"=l, 

and, besides, 

cos a cos j3 4- cos a' cos j3 7 4- cos a" cos /3" = 0, 
cos a cos 7 4- cos a' cos y‘ 4- cos a" cos y n 22 0 , 
cos j3 cos 7 4- cos j3' cos 7' 4- cos J3" cos 7" = 0 5 


(3) 



„ these equations are evidently equivalent to the six preceding, 
and may be substituted for them 

If a denotes the area of a plane surface bounded by any 
outline whatever, and situated in a plane passing through the 
point o , and if a perpendicular od be erected at this point to 
this plane, then by making 

xo D = q 9 yoi> = q\ zob = q'\ 

these three angles, which may be either acute or obtuse, will 
determine the dnection of od and that of the plane of a; if 
each of these three be changed into their lespective supple- 
ments, the right line od will also be changed into its pro- 
duction, but the plane of a will remain the same as before. 
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Also, it the piojections of a on the planes of yoz, xoz, xoy, 
be denoted by p, p', p", we shall have (No 10) 

p = a cos q, p'= a cos (/, p" = a cos q". 

Finally, if b denotes the piojection of a on any fouith 
plane, as foi instance the plane y'oz', and it c denotes the 
angle x'ox>, wc shall also have 

b — a cos c, 

and, by foimula (2) ot No. 9, 

cos c — cos q cos a + cos q' cos j3 + cos q" cos y, (5) 
hence we infer, 

b —p cos a + p' cos (3 -J- p" cosy , (b) 

by means ot which the piojection ot an aica <x on any plane 
whatever, will be deteimmcd, when its piojections on thiee 
rcctangulai planes are known 

As equation (5) obtains only when the signs of the cosines 
which it contains aie taken into account, it follows that it is 
also neccssaiy to have regard in equation (6), to the signs ot 
the piojections p, p', p", and to ticat them as positive oi ne- 
gative, accoiding as od the peipendiculai to the plane ot a, 
makes acute oi obtuse angles with the axes ox, oi/, oz 

277. This being established, let any numbci ot plane 
areas whatcvei, such as a, a’, a ", &c., existing m difleiont 
planes, be projected on the three planes xoy, xoz, yoz, and 
let the sum of the piojections on each ot these planes be 
taken, inspect being had to then signs in the mamiei above 
specified, then it the thiee sums, which aie obtained in this 
mannoi, be denoted by a, a', a", and it in like manner n de- 
notes the sum ot the piojections of a, a', a", &c , on the plane 
y'oz', by foiming toi each ot these aicas, an equation similai 
to equation (0), wc shall obtain, by adding together all these 
equations, 

b s: a cos a + a' cos (3 + a" cos y 
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If again the sum of the projections of a , a', a ll 9 &c., on the 
plane x'oz' be denoted by b ', it is evident that the value of b ' 
may be deduced from that of b, by substituting the axis o y' 
perpendicular to this plane, for the axis ox ! peipendicular to 
the plane y f oz\ that is to say, by substituting in the preceding 
formula, a', j 3 ', y ' 9 for a, /3, 7 , by this means we obtain 

B'= A COS a + B COS j 3 ' + C COS y . 

If, in like manner, the sum of the piojections of a 9 a\d r 
&c., on the plane x'o y f be denoted by b ", its value may be de- 
duced from that of b, by substituting a",/3", y", in place of 
a, j3, 7 , from which there will result 


b" ~ a cos a" 4- b cos j3" + c cos 7". 


We can likewise deduce conversely from these values of 
b, b', b", and by having regard to equations (3) and (4), 


A = B cos a + b' cos a! + b" cos a", 
a' == b cos/3 4* b' cos j3 4- b" eos/3", 
a" = b cos 7 + b' cos y 4- B" COS 7" . 


CO 


From a consideration of these different equations, it is evi- 
dent, that the projections of plane sui faces on different planes, 
are subject to the same laws as those of right lines on other 
right lines. 

278. If the sum of the squaies of the values of b, b', b", 
be taken, there results, by equations (3) and (4), 


b 2 4- b /2 4- b" 2 = a 2 4- a' 2 4- a" 2 , (8) 

from which it appears, that the sum of the squaies of these 
three quantities b,b' } b", does not vaiy with the dnection of 
the three rectangular planes of projectio to wl ich they are re- 
fened In the particular case, m which all the areas a , a a}\ 
&c , exist in the same plane, this sum is in fact the squaie 
of the entire area a 4- d 4- d " + &c , and, if for example, 
this plane be assumed to be that of the axes o y and oz 9 we 
shall have 
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a. = a + ct! + a" + &c., a' — 0, a"= 0. 

In this case all the aieas a, a! , a ", &c , lie in the same plane, 
but if they should exist m diffeient planes, then it is easy to 
prove, that this sum is equal to V a 2 + a' 2 + a // 2 , m fact, by 
equation (8) we have 

B = a/ A 2 -(- a' 2 + a" 2 — B ' 2 — b" 2 , 

from which it appears, that the sum b which varies fiom one 
plane of piojection to another, is gieatest when b'iz 0,b /; zz 0; 
m which case it is equal to V a 2 + a ' 2 + a" 2 , this is, tlieiefoie, 
the expression foi the gieatest sum of the piojections on the 
same plane, of the plane areas a , a\ a'\ &c., consideicd as ex- 
isting in diffeient planes. 

279 The plane tfosf that answeis to this gieatcst pro- 
jection, possesses lemaikable propci ties, which will be advert- 
ed to in the sequel of this treatise. It is easy to dctcimmc 
its position by means of the equations B f zz 0, b' r= 0, which 
charactenze it. 

In fact, equations (7) aie then i educed to 

A = B COS a, A ; = B COS j3, A ;/ = B COS y , 


from which we obtain 

cos a = 

cos j3 — 


V a 2 + a' 2 -1- a //2> 

A 7 

/a 2 + A 72 + A" 2 ’ 


C0Sy yV + A* + A" 2 ' 


Hence, when a, a', a", the sums of the projections on any 
thiee lcctangulai planes yox,xos, xoy, selected aibitiauly, arc 
known, the dnoction of yoz’, the plane of gieatcst piojection, 
may be immediately ascertained, by means of the angles a,f 3, y, 
which dctcimmc the line ox peipcndiculai to this plane With 
lespect to its absolute position m space, that is evidently unde- 
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termined, foi the piojections of each of the areas a, oJ , ct n 9 &c , 
and, consequently, the sum of these piojections, aie the same 
on all paiallel planes 

280 The sum of the piojections of the aieas a, a ', a", &c., 
on all planes equally inclined to the plane of greatest pro- 
jection, is always the same 

In older to demonstrate this, let the plane peipendiculai 
to the line od he taken, let c denote the sum of the pio- 
jections of a, a', a", &c , on this plane, g, q\ q% the angles 
which this line od makes with the axes oz?, oy, o z, &c , c the 
angle a?'ot), which measures the inclination of this plane on 
that of the greatest piojection By what has been esta- 
blished m No 277, we shall have 

c = a cos q 4 - a' cos q' + a" cos q " 

Hence, by substituting foi a, a', a", then respective values 
b cos a, b cos f 3 , b cos y, we shall have 

c — b (cos a cos q + cos j3 cos q' + cos y cos #"), 

that is, m vntue of formula (5), czb cosc, and, substituting 
for b its value, 

c = a 2 H- a /2 + a 112 cos c , 

consequently, the value of c, is the same for all planes, which 
make the same angle c, with y'oz\ the plane of greatest pio- 
jection 

This value diminishes aceoidmg as the angle c approaches 
to 90°, and it is cypher foi all planes perpendicular to y'oz' 

281 In order to apply these piopositions relative to the 
projections on plane sui faces to the theoiy of moments, it is 
only necessaiy to suppose that the aieas a , a\ a", & c , aie the 
doubles of tuangles which have foi their common veitex the 
point o, and for bases the lines, which represent, m magnitude 
and direction, the foices f, p', p", &c , that have been con- 
sideied above Then moments l, m,n, with lespect to the 
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axes oz, oy, or, of the positive cooidinates ot their points of' 
application (No 274) will be then the sum of the piojections 
of a, a', a”, &c , on the planes xo y, xo z, yoz The following 
consequences lesult fiom the piopositions which have been 
now demonstiated 

1st Denoting by e the moment of the forces p, p', p", &c , 
with lespect to an axis passing thiough the point o, and 
that makes with the axes ox, oy, o z, the angles z, z, c", which 
may be eithei acute or obtuse, we shall have 

E = N COS z + H COS Z + h COS g" 

2ndly. Among all the directions which the axis ot the 
moment e can assume about the point o, there is one foi which 
this moment is the greatest possible and equal + 

With lespect to every othei axis passing through the point o, 
and peipendiculai to that of the greatest moment, the moment e 
is cypher, and it is equal to \/ l 2 + m 2 + n 2 cos 8, i datively to an 
axis which make* the angle 8 with that of the gicatest moment 

3ully Finally, if a,j3,y, denote the angles that the axis ot 
the gicatest moment passing through the point o, makes with 
oar, oy, oz, the axes of the moments jsr, m, l, and if g icpic- 
sents the magnitude of tins gieatcst moment, we shall have 

N ^ M L 

cos a zr - , cos pi COS y rz - , 

GOG 

and, at the same time, 

G = \Zh* + 

hence it follows, that if on the axes or, oy, oz, we take, icc- 
komng horn the point o, lines piopoitional to the moments 
n,m, l, and if the paiallellopiped, of which these linos aio 
the adjacent sides, be completed, the length of its diagonal 
will lepiesont the magnitude of the greatest moment, and this 
line will be the axis ot this principal moment 

Eulei was the pcison who fust announced these lemaik- 
able tlieoiems They establish a complete analogy between 
the composition of moments and that of forces, an analogy 

3 i/ 
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which anses from this, that foices being lepiesented by light 
lines, moments are expressed by plane sui faces, which aie 
projected on diffeient planes, m the same mannei as lines aie 
projected on diffeient lines (No. 277) 

282. The point o and the system of forces p, p', p", &c , being 
given, their gieatest moment g is termed the pnncipal moment 
of these forces If all these foices be transfeired parallel to 
themselves, to this point o, then resultant r will have for 
components paiallel to the axes oa?, o */, oz , respectively, the 
thiee quantities x, y, z, of No 261 The consideration of 
this lesultant and of the pnncipal moment, furnishes us with 
a very simple means of stating the results of the piecedmg 
chapter. 

In ordei to the equilibrium of the foices p, p', p", &c , 
applied to a solid body entirely free, it suffices if the resultant 
r and the principal moment & are lespeetively equal to cyphei, 
foi since 

R 2 = X 2 + Y 2 + Z 2 , G 2 = L 2 + M 2 4- N 2 , 

the equations r = 0, gzO, imply that the six equations of 
equilibrium of No 261 have place 

Hence it is easy to infer, that when one system of foices is 
m equilibrio with another, it is necessaiy, and it suffices, 1st, 
that the resultants r of the foices of the two systems should 
be respectively equal and contraiy , 2ndly, that for the same 
point o, their principal moments should be equal, and should 
refei to two axes, diawn m opposite dnections, oi of which 
the one is the production of the other The resultant R and 
its dnection, the principal moment and the dnection of its 
axis, will icmain the same, in all the transformations which 
the same system of forces can undergo, and, geneially, foi any 
two systems of equivalent foices. 

If a, &, c be the angles which the force r makes with the 
axes oa?, oy , o z 9 we shall have 

X _ Y / 

cos a , cos on — , coscz^-. 

R R \t 
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Likewise, if to be the angle comprised between its dnoction 
and the axis of the principal moment, we shall have, (a, 7, 

being the angles which this axis makes with ox 9 oy 9 o z) 9 

cos to zz cos a cos a + cos b cos /3 + cosc cosy, 
oi, what comes to the same thing, 

XN +■ YM + ZL 

COS to ~ 

RG 

It follows, theicfoie, that the condition of an unique re- 
sultant which is expiessed (No 263) by the equation 

XN + YM + ZL = 0, 

consists m this, that the axis of the principal moment g, and 1 
the dnection of the lesultant r, should be at light angles to 
each othei This is what can m fact be venfied by obsei vmg, 
that if the foices p, p', p", &c , m then actual position, have 
an unique lesultant, this foice must be equal and paiallcl to R, 
and that its moment with lespect to the point o, must also be 
the principal moment g, so that the axis of the puncipal mo- 
ment is then pcipendiculai to this lesultant transferred to the 
point o in a direction paiallcl to itself , but this leasomng 
does not sufhee to pi ove conversely that, when the preceding 
equation obtains, the given forces have an unique resultant 

283 If the point o be transfeued to any other point o, , 
and if &i, y l9 z i9 be the coordinates of the point o, with re- 
spect to the axes ox 9 o y 9 oz , and if l,, m x , n 13 be what 
l, m, n, become lclativcly to this point o l9 the values of these 
last quantities may be obtained horn the fiiBt (No. 261), by 
substituting a— x u y—y\ 9 z—Zi 9 in place x 9 y 9 z 9 from which 
there will result (e) 

Li = l + xy x - yx 19 

Mi = M + zx i — x "l> ( a ) 

NT r = N + YZi - zy x 

Fiom these formulae it appeals that when p, p', v", & c. arc 
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reduced to equal and parallel forces, which though acting m 
contrary directions, still are not diiectly opposed to each 
other, in which case we have x = 0, y z 0, z = 0, the 
quantities l 15 m 15 Nj are independent of the coordinates olthe 
point Oi , so that the magnitude of the pnncipal moment and 
the direction of its axis do not vary with the position of this 
point In fact it is evident, that, whatever be the position of 
the point Ox, the axis of the pnncipal moment of the two pa- 
lallel forces which may be substituted for the given forces 
p, p', p", &c , is perpendicular to their plane , and we know 
from other considerations (No 48) that the sum of the mo- 
ments of these two forces, which will be the principal moment 
of the given forces, is a constant quantity 

In every other case, the principal moment vanes with the 
position of the point Oj , and if it were required to deteimine 
the point, or senes of points, foi which this moment is a 
minimum , by making generally 

G t 2 = L X 2 + Mi 2 + Nx 2 

we shall have 

Gx 2 = (l + xy ,— YXif + (m + z ^-x^) 2 + (n + ys,- z^) 2 

If m ordei to determine the minimum value, its three pai- 
tial differences with respect to x l9 z l9 be put equal to 
cypher, and if we observe that 

It 2 = L 2 + M 2 4* N 2 , 

thiee equations result, which it is easy to wnte under the fol- 
lowing foim, (f) 

r 2 Tx z: x (xt t -f y y x 4- zz{) + yl - zm, 
r 2 // a zz y (x#! 4- y y x + zz y ) 4- zn — xl, 

R ?Z X ZZ Z (xo?! 4- Y y x 4- ZZj) -f xm — yn 

Now, if these three equations be multiplied by x, y, / 
respectively, and then added together, tlieie will lesult an 
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identical equation, it follows, tlieiefoie, that one of them is a 
consequence of the othei two , and as the cooidinatcs a l5 ij \ , 
do not exceed the fust dimension, they appertain to a light 
line, which is theieloie the locus of the centies of the mo- 
ments, with inspect to which the pnncipal moment is a mint- 
mum It is eudently unnecessaiy to examine whethei the 
piecedmg equations deteimmc a maximum 01 a minimum, 
foi the value ol g is not susceptible of being a maximum, 
inasmuch as it mcieases mdehnitely with the vanables a i , \j \ , ~l 
284 If the quantity xt x + wj\ + lz v be clnmnated be- 
tween the preceding equations taken successively two by two, 
theie icsults(f/) 

(nx + my + lz) I 

,2 Xyi-Y^i + LZZZ -2 5 



z r t — -f- m 



0 >) 


VSi—Zjfi + N 


w (NX + MY 4* LZ) 
X — ' - > 


J 


which aie the equations of the piojections on the tin cc planes 
of the cooi dilutes, ol the loci of the centies of the pnncipal 
minima moments 

By squaimg, and then adding them togcthei, we obtain 

NX+MY+LZ /v 

»'=— 1 4 — <c> 

lor the value of the pnncipal minimum moment, which is con- f 
sequontly the same loi all the centies Oj. 

Denoting the angles that the axis ot the moment <h makes 
with paiallels to the axes ox, o y, oz, cliawn through the point 
o,, by ai, / 3 i, 71, wc shall have 

N, Mi I-i 

co&«i =: — , cos fii = — ? cos*yi — 5 

<m g-i W 

wheievor the centieof the moments may be, and, horn cqua- 
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tions (a), ( 6 ), (c), there will result in paiticulai, foi a point 0 | 
which belongs to the light line detei mined by equations ( b ) 

x Y Z 

cos a | = cos /3i = cos 7 ! - , 

which shews that the axes of all the pnncipal minima moments, 
whose common value is given by toi inula (c), aie paiallel to 
each othei and to the dnection of the foice n 

When the given foices have an unique lesultant, it is evi- 
dent that the value of g x is the least ol all when the point o x 
exists on its dnection, in which case this value is cypliei 
Conveisely, if the value of is cypher with respect to any 
point Oi, it follows that the given foices p, p', v", &c have 
an unique resultant passing through this point, loi if they 
can be reduced to two foi ces not existing m the same plane, 
one of them may be made to pass through the point o l9 
and thus icduce then pnncipal moment to that of the othei 
foice, winch would not be cyphei, conti ary to the hypothesis 
Fiona this it Mlows, that the condition which is necessaiy and 
sufficient m older that the given forces may have an unique 
lesultant consists in tins, that then pnncipal moment may be 
equal to cyphei. This moment being then a mmnnim, the 
condition in question will, m consequence of toimula(c), be 
expiessed by the equation 

lz + my + NX = 0 , 

and as the point o, to which it refcis, belongs to this lesultant, 
the equations of the line in the dnection of winch it acts will 
he, in viitue of equations (b), 

XT/i — YX\ -{- l = 0, 

ZXi — X2 x + M = 0, 

Y-i — zy x + n = 0 

These results coincide with those of No 263, that have been 
obtained fiom othei considerations 



CHAPTER III 


EXAMPLES OF TIIE EQUILIBRIUM OF A FLEXIBLE BODY. 

I Equihbnum of the Funicular Polygon 

285. Every system of coids connected togethei by fixed 
knots, or merely run into rings which can slide along these 
coids, is tenned a f macula? machine Any number of stimgs 
may terminate at the same knot, but for gieatei simplicity we 
will suppose that at each knot theie aie nevei moie than thiee 
strings, and, m the fiist place, we will exclude the consideration 
of moveable lings 

Let then a and b (fig 71) be the two extiemities of a coid 
perfectly flexible, and ol any length whatcvei, and, m, m*, m / , 
&c , being diffeient points of this coid, let the stimgs 
mc, m'c', m"c", &c , diawn in the dncetion m which the given 
foices r, p', p", &c act, be attached to these points , likewise 
to the point m let theie be applied a given foice 11, acting m 
the dnection ol the stung ma, and to the last of the points 
M, M 7 , m", &C , let anothci given foice k, clnectcd towauls the 
point B, be applied In the state ol eqiulibuum, this flexible 
coid will constitute a polygon, the summits ol which will be 
the points a, m, m', m," . . b, and it is tenned a Junieulat 

polygon The pioblem to be solved with lespect to it, is to 
find the conditions, which the given toices u, p, p 7 , p", • K > 
must satisfy, m ordei that this equilibiium may be possible, 
and to deteimine the figuie ol the polygon which suits this 
state 

In oidei to find these conditions, this self-evident pnnciplc 
must be assumed, namely, that when the equihbnum obtains, 
each of the stimgs mm', m 7 m /7 , &c , must be' chawu at its 
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two extiemities by equal foices, acting in the directions ot its 
pioductions , foi if these two forces had not the same directions 
as the stung, nothing would pievent them fiom deflecting it , 
and, unless they weie equal and conti aiy, they would cause 
the string to move in its duection 

It follows at once, that the lesultant of the two ioices it 
and p, applied to the point m, must coincide with mo the 
production of the string m/m We may theicfoie ti.msfoi tlie 
point of application of this force to the point m', which exists 
on its direction (No 41) , if it be then compounded with the 
force p' applied to this point, this second resultant, which will 
be m fact that of the thiee foices it, p, p', must coincide with 
mV, the production of the stung m'V , and, consequently, it 
may be tiansfenecl to the point m" It, m the same mannci, 
the resultant of this foi ce and of r", winch icts at tins same 
point m 7/ , he taken, the foice which diaws the stung at 

its extiemity m", and which should act m the ditection ot its 
production m"d", will be obtained Tins foice is evidently the 
lesultant of the foices ii, p, p 7 , p' 7 , by snmlai leasornng it 
may be shewn, that the foice which draws the same stung at 
its extiemity m 7// , and winch must coincide with its othei pio- 
duction m ,7/ d'", is the resultant of the forces p'", v n \ k, 

theiefoie these two lesultants aie equal, and dncctly opposed 
to each other, and consequently, the icsultant of all the given 
forces h, p, p', p", k, must be equal to cyphei We would 
evidently amve at the same result, ii the foices which act at 
the two extiemities of any othei side of the polygon were 
considered 

Hence, the foices applied to the fumeulai polygon should he 
such, that when they aie transfeired to the same point icspec- 
tively paiallel to themselves, theymay constitute an equilibrium 
This furnishes us, as we know, with thiee equations, between 
the magnitudes of these foices and the angles wlucli then di- 
rections make with thiee lectangulai axes diawn tluouglx this 
point These equations are (No 35) 
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Hcosa •+• Kcose + P COS a + p' cos a 4* ~ Oj I 

iicosft 4- kcos/4* pcos/3 + p'cosjS' + &c =0, - (a) 

hcosc + kcos^7 + pcosy + p' cosy' + &c z=0, 

a, e , a, a , &c denoting the angles relative to one of the axes , 

b, f j3> j3', &c. the angles relative to anothei axis, and c, 
y, y', &c those winch rcfei to the thud 

286. When the foices H, p, p', p", k, and the dnec- 
tions of the strings along which they act, do not satisfy these 
equations, an equilibrium cannot be effected between them by 
means of the funicular polygon, whatcvei be the figuie it is 
made to assume , but whenever these equations arc satisfied, 
we may assign to the polygon a figure suitable to the existence 
of the equilibrium. As the magnitudes and dnections of the 
forces 11 , p, p', p", . . • k, are given, this figure is nccossauly 
determinate, and its constiuction results from the senes ot 
compositions of foices which we pioceed now to point out. 

In fact, the dnections of the strings ma and mc alongr 
which the foices 11 and r act, being known, the magnitude 
and direction of then resultant will be detei mined. On the 
pioduction of this dncction, leckonmg from the point m, let 
theie be taken the given length oi the side mm', and then to 
the point Tttf let theie be applied the resultant of 11 and p act- 
ing m the dncction of the line m 7 m, and the foicc v' acting m 
the given dncction of the stung m'c' Let the resultant of 
these two foices be taken, and on the pioduction of its direc- 
tion, let there be laid off, lcckomng from the point m', the 
given length of the side m'm", and at the point m", let a con- 
stiuction similai to that indicated for the point M be pei- 
foimed, and then at the point m" let theie be applied this last 
resultant in the direction ol the side m"m', and the foicc p in 
the given dncction of the stung m^c”, these two forces must 
then be compounded into one, and, on the pioduction of the 
resultant, the given length of the side m"m' should be taken 
This operation should be continued until wc ainvc at the 
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last of the knots m, m', m", &c , if m the present case we sup- 
pose the last of them to he M Jr , then will he the last side 
of the polygon Its dnection is known, being that of the last 
force k, which by hypothesis is given. It is theicfoie neces- 
sary that the produced direction of the resultant of the two 
forces applied to the point m 7F , m the dnection of the side 
M w M 7r , and m the dnection of the string M /; c 7r , should co- 
incide with the given direction of the side m 7;/ b This is, m 
fact, what will always he the case, fox, by oui construction, 
the force acting m the direction of is the resultant 

itself of the five forces h, p, p', p", p'", tiansfeired to the point 
M Jr parallel to then directions, and if it be compounded with 
the force v IV , acting m the direction M lv c ir , the resultant of 
all the given forces, except thefoice k, will be obtained, and, 
in consequence of equations (a), which are supposed to be sa- 
tisfied, this resultant is equal and dnectly opposite to the force 
k (No. 35) 

If thiough the point a, the thiee axes to which the angles 
a > e ) a 'i & c > /3, £}', &c , c, g, y, y, &c , aie refened, 

be drawn, the coordinates of each of the summits of the poly- 
gon, with respect to these axes, will be the projections on 
these same axes of the pai ts of the polygon intercepted between 
the point a and this summit They may be dctei mined in 
functions of these angles, of the lengths of the sides of the 
polygon and of the given foices, the geneial foimulse which 
are obtained m this manner, will enable us, in each paiticulai 
case, to construct directly all the summits of the polygon, 01 
one 01 more of these points , but it is simpler to determine 
them, one after another, in the manner pointed out above (a). 

287 When the given foi ces satisfy the conditions expiessed 
by equations (a), and when the polygon has been made to 
assume the figure suitable to the equilibrium, the common in- 
tensity of the two equal and opposite foices which draw each of 
the sides in the direction ofitspioduction, is the tension which 
this string experiences, it is theiefore of consequence, to be 
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able m piactice to compute this tension, and to be assuied, by 
expei iment, that it is not gieatei than that which a stung of 
the same diametei and matcual can bear without breaking 

Now, hom what picccdes it appears, that this tension will 
vaiy iiom one side to anothei of the polygon, the tension of 
the side mm' will be equal to the lesultant of the foices h and 
p, or to that of the toices p', p", p'", &c . k, the tension 
of the side m'm" will be equal to the resultant of the forces 
n, r, p', 01 to that of the forces p", p'", k, and so on It 
will thercloie be easy, m each particular case, to deteimme 
the tensions, which all the sides of a polygon m equilibno 
cxpeuence, when the magnitudes and directions of the forces 
ii, p, p', p", iv, are given 

II a and n, the extreme points of the polygon, aie fixed, 
the loices ii and k will represent both the tensions of the 
stnngs that tcimmate at these points, and also the pressures 
which those points sustain In this case, the values of h and 
k, and of the angles a, 5, c, e,f g , which determine the direc- 
tions of the two extieme sides of the polygon, will be no’, 
longer given , but we shall have eight equations, by means of 
which those eight unknown quantities can be determined; 
these will bo, equations (a), equations (No G), namely, 

cos ?a + cos V> + cos 2 c = 1, cos 2 e + cos 2 / + cos 2 <? = 1, 

and tluee equations resulting fiom the consideration that the 
position ol the two fixed points a and b is given. These are 
obtained by computing the values of the three coordinates of 
one of these points lcfcrxedto axes passing through the other 1 
point, that is to say, the projections of the entire polygon on 
these tluee axes, and then putting them equal to the given 
values of these same coordinates 

In general, the determination of these eight unknown 
quant i lies is extiemoly complicated, but after that the funi- 
culai polygon has assumed of itself the figuie suitable to the 
equilibrium ol the foiccs, which arc applied at its summits, 
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the tensions of these different sides may be obtained without 
any difficulty ; and this is sufficient in practice. Thus, if the 
force p applied to the point m be resolved into two otheis act- 
ing in the directions of the pioductions of the sides am and mm', 
the components, which are given immediately by the rule of 
the parallellogram of forces, will be the tensions of these two 
sides. That which will act along the production of am, must 
be equal to the force acting m the direction of this fiist side, 
when the point a is free, and when it is fixed, it will expiess 
the pressure exercised on this point. In like manner, the com- 
ponents of the foice p' in the directions of the productions of 
mm' and mV will express the tension of mm', alieady known 
by the decomposition of p, and that of the adjacent side mV ; 
and so on 

288 As the strings which constitute the different sides of 
a funicular polygon are always a little extensible, the length 
of each of them is increased by a small quantity, in conse- 
quence of the tension which it expcuenccs in the state ol 
cquilibnum, and when this tension is known, the conesponcl- 
mg inciease of length may be calculated. 

In fact, it appears fiom expenment, that when the tension 
ol a homogeneous thiead of a constant thickness is inconsider- 
able, compared with the force necessary to bleak it, its liicioaso 
ol length is piopoitional to its length and to the tension to 
which it is subjected; and in diffeicnt threads, it varies with the 
thickness and the matcnal of which the thiead consists This 
being so, if to a fixed point a thiead is attached of the same 
thickness and matenal as the stung am, and it at its inteiioi 
extiemity theie be suspended a given weight n that is very- 
great, lelatively to that of the thiead, and if l and / . (1 + c*>) 
be its lengths bcfoie andaftei the suspension of the weight n, 
this quantity w will be a veiy small fi action, independent of 
and piopoitional to ir, (the weight of the thiead being ne- 
glected), so that ll, in anothei expenmen t, the tlnee quantities 
U <«>, ix become l\ n', we shall have 
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, wll' 

w = TT’ 

whatever may be l and l' . Now, it is evident that a thread 
attached to a fixed point, and drawn at its other extremity by 
afoice acting in the direction of its production, is in the same 
condition as if it was drawn in the dnections of its two pro- 
ductions by this same force If therefoie, t be the tension of 
the string am, and if its length be increased in the latio of 
1 + t to unity, we shall have 

(i»T 

r = TP 

by means of which, this increase of length can be determined , 
and m the same way the value ol r foi all the othei sides of 
the polygon can be obtained 

289 Wliethei the extieme points A and B of the polygon 
be fixed oi fiee, if one oi moio of the knots m, m 7 , h", &c aic 
leplaced by lings, this cncumstance will give rise to new con- 
ditions of equihbnum If, foi example, m" is a moveable nng 
which can slide along the clioid m / m // m /// , it is evident that 
in this motion the sum of the distances m' m" and m"m'" of 
the point m", horn the points m' and m"', will remain constant 
Now, if the equihbnum obtains, this state will not bedeianged 
by fixing these two last points , but then the point m" will be 
m the same circumstances as it it was consti amed to exist on 
an ellipsoid of l evolution, of which m' and m"' are the two foci, 
and whose mnjoi axis is equal to the given length of the 
stung m' m" m"', thcieforc this point cannot be m equilibiio 
(No 36), unless the lorce v" which is applied to it is peipcn- 
diculai to this &ui face , hence, by a known pioperty of the 
ellipse it follows, that the diicction of this foice must divide 
the angle between the two ladii vectoies m 7 m" and m" m'" into 
two equal paits 

When, theicloie, m peitoimmg the consti uction indicated in 
No 280, we come to a moveable nng such as m", if it is found 
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that, aftei we have taken theiesultant of the two foices acting 
in the directions m" m' and m/'c 77 , of which the side m"m"' is 
the pioduction, the angles and are not equal, 

at follows that the equilibiium does not subsist In geneial, it 
is necessary that the direction of the string m^c" attached to 
the moveable ling, should not be given befoiehand, m order 
that we may be enabled, by a suitable deteimmation of it, to 
satisfy the condition of the equality of the angles m'm'V 7 and 
h ; W 

It is evident that when there is an equilibrium, the tensions 
of the two sides adjacent to a moveable ling will be equal to 
each other , this follows from the circumstance that these two 
sides make equal angles with the direction of the force applied 
to this ring, and that their tensions aie equal to this foice re- 
solved in their lespective directions, but, indeed, this equality 
of tension may be regarded as self-evident, inasmuch as the 
. two sides, m the directions of which the ring can slide, consti- 
tute paits of the same stnng, which necessanly cxpenences 
an equal tension throughout its entiie extent. 

290 What has been stated relatively to a nng constiaincd 
to slide along an mextensible and perfectly flexible tlnead, 
may be applied to all the points of a system of mateiial points 
in equilibiio In whatever mannei these points are connected 
together, it is evident that this equilibiium will not be de- 
ranged, by fixing all the points of the system except one. 
Now, if the connexion of this point with the others is such 
that it may besides describe a surface, 01 only a cuived line 
about these fixed points, it is evident that the moveable point 
will be m the same condition as if the suiface 01 cuived line ac- 
tually existed, consequently, the dnection of the foice which 
.is applied to it must be normal to this suiface 01 this line 

Hence it follows, that in any system of mateiial points m 
,;cquilibrio, the foice applied to each of these points is peipen- 
jdiculai to the suiface oi line on which this point would be 
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constrained to exist, if, foi an instant, all the otliei points to 
which it is connected, weie considered as fixed points 

When this condition relative to the duection of the forces, 
and to the connexion of the paits of the system, is not satisfied, 
wo may be certain that the equilibrium does not exist, but on 
the othei hand it is not of itself sufficient to secuic the equili- 
biium of the system 

291 If all the foiccs which act on a funiculai polygon 
suspended at the two fixed points a and b, aio given weights, it 
follows, fiom the constiuclion of No 286, that this polygon 
must exist altogether in the veitical plane passing tlnough 
these two points, tins is indeed evident of itself, for tlieic is 
no reason why it should deviate fiom this plane to one side 
lather than to the othei Hence, if the peipcndiculai to this 
plane be assumed foi the axis to which c, g, y', y", &c aie 
refened, all these angles will be right, and the thud equa- 
tion (a) will disappeai , the two othei s will become 

h cos a + k cos e = 0, 

h cos b + K cos/ +H =: 0 , 

in which the angles a, e, a, a', &c lefoi to an horizontal axis, 
and the angles 5,/, ft, ft', See to an axis diawn in the ducc- 
tion of giavity, u denotes the sum of the weights r, v', r", & c 
which aie applied to the polygon. 

The equilibnum of this polygon will not be deianged, by 
making its foim invariable , consequently, the foice n must be 
equal and dncctly opposed to the resultant of the forces ii 
and K luom equations (b), we know alieady that it is 
equal and contiaiy to this lesultant, it must theiefoie pass 
thiough the point o (tig 7$), wheie the pioductions of the 
extreme stiings am and bn lntcisect, hence this point may 
be taken foi the common point of application of the two foi ces 
ii and k Thus, in the state of equilibnum, H the icsultant 
of the veitical foices i*, v', p", &c , will be dncctcd along the 
vertical on, and, consequently, we shall have (No. 29), (Ift 
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h n sin bod sinAOB, 

r n . sm aod sinAOB, 

by means of which, the tensions of the extreme strings, oi the 
pressures h and k on the two iked points a and b, will be 
known, when the angles aod and bod aie measured 

292 The same remark is applicable to the tensions of 
strings which support a given weight, as has been alieady 
made relatively to the pressuies experienced by the points of 
support of a horizontal plane, on which a weight is placed, 
(No. 270). 

Let us suppose that the three strings attached to the fixed 
points a, b, c (fig. 73) are reunited at the point M, and that 
at this point a weight p is suspended, which acts in the dn ac- 
tion of the vertical md. On the pioduction of this line, let a 
point d 7 be assumed, and let a paiallcllopipcd be conshuctcd, 
of which md 7 is the diagonal, and whose thiee adjacent sides 
are ma 7 , mb 7 , mc 7 , taken on the dncctions of the tlnce stungs 
If the force i> be represented by the line md 7 , its components 
in the directions of the lines ma 7 , mb 7 , mc 7 , will be lepiescntcd 
by these lines respectively, and they will cxpiess the tensions 
of the thiee strings ma, mb, mc, or the pressuies on the tlnee 
fixed points a, b, c, which will, in this case, be completely 
determined. But, when the number of stungs which tciminatc 
at the point m is foui, or a greater numbei, the foice p may 
be resolved m then directions, in an infinite vancty of diffeient 
ways, so that their tensions and the piessurcs of the fixed 
points, will be no longer determined, and one oi moie of them 
may be eilhei cypliei or any arbitiaiy magnitude whatevei 
Now, this indetermination really obtains in the abstiact ques- 
tion, when the extensibility of the stungs is not taken into 
account, but it no longci exists, when i eg aid is had to this 
pioperty of the matenal of which the stung consists, then 
all the stungs are lengthened by some small quantities, 
they may be evei so small , they depend on then num- 
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bei and on then iclative positions, and by measuring the 
small increase of length foi each of them, the tension of each 
string, or the piessuie of each fixed point, which actually has 
place, may he determined 

Thus, if we suppose that the stung am, for example, is 
lengthened m the latio of 1 + 8 to unity, and if, besides, we 
know that a string of the same material and diameter is 
lengthened m the i atio of 1 + w to unity, when being sus- 
pended veitically fiom a fixed point, the weight p is attached 
to its mfenoi extremity , it follows from No 288 that the 
tension experienced by this string, oi the pressure which the 

g 

point a sustains, is equal to the product — p. 

d) 

If we denote by a/ and S', <o n and &c , what the fac- 
tions u) and S become relatively to the stnngs mb, mc, &c , 
and by y, y', y /; , & c. the acute angles which the strings ma, 
mb, mc, & c., make with the veitical md', we must have 

g g' g// 

- COSy + -7 COSy' + -7 } COSy" + &c , = 1 , 
to * to to 


m oidci that the sum of the veitical components of all the 
tensions may be equal to the weight p If the same strings 
aie piojected on a honzontal plane diawn through the point M, 
and if i|, y)', n ", &c , denote the angles which the piojections 
of ma, mb, mc, &c make with a line mo aibitranly tiaccd 111 
this plane, we shall also have(tf) 


g g/ g// 

— smy sm i) q — - smy'sin n* H — ^siny" sin q" + &c. = 0, 


S' S" 

smy cos y ] 4 — -.smy' cos 17' -| — 7 . smy" cos yj ;/ + &c. =: 0 ; 

to to " 


which indicate that the resultant of all the tensions is a vertical 
force 

When theie aie only thiee stnngs, these three equations 
aie sufficient to enable us to determine the relations which 
exist between then tensions and the weight r, 01 the values of 

3 N 



458 


LQU I LIBRIUM OF A 1LLXIBLL IHREU) 


g 8' g" 

— , —7, —7,9 by means of the angles which these thiee strings 
0) to to J 

make with the vertical md 7 , arid of the angles comprised be- 
tween the planes of this line and then directions When there 
aie only two, their cluections and this vertical exist m the 
same plane , this reduces the two last equations to one 

II Equilibrium of a flexible Thread 

293 . The case which we propose to considei first, is that 
of a homogeneous thread, which we suppose to be acted on by 
gravity, and to have a constant diameter II it be peifectly 
flexible, and attached at its extremities a and c (fig 74) to two 
fixed points, the figure that it assuxnes m the state of equili- 
brium is teimed the catenary , all its points evidently exist 
m the veitical plane which passes thiough the two fixed 
points a and c, foi theie is no reason why it should deaate to 
the one side lather than to the othei of this plane. 

Let there be diawn thiough a point o situated m this 
plane, the two rectangular axes ox and o ?/, which will be those 
of the positive coordinates, let ox be the horizontal axis diawn 
on the same side as the point a, and oy the veitical axis diawn 
thiough b, the lowest point of the curve, m a direction the 
opposite to that of gravity Let x and y be the coordinates op 
and pm lefened to these two axes, of m any point of the cate- 
nary, s the arc bm, measured from the point b, and teimmating 
at this point, and let x' 9 y', s' denote what a?, //, s become, rela- 
tively to another point of this curve which is so situated that 
s ' > s . 

Ifp be the weight of the unit of length of the thiead, 
when it exists m a horizontal plane, j> (s'— &) will, m this 
state, be the weight of any length s '— s of this cuive, since 
it is assumed to be homogeneous and of a constant diameter. 
11 it be suspended at the two fixed points a arnlc, its difieient 
parts will be unequally elongated, on account of then le- 
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spective tensions , and, at the same time, since then masses do 
not undeigo any change, eithei then densities, 01 then thick- 
nesses must diminish , consequently, the weight of this length 
a'— $ will be no longer the same as before, howevei, if the 
matenal of which the tlnead consists is veiy little extensible, 
so that the small dilatations of its paits maybe neglected, 
p ( $ 1 s ) may still be consideied as the weight of the arc mm / 
of the catenaiy 

Moreovci, let t, t 7 , be the unknown forces that act at its 
extremities m and m 7 , which anse from this, that these points 
aie connected with the paits cm and am 7 . By joining these 
forces to the weight p (s' — s), we may consider mm 7 as en- 
tuely fiee, consequently, if a and j3 denote the angles which 
the diiection of the foice t makes with the pioductions of x 
and //, the cooidmates of its point of application, and ll a 7 
and /3 7 denote conespondmg angles relatively to the foice t 7 , 
we shall have 

t cos a + T 7 cos a 7 = 0, 

T COS /3 + T 7 COS /3' =Z p(f>' — ,<?), . (d) 

1 ( v cos cos a) + T 7 (z'cos j3'~ /cos a')~ p (s'— a) 1 1 , _ 

foi the equihbnum of these thice foices existing m the same 
plane (No 262) , x v being the horizontal abscissa of the ccntie 
of giavity of the aic mm 7 * i Iiese equations will obtain, wliatevei 
be the length of this arc, if it be infinitely small, then the in- 
finitely small quantities of the second oidei may be neglected 
m these equations, but the quantities of the fust oidei must 
be retained, this, howevci, will not pievont us liom consi- 
denng the foice t as acting m the dnection of Mir, which is a 
tangent to the ciuvc at the extremity M, and the foice t 7 as 
acting m the dnection of m 7 ii 7 , the tangent at the othei ex- 
tiemity m' 

In oidei to be satisfied of this, let theie be taken on mm' a 
point ?>/, such that the aicMMinay be an infinitely small quantity 
of the second oidei , tins will enable us to neglect the weight 
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of this part of tjie catenary The equilibrium will not be de- 
ranged by fixing the point m , but as the thread is supposed to 
be perfectly flexible, there is nothing to prevent the force t 
from causing the arc m m to turn about m , if it did not act m 
the direction of its production mh In the same way it may 
be shewn, that the force t' must act m the direction of m'h'. 

In consequence of this, we shall have 


cos a =: 



cos /3 = — 


dy 

da 9 


COS ct = 


dx ' 
d I 7 ’ 




and by neglecting infinitely small quantities of the second 
order, these last values will become 


cos a ' : 


dx _ dx 
T ■+• d.—, 
ds ds 


cos j3'= 



dy 

ds 


It may be likewise shewn, that t'— t + c?t In fact, the 
quantity t is a function of the coordinates of any point m to 
which it refers, which, consequently, becomes at the point m' 
t + ^t, at this point, it expresses the force which acts in the 
direction of mh 1? the pioduction of h'm', on am' the uppei 
part of the catenary. But, if m' be a point of the cuive, the 
distance of which from m' is an infinitely small quantity of 
the second order, the foice which acts at m! on the part a m\ 
will be the same, m magnitude and direction, as that which 
acts at m' on am', consequently, the pait m'm’ of the catenaxy 
is drawn m opposite directions, along m'ii' and m' ii l5 by the 
forces t' and t + dr, which must be equal m oidei that uW 
may continue m equilibrio 

This being established, if these diffeient values aie substi- 
tuted in the two first equations (a), they will become, by 
making s'— d$(e ), 

= d.T (b) 
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As to the thud, it will assume the form 

d T ( x Ts- y i)=P xds ’ 

m which x is substituted m place of x l in the second member, 
which substitution we are permitted to make, as infinitely 
small quantities of the second ordei are neglected. Now, this 
equation being the same thing as 

j dy , dx 

xd T T6- yd T &=P xds > 

it is evidently a consequence of the two others. In point of 
fact, the pioblem cannot depend on more than two equations, 
inasmuch as there are only two unknown quantities to be de- 
tei mined m functions of a;, namely, y and t The first makes 
known the equation of the curve, the second determines the' 
tension m any point m, that is to say, the magnitude of the 
equal foiccs which diaw the element m?w along its two pro- 
ductions 

294 The integial of the fiist equation (b) is 
dx 

T ^= r ’ 

in which c denotes a constant aibitrary At the point b, 
dx 

WC * uve = l > an< ^ T = c > theieforc, the tension m this 

lowest point be denoted by the weight of a ceitain length, 
sucli as A, of the thiead, we shall have c =5 jpA, and, m any 
point whatevei, 

7 ds 

The second equation (b) will theiefoie become 

hd.^p = ds, 
dx 


fiom which we deduce 


- /, d, J 
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theie is no constant arbitrary, as we have, at the same time, 

$ zz 0 and 0, at the point b By means of these 

dx 

equations, the aic s and the tension t will be immediately 
known, when the oidmate y shall have been determined m a 
function of x 

By substituting m the preceding equation, in the place of 
ds 9 its value 


ds=dxV / \+ d £, 


we obtain 


' - ■ ■ ■ ■ -- ■ 

v/i+S 

By integrating this expression and observing that at the 
point b, we have x r: 0, ~~ = 0, there results 


!=Alog GI 


and, consequently, 

e denoting, as usual, the base of the Napeiian system oi loga- 
rithms. If this equation be multiplied by 


(v'l+g-SM- 


there lesults 


^ dx 1 dx '■ 


consequently, we shall have(/) 


= i ^ + e dx y dy zz A (eh — e di, 


hence we deduce 
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h ( l _ d \ h ( 36 _ x \ 

s “ 2 \ e,i "" C 9 = j + « *), (c) 

in wlncli we suppose that «s — 0 and a? zz 0, at the point b, and 
that o the oiigm of the coordinates, is taken at a distance 
below this point equal to h 9 so that we have y = h when 
r = 0 

From equations (c), we obtain $ — h^ as before The 

dx 

second is the equation of the catenaiy in its simplest form, it 
shews that tins cuive is symmetiical on each side of its lowest 
point 

The piocedmg value of t will become 

fiom which it appeals, that the tension in any point m is ex- 
piessed by the weight of a length of the thiead, equal to mp, 
the peipendiculai let fall fiom this point on the honzontal 
line, passing tlnough the ponit o Therefore, the tension is 
least at the point n, wheie it is equal to ph 9 as has been al- 
leady supposed 

2 ( )5 It only lemams to deteinnne the constant h which 
occuis m these foimuLe The cxpiession foi y will then 
make known theliguie of the catenaiy, but, in ordei to know 
its position in the vertical plane passing tlnough a and c, it is 
neccssaiy aUo to del ei mine the distance of the axis o y from 
one of these fixed points 

For this pui pose, let theie be diawn thiough the point a 
a honzontal line cutting the axis o y m a point q, and thiough 
the point c, a veitical line meeting aq m in the point d. The 
position of the point c, with respect to the point a being known, 
the distances ad and dc will be given. If these lines be de- 
noted by a and b , and it k denotes the distance aq, we shall 
have 

\r> = < t 9 dc = />, aq = /*, on iz A , 


4 
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a and b are given, and k and h are the two unknown quan- 
tities which it is proposed to determine 

Denoting the distance qd by ft, the given length of the 
curve abc by 7 , its parts ab and bc by g and g\ and the sa- 
gitta bq by f we shall have 

k + k' = a, g + g' = 7 , 

m which k' and g f are consideied to be positive or negative, 
accoidmg as the point c belongs to the production of ab 01 to 
ab itself The coordinates of the points a and c will be h +f 
and h +/— b } m which b is to be considered as positive 01 
negative, according as c falls below or above the horizontal 
line, drawn through the point a 

If, m equations (c) we first make, 

xzzk, s=g, yzzh+f 

and then 

s —-o\ y = h +/— 

there will result 

— e ~)> 

, h f *' _*\ h t *' *'\ 

9 = 2Y ~ e r J’ h +f~i>= 2\ eh + e '‘J’ 

fiom which we obtain 

, h l h _* 

* = 2 \ e k ~ 6 A ~ e * J, 

, h I * L ' 

o =r - + e h — en — e 3 J 

Hence and because A + A' = a, we obtam(</) 

— A 2 = A 2 (e£ + e"i _ 2^, 

and, consequently, 


1 
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m which we make, m older to abndge, 


a 

2h 


a > v it 


As n consists cntnely of given quantities, equation (d) will 
make known the value of a, and, consequently, that of A. In 
general, this equation can be resolved by trials , and the nu- 
mencal value of a can be deduced fiom that of n as accurately 
as we please If n differs little from unity, the value of a will 
be very small, and, in this case, if the exponentials be deve- 
loped, we shall obtain, by neglecting the fourth power of a, 
a 2 =: 6 (n — • 1) (h) 

If m like mannei, we make 


we shall have 

h n: ^ a + A/3, h' zz } z a — hf3 , 
and the preceding value of b will become(^) 

6 = g (fM — e~Th^j (e? _ e -P} 9 (e) 

by means of which, the value of j3, and, consequently, the 
quantities k and //will be known, when that of h is detei mined. 
The sign of A' will deteimine on what side of o //, the point c is 
situated 

The simplest case will be that m which the fixed points a 
and c aic situated on the same honzontal line. In this case 
we have iz 0, and equation (e) will give j3 zz 0, and, con- 
sequently, k zzh f zz \a , as we know it ought to be. At the 
same time, we shall have 

h f «\ 

*+/=2V* +e V’ 


by means of which, when the value of h shall have been calcu- 
lated, the tensions at the points a and c, 01 the pressures 
which these fixed points will have to sustain, can be detei- 

3 o 
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mined In the geneial case, these cxticme tensions can he 
deduced from the values of y coi responding to t = ‘*ud 
x = — k 

296 Among all the cuives ot the same length, which tei- 
minate at the given points a and c, the catenaiy is that 
whose centre of gravity is the lowest. 

In fact, if through the point a (fig 75) an horizontal axis 
Ay' be drawn, and a vertical axis ax' in the direction of i* lavity, 
and if rt and y' be the cooidmates of any point M, refer led to 
these axes, we shall have 

lXl - So*’ + • daf * 

in which x x denotes the distance of the centre of giavity of 
amc any curve whatever, fiom the axis Ay', b the value of t' 
which refers to the point c, and l the given length of this 
curve, the value of which we know is 



i 

J 


Now by formula (e) of No 201, the differential equation 
of the curve, for which, among all curves of the same length, 
the first integral is a maximum, is 

. . c f dx 9 

(x r + c) 2 — c' 2 ’ 


c and & being two constant arbitrages The integiation of 
this gives, as x‘ and y' aic equal to cyphei at the same 
time(A) 


y> = C ' log ( X ^± C -± V(xl + ( y=^l ^ 
\ c -1- vV — r n ) 

and, consequently, 

vl 

x’ + c v/('r / + C T ~ c ‘ 1 — ye'', 

in ’which, for the sake of abndging, we make 
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c+/ C 2 — c ' 2 ZZ y . 
Hence it is easy to peiceive that 


y 

& + €— '/{x' + cf-c , *zz y'e 
m which, m the same mannei, we suppose 


Consequently, 


C — * V c l — C u =r y / « 

y _ y 

a' + c = J ye c ' + l i'e~ <>' 


(*) 


will be the equation ot the curve which possesses the lequned 
piopeity At the point c, we shall have 


a a 

b + c = 1 ye L ' + \y'e y, 

in which a is the given distance of this point from the axis a #, 1 
so that we have at the same time x / = b and y* = a By 
means of tins paiticulai equation, and ot l the length of the 
curve, the two constant quantities c and c f can be detei mined. 
Now, in oulei to make equation (f) to coincide with that of 
the catcnaiy, let t denote an indeterminate constant, and let 
the outmatch a/ and y 1 be changed into two others, such 
that 

x' + czz — y, y' zze-cc, 

so that these new coordinates x and y must be drawn in a con- 
traiy direction fiom that of x ' and y', and also be iefcncd to 
anothei ongin By this change, equation (f ) will become 

c x ex 

y~—kY eC 'e~ i'—y‘e C V'. 
c can be detei mined by putting 

e e 

ye^zzy'e c ', 

and denoting tlicii common value by — /*, so that we may 
have 

*_ € 
ye (, zz — A, y'e"' zz — A. 



468 


EQUILIBRIUM OF A FLEXIBLE THREAD 


As yy' zz c' 2 (l ), there will result Azc', and the preceding 
equation of the curve will become 


y = 



Jf 

e 



which evidently coincides with the second equation (c) that 
has been found for the catenaiy. 

297 If the veitical force which acts on each element of 
the thtead suspended at the points a and c, (No. 74 ), in place 
of being piopoitional to the element ds 9 was proportional to 
its horizontal piojection dx 9 the second equation (b) will be- 
come 

- pdx> 


p being a given constant, that denotes the weight of a pnsm, 
the altitude of which is the lineal unit From the first equa- 
tion (b) which does not undergo any change, we shall always 
have 


7 ds 

* = r h di' 


in which h denotes a line of unknown length, and ph a weight 
equivalent to the tension at b, the lowest point of the curve. 
From hence there will iesult 


“ dx 9 
dx 

and, consequently, 

h i = x > 2h !/=**’ 

the ougin of the cooidinates x and y being placed at the point 
b In this case, the curve is evidently a parabola, the summit 
of which is at the lowest point, and the expression foi the ten- 
sion at any point whatcvei will be (m) 


t zipV h* + x 2 . 
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By employing the notations of No 295, we shall luive, at the 
points a and c, 

2Jif=k\ 2 /,(/-&)== A' 2 , 
and because A + A' = a, theie will result 
2 kb = a(k — A') , 

by means of which ^ A, A', will be known, when A shall have 
been determined, and the value of this last can be deduced 
fiom knowing that ot £, the length of the thiead In fact, 
we shall have 

ds 1 C A 

fa A 2 + x z 9 hi zz j — h* V h 1 -|- x~dx , 

which, by integrating, gives 

2 hi = A 2 log ^ + + A Vk- + A 2 + A VF+F 

^A' + A' 2 -^ 

If, for greater simplicity, we suppose that the two points v 
and c exist m the same horizontal line, we shall have 

A =0, A z= A ' — i a , 

and the preceding equation will be reduced to (w) 

A/ = A 2 log — + 

from which, when the numoiical values of / and A aie given, 
an appioximate value of h may be deduced by tual This un- 
known A can be detei mined with grcatei facility, when /, the 
length of the cuivc, difleis little fiom a its piojection, for then | 
the value of A will be veiy gieat relatively to that of a. In 
this case, we shall have in veiy con vei gent seiies 

ti z A 4 

✓ A 2 + k 1 =: A + i / t Ijp + & c * 
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By means of these values, the preceding equation becomes ( o ) 


q p. 

and, consequently, 


h 2 (l- 2A) = 

_ a s/2a 
ft zz * ■ * 

4 /3(7-a) 


This example has been selected, because it may be usefully 
applied m the construction of suspension bridges, in which it 
is important to be able to calculate the tension of the chain of 
suspension, and also the piessure on its points of support 
298 If all the points of the thiead are supposed to be 
solicited by any forces whatever, the figure which it will as- 
sume m consequence of the action of these foices, will be, m 
general, a curve of double curvature , the equations of equili- 
brum of each of its points will be three m numbei , and if the 
thread be peifectly flexible, these equations can be obtained 
m the manner which has been explained m detail m No. 293. 
In this way, we obtain 


d.T^-~\-xed$ = 0 , 
d t — + y eds = 0, 
d T + ze ds zz 0 , 


( 1 ) 


on, y, z being the rectangulai cooidmatcs of m any point what- 
'evei of the curve, ds the diffeiential element of its length, e 
the pioduct of the density of the thread and of the section 
made by a perpendiculai to the thiead at the point m, so that 
*tds is the element of the mass of the thiead, t the tension at 
this same point, oi the foice, of unknown magnitude, which 
diaws this element zds in the dnection of each of its pioduc- 
/ tions, x, y, z the foiccs icfei led to the unit of mass, paiallel 
' to the axes of a s ij 9 z, the cooidmates of the point m, which will 
be given functions of these thiee coordinates 
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111 virtue of the tension t, the element ds will expenence 
an extension, ancl the quantity e a diminution, such, however, 
that the mass eds lemams the same , consequently, if ds' and 
c' denote what these quantities were m the natuial state of 
the thiead, we shall have 

cds = z'ds ' , 

and if the extension be pioportional to the force which pro- 
duces it, (No. 288), we shall, at the same time, have 

ds = (1 + to t) ds , 

to being a veiy small coefficient, depending on the material and 
thickness of the thiead at the point m When the thiead is 
homogeneous, and of a uniform thickness throughout its en- 
tile length, £ f and to will be constant quantities, but, in 
geneial, these two quantities may be consideied as given 
functions of the aic s', lcckoned from a determinate point of 
the thiead, and teimmating at the point m. 

290. If the thiead, whatever be its nature, is only acted 
on by giavity, and suspended vertically at a fixed point a, the 
two last equations (1) will disappear and the third will be 
reduced to 

dr + gzdx zz 0, 

the axis of the ordinate x being supposed to be vertical, and 
to act in the direction of g which denotes the force of giavity. 
If the origin of the oidmates x be placed at a, and if q de- 
notes the value of t when x zz 0, that is to say, the load 
which it will have to support, we shall have for m any point 
whatever, 

t = q — g&dx, 

m which the integral vanishes at the same time as x 

If to b, the lower extiemity of the thread, a weight r is 
attached, and if l denotes the length of ajb, it is evident that 
the tension at the point b will be equal to p ; consequently, 
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we shall have at the same time, x = Z, and tip, by means 
of which we obtain 

« = v + g^ l 0 zdx, 

and, consequently, 

T = p + 9 edx — g ^edx 


But as the second and third terms of this formula are evi- 
dently the weight of the entire thiead and of its part am, it 
follows that the tension at any point such as m, is equal to the 
weight of the part bm, increased by the weight p , which in- 
, deed is evident of itself. 

The law of the extensibility of the thread thioughout its 
entire length, depends on the nature of the material of which 
it is composed and on its thickness If, foi example, it was 
homogeneous, and of the same thickness thioughout, the co- 
efficient (o would be constant, and if we denote the length of 
the part am befoie the thiead is sti etched by which length 
becomes x by the eflect of the tension, and if, in consequence, 
dx' and dx be substituted for ds' and ds, m equation (2), we 
shall have 

dx zz (1 + wt) dx'. 


Likewise, if V be the entnc length of thread befoie it is 
stietchcd, and p its entire weight, the weight of the pait bm 
p (V — x 0 

will be — — j , — -, and the value of the tension at the point m 
will be 


TUP 


+ 


p ( l ‘ — x') 
V 


By substituting this expi ession for t m the piecedmg equation, 
and then integrating, we shall obtain, because x' = 0, x ™ 0, 
at the point a, ( p ) 


x 


x f zz o>Pa/ + 


wp (2ZV— x' 2 ) 
2 If 
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which is, therefore, the quantity by which the length of the 
part am is increased The entile increase of length will be 
obtained by making x'zz l\ x'zz Z, this gives 

l — V zz wV (p + -^p) , 

from which it appeals, that it, in calculating the increase of 
length of the tlnead, its own weight is taken into account, 
half of this weight must be added to that which is attached to 
its mfenoi extiemity 

300 In the general case, if, after having multiplied equa- 
tions (1), by respectively, they be then added to- 

gether, theie will result^) 

tfr + e ( xdx + y dy -f z dz) = 0, (3) 

because 

dx 1 dtf dz* _ 
d? + d? + dl'>-' ’ 


d -L d ‘<l+!k d .*l + ±d% 

d s ds ds ds ds ds 


0 


If the thread be homogeneous and of a uniform thickness, 
and if the small dilatation of its parts be neglected, the quan- 
tity e will be constant , moreover, the foimula \dv+Y(iy + zdz 
is, m general, an exact differential of a function of the three 
vanables a?, ?/, z 9 consideicd as independent, therefore, by 
making 

xdx + Y dy + zdz zz — d . $ (x 9 y> ss), 
we shall have 

di = id <p (x, y,z ), 


and, consequently, 

t = (a?, y, 


in which, the constant aibitrary that is intioduced by the inte- 
gration, is supposed to be comprised m the function <j>. This 
constant will disappear m the cxpiession for the difterencc of 
the values of t lelative to two points of the thiead , it follows 

3 p 
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tliereloie, tliat it is not necessaiy to deteimine the figuie 
which the thread assumes in the state of equilibrium, m ordei 
to know the inclement of the tension liom one point to 
anothci , so that the tension will be known thioughout the 
entne length of the cuive, if it he known in any one deter- 
minate point of it. The cuive which the thread assumes will 
be detet mined by two of the tluee equations (1), 01 by any 
two combinations of these thice equations, m which the pre- 
ceding value of t should be substituted , so that in general it 
will be necossaiy to integrate the system of two diffeiential 
equations of the second oidci, m oidei to have the equation 
of this cuive 

Its ladius of cuivature at m, any point whatever, will be 
obtained by means of the following diffeiential formula, which 
does not snipass the fiist oidei, and in which it is only assumed 
that the dnectioii of the tangent at this point is known 

liquations (l) may be leplaccdby the following: 


(h 

Ts 


(I T-f ■ 
(Is 


(hj di , . 


- y <li). 


dz , a i <n . nz . , , » 

- d.'v r d.'i-r — e (z dx — xdz), 

ds as as (Is 

< hi , <lz dz r <lu , , , 

-fd.T-; T d.'s-f- — t{xdz — vmj) , 

ds (is ds ds 

which, by poifoiming the clifTeicntiations, and assuming the 
aic t«n the independent va liable, are the same as(>) 

trfS 


<ii , dz 


duPtj — (hj<r\ e = (\dy — vdi) 
dziPt - duPz = {/.dr. - xdz) 

id s* 


( 4 ) 


dycPsz — dzdhj = {xdz — z dy) — 

Now, if the ladius of cuivatuie at the point M be denoted 
by p, vie have (No. 18) 
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__ ds~ ^ 

10 (dxdry — dyd 2 x ) 2 + ( dzd 2 x — dxd 2 z) 2 + (dycPz — dzd 2 y ) 29 

which by means of the piecedmg equations, and by substituting 
the value i, becomes 

0 — __ ft (j?, ?/, z) ds 

(xdy — 'iJrc) 2 + (zcte — xcfe)' 2 + (Yds — z d«/) 2# ' ^ 

In the case of the catenaiy, 

X = o, Yz — Q, z zz 0, 0 zz y?j, 

the axes and origin of the coordinates being assumed to be the 
same as in equations (c) of No 294 We shall thciefoie have 


which it is easy to venfy, by means of these equations 

301 Let these toimulae be applied to the case of a stung 
stietched on the smla.ee of a solid body, and, for gicatei sim- 
plicity, let it be assumed that it is not subjected to the action of 
any given foice, so that the only foicc which acts on its dit- 
foicnt points is the unknown lcsistancc of the solid on which 
it is sti etched 

Let n<7.s be the magnitude of this foice applied to t(h the 
clement of the thiead at any one of its points m, ltsthiec com- 
ponents will be Xeds, Yc(h, z cd& , its direction will be noimal 
to the surface of the solid, and dnected fioin without inwards. 
The piessuie on the pait of the solid conesponding to ds, 
will be equal and conti aiy to this force nA, so that n will 
expiess the measuic of the pressuie ref ei red to the unit of 
length If A, /z, v, denote the angles which the cxtenoi part 
of the noimal at m makes with lines diawn though this point, 
paiallel to the axes of x, y , we shall have 

£\Z N COS X, CY ZZ N COS jU, CZ — N COS v 

Moicover, if l zz 0, is the equation ofthesuiface of the solid, 
and if, foi the sake of abridging, wc make 
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_(d\? d\? 

\dx 2 dy 2 



we shall likewise have (No 21) 


a suitable sign being given to v This being so, we shall 
have(s) 

xdx + y dy + zdz = nv^l = 0 ; 

in consequence of which, the value of di furnished by equation 
(3) will be cypher. Hence, whatever be the form of the solid 
body, the tension will be the same throughout the entire length 
of the thread. Let its value be supposed to be given, and to be 
represented by k, then if the thiead is attached at one of its ex- 
tremities to a point of the body, and if, at its other extremity, 
there be suspended veitically a weight such asp, that is con- 
siderable relatively to that of the thiead, which may, theiefore, 
be neglected, this weight will be the tension li and the pressuie 
which the fixed point will experience If the thiead is fiee 
at its two extremities, and if consideiable weights aie sus- 
pended from them, they will express the extieme tensions, 
consequently, they must be equal, and each of them will be 
( ten sion k Finally, if the two extiemities aie supposed 
fixed, its tension k will be deduced from its extension, which 
will be constant throughout its entire length 

302 If A., /j . , v , denote the angles which the peipendicu- 
lai to the osculatoiy plane at the point m, makes with paialiels 
to the axes of x,i/, s, then the ladius of cuivatureat this point 
being p, we shall have (No 19) 

dxd l >j — dud 1 ! 

d ? = pcos„', 

t/sd 2 a — dxdrz 

■jp = p cos fx', 

dyd 1 z — dzdry 

— p cos A' 
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If, therefore, equations (4) be multiplied by cos v, cos jx, 
cos X, respectively, and then added together, theie will re- 
sult, by taking into account the values of x, y, z, in the case 
which we aie considering (£), 

COS v COS v'+ COS fX cos + cos X cos X':=: 0 , 

consequently, the noimals to the suiface of the solid body and 
to the osculating plane of the cuivc formed by the thiead at 
each point m, aie perpendiculai the one to the othei , this 
we have pioved to be the characteristic pioperty of the line, 
the length of which is a minimum or maximum on a given 
suiface (No 161). It follows, theiefore, that a thread 
stretched on a solid body, tiaces, in general, the shortest dis- 
tance fiom one point to another on the suiface Stnctly 
speaking, it is possible that this distance may be, on the con- 
tiaiy, a maximum Thus, foi example, two given points on 
a spheie aie the common exticmities to two aics of great 
cncles, of which one is the shortest distance between these 
points, and the othei the plane curve which is the longest , 
now, it is evident, that the cqmlibimm of the sti etched 
thiead will be ngoiously possible on these two arcs of the 
circle, since if it be placed on one of them, theie is no reason 
why it should deviate horn it to the one side rather than to 
the other, but on the small aie the equilibnum will be stable, 
and on the gieat only instantaneous, so that, physuallij, it 
cannot subsist except by means of the faction of the thiead 
against the solid body 

Likewise, if the values of cx, cy, cz, of the preceding num- 
ber, be substituted in formula (5), we shall have 

K dy dv y , fdi dz . \ 2 

(dz dij \'-“l k 

because uj> (i, //, c) z_ k We ha\e at the same time 
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dx 2 dy 2 f dz 2 _ 

cosA 2 + cos fj?+ cos v 2 =: 1, 


and, as the normal to the surface of the body, and the tangent 
to the curve of the thread, at each point m, are perpendiculai 
the one to the othei, we have also 


dx . , dy dz 

•^r cos A + cos fi + cos v 


= 0 , 


but, it is easy to shew by means of these three last equations, 
that the coefficient of n m the preceding expression is unity, 
hence we have simply(w) 


k 



from which it is evident, that the piessure, referred to the unit 
of length, exeited by a thread stretched on the surface of a 
solid body, is, at each point of the curve, equal to the tension 
divided by the radius of curvature of the thread, that is to say, 
by the radius of the section which is noimal to the suiface, 
and to the tangent to the curve which the thread assumes 
303 These results will be modified by the friction of the 
thread against the suiface of the body on which it is stretched 
In order to show how this force should be taken into account 
in the equilibrium of a flexible thiead, we proceed to consider 
the equilibrium of a cord abmcd (fig 76), whose part bmc is 
applied to the throat of a fixed pulley, and which is drawn m 
the directions of ba and cd, the productions of this pait, by 
given forces Let the pulley and the line ab be supposed to 
be vertical, and let the force acting m thednection ofBAbe 
represented by the weight k , and that m the direction of cd by 
b, it is evident that k and f denote the tensions at the points 
b andc, m the dnections of the tangents ba and cd If, m like 
mannei, in order to simplify the question, the pulley is supposed 
to be circular, its ladius to be denoted by c, and the centic 
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0, to be the origin of the cooidinates, the axis of z will be per- 
pendicular to the pulley, the axis of y vertical and directed up- 
wards, and the axis of x horizontal and passing through the 
point b. Finally, let c be the origin of the arc s, teimmatmg 
at m, any point of the cord, so that cm zz s . 

This being premised, if there is no fuction, it is necessary 
that m the case of equilibrium we should have k zz f , but, in 
consequence of the faction, the equilibrium may subsist as 
long as the diffeience between these two forces k and f docs 
not pass a certain limit Let us suppose, thciefore, that the 
equilibrium is on the point of giving way m the duection of 
the weight A, this implies that A>f At this instant, the 
friction of the coid against the pulley, which has place at any 
point m, will act m the direction of the pait Mil of the tan- 
gent at this point If its intensity be denoted by /*, and if, 
as befoie, the noimal resistance which has place at the point 
m m the direction of m'o, the production of mo, be denoted 
by n, then ju.d$ and n ds will be the tangential and normal 
foices which act on erfo, the element of the coid terminating 
at the point m, and p and n lepiesent these forces, lefeircd to 
the unit of length If thiough this point m, Maraud My' be 
drawn parallel to the axes ox and o //, we shall have 


cos a 'Mil = — cos w'mh = 


c 

, / X , > V 

cos a/ mg' = -, cos y' mo' = , 


hence we mfei, 


<r _a' + e ; 

0 ( c c 


for the values of cx and cy, which should be substituted in 
equations (1) The foice ez will be evidently equal to cyphci , 
the third equation (1) will disappear, and the two first will 
become 
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n rds jnyds ___ 

Cl T -7- -p — U, 

as c c 

as c c 


As the point m belongs to the circumference of the pulley, 
we have 

x 2 + y 2 zz c 2 , xdx + ydy = 0 , 

by means of which the two preceding equations may be changed 
into the following^) 


xd t-~ 4“ yd t ^ + Neds = 0 , 
ds * d$ 

S 4 t $ + §■ d - t 1 - ? - **> = ° 


ds ds 


ds 


( 6 ) 


But \(ydx— xdy) is the differential of the sector described 
by the radius om lcckomng from a fixed line (No 156), oc 
for example This sectoi being cnculai and corresponding to 
the arc s 9 its value will be %cs, hence we have 

ydv — xdy ~ cds 
Moreover, we have likewise 

dx , dy A , dx . , dy 

X & + y &-°’ Xd '~ds+ yd ds~~ di ’ 


dx 2 dy 2 _ dx dx dy_ dy 
d? + ds 2 ~ ’ ds ds + ds ds 


0 , 


this reduces equations (6) to(x), 

t = CN, dx = fids , 

hence we obtain 

cds — fxds 

As the pressuie at the point m, on the throat of the pulley, 
is equal and contrary to the force n, if the friction bo propor- 
tional to the pressure (No 269), we shall have 

ft=/N, 
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f being a coefficient which will depend on the nature of the 
sui faces in contact Consequently, we shall have 

c^n z = /n dSy 

and, by integrating, 

£ 

n = Ae s 

\ being a constant arbitrary, and e the base of the Napeuan 
system of logarithms We shall also have at the same time, 

J* Js 

T — Ace c 9 

At the point c, s 0 and t = f, hence we have 


A 


F 
C 9 


and denoting the length of the aic cmb by l 9 we shall have 
s = l t = A, at its other extremity b Therefore, we 
shall have finally at m, any point whatever, 

f h h fa f< 

N = -e < 9 T = F ec, iL— J —ei 9 


and moreover, the equation of equilibrium will be 

n 

k zz r e* . 


Denoting the total friction through the entire length of 
cmb by f', we shall have 

Cl II 

F/ = J0 = 

and the equation of equilibrium may be written thus, 


By assuming 
we shall have 


/in F + f'. 

fi 

e< — 1 =/', 

v'-f% f = \- 1, 
r 

A Q 


i 
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fiom which it appeals, that the total fnction f 7 is equal to the 
least of the two foices h and f, multiplied by a coefficient / 7 , 
which vanes not only with the quantity /, but also with Z, the 
extent of the suiface m contact, and c the radius of the pulley* 
The diffeience of the foices k and f, at the instant the equi- 
libnum gives way, will make known the value of f 7 , and then 
ratio, diminished by unity, will be the value of the coefficient f 9 
from which it is easy to deduce that of/ When f is a weight 
as well as k+ we should, foi gieatei accuracy, include as be- 
longing to these weights, those of ba and cd, the vertical 
, parts of the string. 

304. It is easy, by means of the three equations (1), to shew 
that the six general equations of equilibnum (No. 261) obtain 
in the case of a peifectly flexible thiead 

For this puipose, let k and k 7 be the two extiemities of 
the thread, and Z its length , also let the origin of the aic s be 
fixed at the point k By integrating the fiist membcis of 
equations (1) fiom the point k to the point k 7 , we shall have 


f fix') 


1 c 

7 Xcds = 0, 

V T ds J 

1 - L T 5T- 

l+i 

(4) 

-t|] 

l+S 

7 , 

0 y ads = 0, 

( dz \ 

r dz ~ i 

1 f 

7 

V d& J 

“ L T (IT- 

l+i 

q ze ds — 0, 


the quantities compiised within the ciotchets lefer to the 
point k, and those which arc contained within the parentheses, 
to the point k' Besides the forces x, y, z, which act through 
the entire length of the thread, particular foices given m mag- 
nitude and direction, may be supposed to be applied at its two 
extremities , let k be that which acts at the point k, and a, j3, y, 
the angles which its direction makes with lines drawn through 
this point, parallel to the axes of a?, y 9 z, and let a 7 , j3 7 , y / 
be the corresponding quantities relatively to the point k\ 
1 hese forces k and k' will be the extreme tensions, m magni- 



JLtiU ILIBlllUM OF A l LEX1I3LL THltB.AU 


483 


tude and diiection , and as iheii directions must coincide with 
parts of the tangents to the curve, which the rod assumes at 
k and k', we shall have 


C T |]=-^ c °Sa,[ T |] = ^ c °s/3 , [t|]=-Aco S7 , 

( T ^) = / i ' c °sa / , (4) = Id cos /3', (a'g)=4'cosy', 


consequently, the preceding equations will become 

C l 

k cos a + A 7 cos a' + V xeafe = 0, 

Acosj3 + /c'cosfi' + Ycds z = 0, 

A COS y + k / QO*y' + $o Z£<& = 0 ’ 


( 8 ) 


audit is evident, that they express the conditions of equilibrium 
contained m the thiee fiist equations (1) of No, 261. As the 
following equations 


ul T 4 
(Ls 

dx 

zd, t — 

£Z6 

T z - 


, dx , f (hj dx\ 
yd t j- = d t 

, dz ( dc dz\ 

Xd T S =i *^5— 

(hj ( dz di/\ 

:d Tjj = <f 


aie evidently identical, by equations (1) of No. 298 we shall 
have 

ri . t (a, + (** - */x) sdi> = 0 , 

rf t{z C ^- 4) + - »») = °» 

rf p O' ^ “ ~ < 7 s ) + - * y ) tdi - 0 

Hence, it the fiist membcis of these lcspcctive equations be 
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mtegiated from the point k to the point s', and iU, b, c de- 
note the values of ^, y, z, relative to k, and a', b', c', those 
which refer to k', we shall obtain by means of equations (7), 

l («cos/3-icosa)+//(« / cos|3 '— J'cosc / )+^o(*y-?/x)£&= 0, ' 

k (ccosa— acosy }+A'(e'cosa — a'cos-y') -4 -^q(^x — xz)eds= 0, . (9) 

A^cosy-ccos^j+A^'cosy'-c'cosjSO+JoCyz-rsrJsrfszzO, 

these expiess the conditions of equilibrium relative to the 
moments of the given forces, which are contained mthe three 
last equations (1) of No 261 

305 Equations (8) and (9) will, in general, enable us to 
determine the coordinates a, b, c, a ', b', c', of the two extreme 
points k and k', nevertheless, theie are cases m which some of 
these quantities must remain indeterminate If, for example, 
the given forces which act on the thread are the foice of gra- 
vity and other forces that are independent of the cooidmates 
of their points of application, it is evident that the absolute 
position of the thread m space cannot be determined, hence the 
thiee coordinates of one of the points k and k 7 may be aibi- 
tianly selected Equations (9) will determine the three coor- 
dinates of the other point , and, m order that the equilibrium 
may be possible, it is necessaiy that the given forces should 
satisfy equations (8) If one of the points k and k' be fixed, 
the first, for instance, equations (8) and (9) will still obtain, 
provided that the foice h is considered to be unknown, m mag- 
nitude and direction, and as lepresentmg the pressure which 
the point k will have to sustain In this case, the values of 
a, i, c will be given, equations (9) will deteimine those of 
a , b% c', and equations (8) will make known the three compo- 
nents of the force k When the two points k and k 7 are fixed 
and given m position, their cooidmates are deteimmed, and 
equations (8) and (9) will enable us to determine k and k\ the 
pressures exerted on k and h', m magnitude and direction. 
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In all cases, whethei the coordinates of r and k/ are given, 
oi whether they have been deduced fiom equations (8) and 
( ( )), the curve foimed by the thiead must pass through these 
two points ; this will enable us to determine the foui constant 
aibitranes which the complete integrals of these two diffe- 
rential equations of the second older contain. With respect 
to the constant aibitiaiy wlucli the function 0 of No 300 
contains, its value can be obtained from the given length of 
the thiead, that is to say, from the equation 



m winch y and z aic rcgaidecl as functions of x . I3y this 
means, the pioblem will be completely solved 

III, Equilibrium of an Elastic Rod , 

30(> By this term we understand a straight or curved rod, 
the figure of which cannot be changed, without applying one oi 
moie forces to it, while at the same time it lesumes its natural 
foim when these forces cease to act , on the contrary, a pci- 
iectly /In Me thiead retains, without the aul of any force, the 
cuivatuie which it has been made to assume, and is clastic 
only in the ducction of its length. In older that a lod may 
bo elastic with respect to its flexion, the material of which it 
is composed should be vciy little extensible and contiactiblc , 
but this is not solely sufficient, it is likewise ncccssaiy, that 
the dimensions of its thickness, although very small i da- 
tively to its length, should nevertheless be of a determinate 
magnitude, foi, of whatever material the lod consists, its 
thickness may be always so diminished, as that it cannot have 
any sensible tendency to lesume the figure fiom wlucli it has 
been deflected, by winch means it may be leduced to the state 
of a peiloctly flexible tin cad 
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When an elastic rod is deflected from its natural foim by- 
given forces, each of the longitudinal filaments of which it 
consists may experience three different effects , each part (the 
length of which may be as small as we please) may be con- 
tracted or dilated, its natural curvature may be either in- 
creased or diminished, and this pait may have been twisted on 
itself The tendency of each pait to resume its natural state, 
depends on the mutual attractions and repulsions which obtain 
between the molecules of all bodies, and which extend only to 
insensible distances It is the province of mathematical phy- 
sics to compute the total effect of all the forces which result 
from them, and which must constitute an equilibrium with the 
given forces. For information on this subject, the reader is 
leferred to a memoir by the author on the Equilibrium and 
Motion of Elastic Bodies , which is inserted m the Memoues 
de VAcademie des Sciences , tome vm In the present treatise, 
the equations of the equilibnum of an clastic rod will be 
formed, by setting out fiom such secondaiy pnnciples as aie 
geneially admitted 

By an elastic plate is understood a rectangulai parallele- 
piped of small thickness, which is bent m the direction of its 
length, so that it is always comprised between two cylindrical 
sui faces, whose heights aie equal to its bieadth. This di- 
mension may be of any magnitude whatever , by dividing it 
by planes very near to each othei, and peipendicular to its 
direction, the plate will be distributed into rectangular elastic 
rods. James Bernoulli was the fiist who determined the 
figure of an elastic plate m equilibno, fiom considerations that 
we pioceed to develope, and by means of which wo shall then 
be enabled to solve the problem completely, in the case of any 
elastic rod whatever 

307 Let us considei an elastic plate made fast at one of 
its extiemities, that is to say, fixed m such a mannei that one 
of the two small lectangles which tciminate it peipendiculaily 
to its length, cannot be moved m any direction. If it be supposed 
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to be bent m the diiection of its length by means of a foice 
applied to its othei extremity, and which is the only one that 
acts on the plate, m oidei that the plane may assume a cylm- 
ducal form, as has been stated, it must be teimmated at its 
free extremity by an inflexible rectangle, to the middle of 
which the given foice is applied in a plane perpendicular to 
the bieadth of the plate. All the longitudinal sections, that 
is, those which aie perpendicular to this breadth, will be 
equal, that which contains the dnection of the given foice is 
represented by fig 77 , and the curves amb and a/mV are sec- 
tions of the two cylmdncal surfaces of the plate, which its two 
faces foim m its natuial state All the points which, in this 
state, appertain to the common peipendiculai to these two 
faces, aie still supposed, aftci the plate has been bent, to exist 
on the common noimal to the two cylindrical suifaces, which, 
m fact, agiees with what has been obseived to take place in 
its change of figuie Hence it follows, that if mm' is normal 
to the cuivc amb, it will be so likewise to a'mV, and will 
contain all those points of the plate, which, picviously to the 
bending of the plate, existed on a common pcipendicular to 
its two faces, it appeals also, that if the plate, m its natural 
state, is divided into longitudinal filaments, and if the curve 
CND icpiesents what one of those filaments becomes after the 
change of figuie, it will intersect the noimal mm / at right 
angles m n. 

If m be a point of the cuive amb, infinitely near to m, 
and if mmn 1 be diawn noimal to the thiee lines amb, cnd, 
a'm'b', and mtcisccting them in m , n , lespectivcly, the 
productions of mnm 7 and m n m' will meet m a point o, which 
will be the common centre of curvature of these thiee cuivcs 
Let p denote the ladius of eurvatuie of the mean filament, that 
is, of the filament which is equally distant fiom amb and 
a/mV, or the pait of this filament contained between the two 
normals mnm x and mmn 1 , u the distance of any filament what- 
ever, such as cnd, fiom the mean filament, and a' the length 
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of kw 5 u is to be considered as positive ox negative, according 
as cnd exists, relatively to the mean filament, nearei to amb, 
the convexity of the plate, or on the side of its concavity 
a / m / b / , no the radius of curvature of cnd will be equal to 
p + w, and the infinitely small lengths </ and o- will be to each 
other as p + u to p, so that we shall have 



In consequence of the bending of the plate, the longitudinal 
filaments undergo small contractions or dilatations, which will 
destroy the equality that previously existed between <j and <r\ 
If their primitive magnitude be denoted by y, we shall have 

* = y(l+S), *' = y( 1 + 8% 

m which 8 and S' aie very small fi actions, positive or negative, 
accoi ding as the mean filament and the filament cnd are 

u 

lengthened or contracted The fraction - is likewise sup- 

P 

posed to be very small , hence if the product of 8 and - be 

P 

neglected, we shall have 

S'=S + -, 

p 

which shews that, when the length of the mean filament is not 
1 changed, the filaments situated on the side of its convexity 
are all lengthened, and the filaments situated on the side of the 
concavity are all contracted, and each proppitionably to their 
respective distances fiom the mean filament (a). 

This being established, let the form of each of the two 
parts of the plate, which correspond to ammV and bwmw'b', be 
rendered invariable, and, for the sake of abridging, let them be 
denominated by h and k. The part h will be immoveable, 
the part k will be drawn towards h, oi lepelled from it, by the 
tendency of the intermediate part umm'M! to resume its natural 
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state, and become again a section of a constant thickness such 
as y. The filament n n of this slice will tend to contract or 
dilate itself according as it shall have been lengthened 01 shoit- 
ened, that is to say, according as the quantity S' will be posi- 
tive or negative. Consequently, the part K will be diawn m 
the first case, and pushed m the second case, by a force applied 
to the point n , but as this force arises from the action of n n 9 
we may suppose it to be propoitional to the quantity 8 and 
noimal to mnm', as if this filament Nra was detached. By 
adopting this hypothesis, the force in question leferred to 
the unit of surface, may be lepiesented by OS', and, conse- 
quently, the noimal foice exeicised on the transversal element 
of the suiface k, which concsponds to the point ra, may be 
repiesented by a&Xdu , a being a constant depending on the 
material of which the plate consists, A its bicadth, and A du 
the aiea of this element Hence denoting the thickness of 
the plate by 2 c, and rcpiesentmg the entiie foice which diaws 
or pushes k, according as it is positive oi negative, by t, we 
shall have 

and, by substituting foi S' its value, 

t = 2 aAtS. 

Moieovei, if fx be the moment of the foices normal to the 
suiface of k, taken with xespect to a tiansveisal axis equally 
distant fiom the two faces of the plate, we shall likewise have 



and, consequently (&), 


2aA6^ 



Hence it appears, 1st, that the foice t, which tends to con- 
tract oi dilate any slice of the plate, is proportional to the 

3 R 
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positive or negative extension of the mean filament, and inde- 
pendent of its curvatuie, 2ndly, that its moment jul is, on the 
contrai y, independent of this extension, and m the inverse 
ratio of its ladius of curvature , 3idly, that, the material and 
breadth of the plate remaining the same, the value of t is 
piopoitional to its thickness, and that of jm 9 to the cube of this 
dimension. 

When the length of the mean filament does not undergo any 
change, we have 8 zz 0 , t zz 0 , the parallel forces which diaw 
oi push k are reduced to two, equal and contrary, but not 
directly opposed, the moment of which, relative to the trans- 
versal axis perpendicular to these forces, is always equal to fi . 
This quantity fi is what is termed the moment of elasticity , m 
each point, it is proportional to the curvature of the plate, or 
to the angle of contact of its mean filament (c). 

308 It is easy now to obtain the equations of the equi- 
librium of this plate In the first place, if t' be what the 
force t becomes at the point m, it is evident that the infinitely 
small slice which corresponds to will be diawn or 

, pushed on one side by this foice t', and on the other by a 
force equal and contrary to t , and since by hypothesis, no given 
force is supposed to act on this shce, w e must have t h: T r . 

' Hence it appears that the force t is constant throughout the 
entire length of the plate, and, consequently, it is equal to the 
given force which acts at its fiee extremity, resolved m the di- 
rection of this length. In like mannei, the dilatation 8 will 
be constant, proportional to this force, and positive or negative 
according as this force tends to lengthen or contract the longi- 
tudinal filaments. It will not influence the figure of the plate , 
but by measuring it, it will enable us to determine the value 
of the constant a, with reference to the matenal of which the 
plate consists If we suppose that w denotes a weight equiva- 
lent to the force which draws the plate m the direction of its 
length, and that w represents the area of each transversal sec- 
tion of the plate, we shall have 
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In ordei to determine the figure of the plate, let there be 
drawn through the point a, in the plane of the mean filament, 
two 1 octangular axes \x and Ay, of which let the first be a 
tangent to the cuive amb, and diawn m the direction of the 
plate m its natuial state, and let the second be directed from 
the side of its concavity Let x and y be the coordinates of 
any point of the mean filament, referred to these two axes, 
a and b those of its free extremity, which is supposed to be 
the point of application of the given force that retains the 
plate m equilibno , p and q the components of this foice in 
the dnection of the productions of a and 6. Let there be 
dtawn thiough the point indicated by x and y, an axis per- 
pendiculai to the plane of the figuie to which the moment 
denoted by pi rcfeis, and let there be made a section perpen- 
diculai to the mean filament In older that the pait of the 
plate contained between this section and its free extremity 
may be m equilibiio, it is necessary that the sum of the mo- 
ment piy and tlie moments of p and q with respect to the same 
axis, should be equal to zeio, regard being had to the direction 
m which the foices, of which pi is the moment, and the forces 
p and q, tend to make this pait of the plate to turn, in this 
mannei we shall have 

pi -f p (b — y) — Q(a — x) zz 0. 

By assuming the abscissa x for the independent vaiiable, 
and observing that the plate is convex towards the axis a#, we 
shall have 



m which the ladical is considered to be positive. If, there- 
loie, this value be substituted in that of y, and the resulting 
expiession, mtlic pieccdmg equation, and if, in older to abndge, 
we make 
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% aXt 5 = (3, 

we shall have 

0 % = - p (1) 

foi the equation of the curve formed by the elastic plate m 
equilibno. 

Its integral will contain two constant arbitraries, which 

aie determined by the conditions y - £ and ^ = 0 when 

dx 9 

* = °» or, if we prefei it, y = 0 and 0, for this value 

of®, in consequence of the extreme smallness of s. If then® be 
made equal to a, and y equal to b in this integral, an equation 
between a and b will be obtained, and this combined with that, 
which is furnished by the given length of the plate, gives the 
two equations that are necessary to determine the unknown 
coordinates a and b , and the elastic curve, pioperly so called, 
will be completely determined. 

309. If the plate, instead of being fixed, is entirely free at 
its extremity a, then in order to maintain it in equilibno, it is 
necessary to apply to 'this extremity a force, the components 
of which arc equal and contrary to p and q; by taking the 
corresponding extremity of the mean filament for its point of 
application, it is, moreover, necessary that the resultant of p 
and q should pass through this point, in order that this should 
take place, we must have 

Q a — v(b — e) 

This equation will be sufficient, when the plate is ictained by 
a fixed axis, passing thiough this extremity of the mean fila- 
ment, and drawn in the direction of its breadth. If it is 
merely placed on a plane perpcndiculai to its length, which 
docs not pievent it from turning about the edge of one of its 
two faces, it is necessary that the fnction of this edge against 
the plane, or some other force, should pievent the plate fiom 
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sliding When the plate is not firmly fixed, the direction of its 
plane which is a tangent to the curve at the point a, will not 
be known , if, however, the origin of the coordinates x and y, 
be placed at this point, we shall still have y = c, or y = 0, 
when x zz 0, but we can no longer take the axis of x on the 
tangent at a, since its direction is not known a priori. This 
axis will then be the given dnection of the force p, and m the 

du 

determination of the constant arbitraries, the equation — = 0, 

when x zz 0, must be replaced by the preceding equation lela- 
tive to the moments of the forces p and q, which can be re- 
duced to Q a rz p b 

310. If p be supposed equal to cypher, the plate will be 
bent by a foice q peipendiculai to its pumitive direction, 
which is, for example, the case of a horizontal plate, one end 
of which is fixed, a given weight q being attached to the 
other 

If m this case we make 

(3 = c 2 q , 

c being a line, the given length of which is generally very 
gieat, unless the weight q is also veiy consideiable, equa- 
tion (1) will become 



and by integrating it so that we may -jr = 0 when x = 0, wo 
shall have 

2^-l/l+S=2 «*-*» 

dx v 1 T dx z 


dy — 


(2 ax — it) dx 
/4c 4 — (Saaj-a 2 ) 2 ’ 


du — 


2 <?dx 

V 4c l — (2aa;—x i y i 


Hence we obtain 
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ds being the element of the curve. These formulae may be 
exactly integrated by means of elliptic functions , but m con- 
sequence of the magnitude of c, we have s = x very neaily, 
and the value of dy may be reduced to 

dy = 2 P (? ax — 

hence we obtain 

6 c 2 y = 3 ax 2 — a 3 , 
for the equation of the curve. 

If the plate deviates very little from the horizontal direc- 
tion, the abscissa a may be taken for its length, and the oidi- 
nate b will express its greatest deviation Because 

3 Q (? zi owe 2 , 

if, as before, we make 2 eA = w, we shall have 
adj£ 2 b a 3 q, 

when x = a and y = b. Hence it follows, that the natme of 
the plate remaining the same, the quantity b , by which it will 
be deflected, will be proportional to the weight q and to the 
cube of the length a, and m the inverse ratio of the square 
of its thickness e and of the area of w its transversal section. 

. zo 

If for aw, its value g-, given m No. 308, be substituted, 

and if h denotes the total lengthemng a§ of the plate, produced 
by a weight w , we shall have 



If w be supposed equal to q, it follows from this that when 
the same weight q, applied to the fiee extiemity of an elastic 
plate, acts successively in the dnection of its length and poi- 
pendicularly to its length, the extension h and flexion 6, which 
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are supposed to be very small in respect to the length a, will 
be as the squares of the thickness and of this length(e). 

311 Whatever be the nature of the foices p and q, a first 
integral of equation (1) may be always obtained, by i educing 
it to the form of equation (2), by the transformation of co- 
oidmates We shall restuct ourselves to the consideration of 
the case, m which the plate being pressed against a plane, and 
not fixed in it, deviates little from its natuial form This 
will be, for example, the case of a spung, the lower extiemity 
of which is laid on a horizontal plane, its upper extremity 
being at the same time loaded with a given weight. Let us 
suppose that m bending under this load, the spring deviates 
veiy little from the vertical ab, and that thioughout its entire 
length, the tangent to the cuive, which it forms mits state of 
equilibiium, makes a very small angle with this right lme 
Tiguie 78 lcpiesents the different foims which it can assume 
m this state 

Let theie be taken for the axes of x and y, the vertical ax 
diawn in a direction opposite to that of gravity, and the hori- 
zontal line a y. The quantity ^ being veiy small by hypo- 
thesis, its square may be neglected in equation (1) , we shall 
likewise have qz= 0, since the force which acts at the extremity 
b is vertical, m virtue of the equation q a zz vb of No 309, it 
follows that b = 0 , and as the weight p acts in the direction 
fiom b towards a, the sign of this force must be changed in, 
equation (1), in which it is supposed to act in the contiaiy di- 
lcction. This equation will thus become simply 



- 


by making, in ordei to abridge, 


/3 =z ^acac 2 ~- 2 r. 


In this equation w denotes the area of the section of the 
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spring perpendicular to its length, e its semi-thickness, m 
the direction in which it is bent, and a a quantity depending 
on the material of which it is composed These three quan- 
tities aie supposed to be constant, and, consequently, c is a 
line of a constant and given length. 

Since y = 0, when x = 0, we obtain fiom this equation 


y 


7 7 TX 

Asm — , 
c 


du irk , 7 tx 

— cos 

dx c* c 


k being a constant arbitrary, which must be either cypher, oi 
very small relatively to c. 

When JnO, the spring will remain straight, and its 
length ab will be a little diminished by the weight p. When 
this coefficient k does not vanish, the spring will bend , at 
the point b, we shall have x = a and y = 6 rz 0 , therefore, i 
denoting any whole number, itisnecessaiy we should haveQf) 

azzic 

for the value of a or ab Naming l the length of the spring, 
we shall likewise have 



which, by neglecting the fourth power of - , and substituting 
its value for a, becomes(^) 



from which we obtain 

k-—\/ --1. (3) 

T 1C 


Thus then, the coefficient k will either vanish, or be ex- 
pressed by this formula. 

312. The following remarkable consequences follow from 
this result . 
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1st As long as l is less than c, formula (3) will be ima- 
ginary foi cveiy value of the whole number i 9 the coefficient k 
cannot then be diffeient from cyphei, and the spring will not 
be bent by the weight p. 

2iully. When by increasing the length of the spiing 3 or 
by diminishing the quantity c, (which last is effected by in- 
ci easing the weight p,) l is made to surpass c, the value of 
A, which is diffeient fiom cypher, and which corresponds to 
* = 1) will be leal, and the spring can be bent by this weight. 
It/ denotes a vciy small fiaction, and if we make 



we shall have 

* = 1) a = c, k =/a , 

and the equation of the cuive of the spiing will be con- 
sequently 

. 7 r.r 

y-Ja sin—, 

iiom which it is evident, that it does not intersect the curve 
between the two points a and n 

3idly The latio — still continuing to increase, if it sur- 
passes 2, the value of k which concsporids to i — 2 will be 
ical, and the spang can assume a hguie diffeient horn the 
piecedmg. Foi it j ' denotes a veiy small haction, and if we 
make 

J=2c( l + nf' 2 ), 

*ve shall have 

t = 2, a = 2c, k = fa , 

hence theie will insult, 

yzzfa bin — , 

fiom which it is evident, that m this case, the cui vc will intersect 
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the veitical at the middle point of ab, winch coricsponds to 
* = \ct 

4thly By continuing in this manner, it may be pioved, 
that if l surpasses ic by a small quantity, and if, (j> denoting a 
vei y small fraction, we have 


/ * 27r V 2 \ 

l = tc \} + -ir)> 


we can assume 


a zz ic y h zz (pa, 
by?* means of which we obtain 


, . ITTX 

y zz (pa sm — , 

CL 


which is the equation of a curve that will intersect ab m the 
number % +1 of equidistant points, a and b being leckoned 
in this number(A). 

When l surpasses a multiple of c, by a quantity which is 
not very small, the value of k , furnished by formula (3), 
ceases to be very small relatively to c , and as the value ol 

^ is then no longer a very small fi action, the figuie of the 

spring cannot be determined by the preceding analysis It 
should be observed, that m all cases, the rectilineal figuie, 
which conesponds to k z=z 0, is possible , but it is not necessaiy 
and stable except m the case of l Z c 

313 By the force of a spnng, (which, foi greatei cleai- 
ness, we suppose to be veitical,) is undei stood the gieatcst 
weight which it can suppoit without bending Tins weight 
p is detei mined by the equation czz Z, which give&(«) 

2 2 
7 r aoje 


from which it appears, that, eveiy thing else being the same, 
the force of a spring is m the mveise latio of the squaie of 
its length It likewise appeals, that when the spnng is a 
lectangulai parallellopiped, if its adjacent faces be bent, its 
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foice will be piopoitional to the squaie of the thickness which 
is perpendicular to the face that is bent With lespect to the 
absolute magnitude of p, it may be computed by substituting 
in the preceding foimula the value ot a, which may be de- 
duced cither fiom h the extension ot this spang, 01 horn its 
flexion Z, produced by a "weight w , now, it appeals fiom Nos 
308 and 310, and because aS h and a zz Z, that these values 
aie 

__ wl __ wP 
a ~ 

consequently, we shall have 

^ _ Tr^wi 2 _ iPwl 
P_ 3 W* F ~ 3 b • 

314 The lesults of No 307 may be easily extended to an 
elastic lod, when it is supposed to be straight, oi of a single 
curvatuie m its natuial state, and that, when it is bent, ll 
continues to be of single cuivature, and does not experience 
any torsion 

In this case, the mean filament will be assumed to be that 
which passes tlnough the centies of gravity of all sections 
peipendiculai to its length, which may be either constant, oi 
vanable, piovidcd that in each point then dimensions aie veiy 
small, with lespect to the ladius of cuivature of the lod Let 
tube the area of one of these sections, made through any point 
wliatevei of the mean filament , ll it be divided into elements 
peipendiculai to the plane of this filament, and if vdu be the 
aiea of the element that is at the distance u from this same fila- 
ment , m this expression the variables may be eithei positive 
or negative, and v denotes a given function of u. Likewise, 
if A and — k' denote the extieme values of u 9 we shall have 



vdu = w, 



vudu = 0 


the second equation obtains because the ongm ot the vanable u 
is at the centie of gravity of w 
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Let <r, <r , §5 S', p denote the same quantities as in No SOT, 
and let y,y ' 9 r, be what cr,^, p, weie m the natural state of 
the elastic lod ; we shall hare for the two states of this lod, 


/ , u 7 / __ , v* 

7 = 7 +— > v-g + — 9 
and, for the passage from the one to the other, 

*=7(1+8), *'= 7(1 + 2'). 


Hence hy neglecting the products and -p, we shall ob- 
tain^) 


*•=* +«£+?)• 


a value that coincides with that of the number cited, in the 
case in which the lod is naturally stiaight, when we have 


i r= 20 

Moreover, let t be the sum of the forces perpendicular to 
co, which diaw or push one of the two paits of the lod that are 
separated hy this normal section. Naming p the moment of 
these forces with respect to the axis passing through the centie 
of gravity of w, and perpendicular to the plane of the mean 
filament , we shall have by the hypothesis of No. 307, 

TZla^^ B'vdu , p zz a ^ ^ ^ Wvudu , 

a being a quantity dependent on the matenal of the rod, 
which is supposed to be constant thiough the extent ol each 
section <d, but which may vaiy from one point to anotliei of 
the mean filament By substituting for S' its preceding value, 
and making, in ordei to abndge(Z) 

there will result 

*=- * 8 ’ 
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When the elastic lod is a curve of double ciuvature in its 
natural state, or aftei its change ot figuie, the expiession foi 
the foice t will be still the same, moieovei, the mean fila- 
ment being always that which passes thiough the centies of 
giavity ot all the noimal sections, and ?, p, denoting the ladu 
of cuivatuie m the same point, beioie and aftei tins change, 
this value of p may be taken to express the moment of elas- 
ticity with icspect to an axis passing tlnougk this point, and 
perpendicular to the osculating plane ol the mean filament , 
but it will be ncccssaiy, besides, to take into account the toi- 
sion ot the lod, as will be done immediately, 

315 It appeals fiom a compauson ol this value oi p with 
that given m 307, that the second dilTeiential equation of 
the plane cuive foimed by the mean hlamait oi an clastic lod 
which does not experience any toision, dilWs liom that which 
retcis to the elastic plate piopcily so called, only m this, that 

11 1 

it will contain m place ot -, and the quantify q instead 

P > r 

of the semi- thickness < II the icd is homogeneous, and if, m 
its natuial st do it iseithei a pi wn or a cylmdci ot a small dia- - 
metei, the tluoe quantities o,n, will ho tom tent, and wc 
shall have / zx Home' if ‘ppc'S, d the llovion ol a iod 
which is naturally stun »ht, produced k/ ' wuglst o perpen- 
dicular to its direction, and the kio <1 tins spring, m ry be 
deduced horn the v«»lrns of o a ml v found m tlos. 3 1 0 and <5! 3 , 
by subs ii tilting <yni place ol v l iy moans ol thij substitution, 
we shall have, (Z being the length of this iod,) 


b„ 


1% 


ir ('otq* 

ST * " 


or, what comes to the same thing, 


, 7r“/Q 

‘-T,- 


J . 


n a 

~r 


- k 


vinlti 


In the case ottwo diiteieut uwls, having the same length, 
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the flexions produced by the same weight will be m the in- 
verse ratio of the forces of the spring, so that we will be en- 
abled to compare together the magnitudes of these forces, m 
the different hypotheses made respecting the contour 01 out- 
line of the normal section 

Let, for example, the normal section be an isoceles tuangle, 
and let it be proposed to bend the rod so that the face coi- 
respondmg to the base of this triangle might become a cyhn- 
dncal surface, either convex 01 concave Let a and c denote 
the base and height of this triangle. When the surface is that 
of a convex cylinder, towaids which the positive values of u 
(No 307 ) are directed, we shall have 


and theie will result horn this 

7r 2 aac 3 

P ~~ 3 b 7 r 


In the case of the concavity, we shall have 

h m §- Cj v (y c -f- it) , 


hence we obtain(?n) 


Pm- 


\ 2 P ’ 


which shews, that in this second case, the force of the spung 
is tuple of what it is m the first. 

If the normal section is a square lepresented by jf 2 , and if 
it is pioposed to bend the spring m such a manner that two of 
its opposite faces may become cylindrical surfaces, we shall 
have 


k=k'=if v=f 


p 


O />! 

7T«7 

12 l l 


If it is a circle, the ladius of which 
k'-k y v~2 l/£ 2 - u\ 


is k } 

p — 


we shall have 
7 r 3 aA 4 

IF"’ 


and, if the aiea of the normal section be supposed to be equal 
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m tins and the preceding case, so that we may have/ 9 — tj-A 2 , 
it is evident that the force of the spiing in the fiist case, is to 
the force of the spring m the second, in the ratio of 7 r to 3(h) 
Let the cylindncal spring be supposed to be a hollow tube, 
of which the radii of the mtenor and extenoi concentuctil sui- 
faces aic g and g f In ordei to obtain the foice of the spiing, 
q and g ought to be successively substituted m place of k in 
the last value of p, and then the results should be taken, the 
one fiom the other, this gives 

7 



If the aiea ir (g'^ — g 1 ) of the normal section is equal to 
7r/r, we shall liavc(o) 

ttVc 2 (/<* + 2? 9 ) 

P “ 4 1 * 

hence it follows, that the volume, the length and the mateiial' 
being the same, the foice ot a hollow spang is gieatei than 

2 (fi 

that ol a full spiing 111 the ratio of 1 + -ff to unify, 2 q being 

the intcuol diametci, and 7 r/r the aiea of the normal section 

3 L(), Let us now pioceed to foim the equations ot equih- 
buum of any elastic lod whatosevei, all whose points aic soli- 
cited by given foices 

Let a and b be the two extiemities ot the mean filament, 
7, //, z the tlnce lectangulai cooidinates ot any point m of tins 
cuive, s the aic am, <0 the normal section of the lod made 
thiough the point m, y its density at this point, and conse- 
quently, y<x)ds the mass of the infinitely slender slice ot the 
rod If x, y, z, be the forces letcned to the unit of mass, 
paiallcl to the axes of x , ?/, s, then xyuds, Yytar/s, zyuds, will 
be the given foices which act on this mass The sum of these 
foices resolved in tlie dnection of the tangent to the mean fila- 
ment at the point m, and tending to increase the arc 6 , will be 
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/ dx du , dz\ _ 

Likewise, if t denotes the force arising* fiom the action of 
one part of the lod on the adjacent pait, applied to one of the 
faces of the slice yuds, peipendicular to a>, and tending to 
mciease 01 diminish the aic s, according as it is positive or 
negative, the other face of ytods will be drawn or pushed m a 
contrary direction by a foice equal to t + c?t, consequently, 
in older that this slice may be in equihbno, the force dr 
must be equal and contiary to the given tangential force, hence 
we must have(^) 

du + ya) (xdx vdy -f z dz) — 0 , (a) 

which agrees with equations (3) of No 300 

As the matcnal of which the lod consist? is very little ex- 
tensible, y and m this equation (a) may be assumed to be 
the density, and the noimal section of the lod at the point m, 
m its natuial state If the 1 e two quantities aie constant, and 
if the foimula computed between the pm on theses is an exact 
diffeiential, the value of t will be had by an immediate mte- 
giation, and, since i = cwS (No 307), it is easy to mfei the 
positrve or negative dilatation of the clement cfe, which will 
be lengthened m the latio of 1 + S to unity, but this will not 
make known the dilatation of the uo.mal section to, noi the 
change of density of the icd at the point a Now, by what has 
been established m the memon cibcd at die commencement of 
this paiagioph, no uppers that the lengthening ox shoi toning 
of is Jwaj s accompanied ')y a lumnuUon oi inuoase of 
but such, that ihe vole me will me 'ease mid diminish with 

ds , and the density y will vaiy m the m veise sense It follows 

from this, that when a pusmatic or cylmdncvl homogeneous 
rod is fixed at one end, and diawn at \U otlici cUuimty by a 
foice acting m the dnection oi the pioduction of its length, it 
will expei lence at the same time an extension and mueaso of 
volume, propoitional to this foice, winch, m point of fact has 
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been confirmed by experiment On the other hand, if this 
rod is placed vertically on a horizontal plane, and loaded with 
a weight at its upper part, which does not cause it to bend, it 
will be shoitened, and, at the same time, its volume will be di- 
minished m proportion to the magnitude of this weight 

317 If on am the arc of the mean filament, a point m in- 
finitely near to m be taken, and through it a normal section 
be made, and if the part of the rod comprised between this 
section and the extremity a, be rendered immoveable, and the 
form of the part comprised between the other end b, and the 
section made through m, be merely rendered invariable , the 
conditions of the equilibiium of this second part, which we 
shall denote by k, may be detei mined m the following man- 
ner. 

In virtue of the torsion of the rod, the points of the slice 
comprised between the two normal sections made thiough m 
and m , will be solicited by foices which will tend to untwist 
its different longitudinal filaments, and will act m planes pei- 
pendiculai to mwz, that is to say, to the tangent to the mean 
filament at m These forces will tend to make k turn about 
this line, m a direction conti aiy to that of its torsion. Let r be 
their moment with respect to this line, it will be what is meant 
by the moment oj to) 6ion of the lod, concspondmg to the point 
m If through this point lines be drawn paiallel to the axes 
of x 9 y 9 z 9 then since the axis of this moment makes with 

these lines, angles whose cosines are we shall have 

(No. 281) 

dx dy dz 

~ r 7/? 

foi the moments relatively to these three parallels, of the foices 
which act on k m the dncction of the torsion 

Let fx denote the moment of the elasticity with respect to 
the point m, that is to say, the moment of the foices of which 
t is the sum, relatively to an axis diawn through this point, 

3i 



506 


EQUILIBRIUM or AN EL\S'IIC ItOl) 


and perpendiculai to the osculating plane of the mean fila- 
ment, we shall have (No. 314), (/ and p being lespcctively 
the radii of curvature at this same point, m the natuial state of 
the plate, and after its foim has been changed, and (3 denoting 
a positive quantity depending on the matenal and noimal sec- 
tion at the point M,) 



and h 9 be the angles which the axis of this moment 

makes with parallels to the axes of a?, y , z, drawn through the 
point m, the moment of elasticity relative to these lines will 
be 

jucosj^ p cos < 7 , p cos h* 

Let m 7 be any point whatever of the arc mb, a? 7 , y' 9 z' y its 
three coordinates, s' the aic am 7 , and y 7 , <*/, x 7 , y 7 , z 7 , what 
•y, w, x, y, z, become i elatively to the point m 7 Tf we denote 
the entire length of the mean filament by Z, and make 

^ [y 7 ( x ' — x) — x 7 (y' — */)] y'w'ds' zz z/, 

^ [x 7 (z 1 — z) — z 7 (x' — a?)] yw'ds' = Yi, 

^ [z' (y' -y)- y' (s' - *)] y‘ 'tods' = x 1} 

these three quantities will be the moments of the given 
forces which act on k, with respect to the axes diawn through 
the point m, in the dnections of the axes of x 9 ?/, s. 

Finally, if any particular foiccs be supposed to act at the 
free extremity of k, and if p, q, r, denote the sums of then 
components paiallel to the axes of x 9 y 9 z, and a 7 , Z/, < 7 , the 
coordinates of the point of application ot then resultant, then 
moments relatively to the same axes as z l9 y 0 Xi, will be 

q (a'—x) — v (V —7/), 

P (c 7 — z) — R (< fl 7 — x) 9 
r (6 7 — y ) - q(c'-2), 
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and if a , ft, c, be the coordinates of the extremity b of the 
mean filament, these moments may be replaced by 

q (a —x) — p (b — y) + r/, 
p (c — z) — r (a — a?) + q', 

R 0 ~ #) — Q (<? — *) + 
m which, for the sake of abridging, we make 

q (a' — a) — p ( V — 6) = r/, 
p (c' — c) — . r (a' — a) zz q ', 

R (5 / — 6) — Q (c' — c) = P'. 

In general, the coordinates a', b\ c', will be distinct from 
a , b 9 c, foi the extreme foices p, q, it, will not be immediately 
applied to the elastic lod, but will act at the extremities of the 
aim of a level. Wliethei these forces have, oi have not, an 
unique resultant, the quantities p 7 , q', r', will be their mo- 
ments with icspect to axes drawn thiough the point b parallel 
to those of a, y, z 9 therefore, if at this point, we assume 

$ = C0Sa', — — cos (3', ^=cosy', 
as ds ds 

and if we make 

p' cos a + q' cos ft' + r' cos y == L, 

this quantity l will expiess the moment of the extreme forces 
with respect to the tangent at the point b (No 281 ), hence it 
appeals, that l will be the moment of the extieme torsion, or 
the value of r i dative to this same point 

This being established, m oidei to the equilibrium of the 
part k of the elastic rod, it is necessaiy that the sum of the 
moments with respect to each axis, of all the foiccs which 
act on its diffeicnt slices and at its extiemities, be equal to 
cypher , m consequence of which the thiee following equations 
lesult 
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ju cos,/— r + X) -f- p/ + R (p — y) — q ( c — z ) — | 

licosg— r^ + Yi + a' + p(c— 2 ) — R(a— x) = 0, 
as 

dz 

u cos A— t — + Z! + r' + q (a — *) — p (5 — ?/) = 0 
as 

318 By the formulae of No. 19, we have 
- dycPz — dzcPu 

“*'= U 9 

efzd 2 -!! — dcrcPz 
cos 5'= » 


(b) 


COS 


X* 3 

^__dxd?y — dytJPx 
X* 3 5 


in which Xcfo 3 represents the square root of the sum of the 
squaies of the three numerators. Hence we obtain 

d.geo$g = dzd ^1-dxd 
X di ! 


Xds i 


d u cos h — dzd. — dyd 
Xds i 

and, consequently, 


gdPx 

XdF’ 


dx j y. , du , dz , 

— a. jucos/ + -^d. ycosg + —a /icosA = 

moreover, since 


dtf £?2/ 8 dz 2 _ 
3? + 5? + 5? “ ’ 


o. 


tfas , dx dy jdy_.dz dz 
ds ds + ds ds + Ts' d '& 


0, 


we shall obtain, by multiplying the diffeientials of equations 

(b)by respectively, then adding them together 

as &$ as 

and reducmg(p) 
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7 dx , dy , dz , 

dTZZ -ds dXl+ dt dY] + Ts dZ] ’ 

but because the quantities subjected to integration in the ex- 
pressions of x l5 y 15 z l9 vanish at the limit s'zr. s, in order to 
obtain the values of dx l5 dY u dz l9 it is sufficient (No 14 ) to 
differentiate undei the signs $ with respect to 2? hence we 
have simply 


eiXx— dz \ 

Y'y'oi'ds' — dy \ 

i zVwW, 

« 

js * 

)s 

-8 

II 

i l z'yWds' - dz \ 

i l x'yWds', 

JS < 

JS 

11 

^ yjy'w'di 1 — dx 1 



and if these values be substituted in the piecedmg equation, 
it will become drzz .0 

Thus it appeals, that the moment of the torsion is constant 
throughout the entire length of an elastic rod m equilibno , 
consequently, its value will be the same foi all its other points 
as at the two extiemities of the rod, and it is easy to show 
that at the point b, we have r == l, as has been stated above 
In fact, at this point, we have xzza, yzzb, zzzc , the into- 
gials x l5 y l5 Zj, vanish, and equations (b) beeome(</) 

r cos a zz ju cos/ + r', 
r cos zz: fi cos g + q', 
r cos 7'n y cos h + R / . 

As the normal to the osculating plane of the mean filament, 
and the tangent to this curve, are peipendicular the one to the 
other, we have at this same point B, 

cos a . cos jt + cos J3'. cos g + cos y cos h = 0 , 

hence, if the piecedmg equations be multiplied by cos a\ cos j3', 
cos y, respectively, and then added together, the quantity jul 
will disappear, and we shall have 
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r . (cos 2 a + COS 2 /3' + COS 2 y') rz r 
= p 7 cos a 7 + q' cos j3 7 -f n. 7 cos l* 

It is only the moment of the torsion which we are enablec 
to determine by the equations of equilibrium , with respect t< 
the torsion itself, it vanes along the rod, when the material o 
which it consists, or the normal section varies from one point tc 
another. When the rod is homogeneous, and the normal sec 
tion constant, the difference of the angles of torsion is th< 
same at the extremities of any two parts of the rod of equa 
lengths, and proportional to their lengths, when they are dij 
f event . For greater clearness, let us suppose that a prismatic 
or cylindrical homogeneous rod, is firmly fixed at one ex- 
tremity, and that at its other extremity, two equal forces, 
parallel and opposite are applied, this rod will remain straight 
but it will be twisted on itself proportionably to its length, and 
to the moment of these two forces with respect to its mean 
filament, which moment will be the value of the quantity l M 
Poisson proved m the memoir already cited (No 306), that 
if the normal section of this rod be a circle, the quantity ol 
torsion will be proportional (every thing else being the same) 
to the fourth power of its diameter, which accords with ex- 
periment. 

319 Two of equations (b), or any two combinations of 
these equations, will enable us, when its value is substituted 
for fiy and l is put for r, to determine the figure of the rod m 
equilibno If m its natural state it is straight, and if all the 
forces which are apphed to it, exist m the same plane, the 
three equations (b) will be reduced to one which will be that 
of the plane curve formed by the mean filament 

If the plane of these forces be taken for that of the axes ol 
x and y , we shall have 


0, cos/rzO, cos^zzO, 

C — 0, c' zz 0, R zz 0, cos 7 7 zz 0 ? 
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hence there will result 

x A :z:0, y 1 n 0, 0, Q' — 0, r — L“0, 


and the two first equations (b) will vanish. Because r zz x> , 

the value of u will be , in like manner we shall have cos A 
P 


— ± 1 ; but as we should take into account the direction of 
the action of t on the pait k of the rod (No 314), it is easy to 
perceive that we must assume cos li zz — 1 m the third equa- 
tion (b), which will consequently become 


^ [y' (, x ' — x) — x' ( y ' — y)] yu'ds' 

j3 

+ Q(a — a ) — p (b — y) = - , 

P 


and we may remark, that if we retain the notations of No. 
314, the value of the coefficient /3 will be 



vu z du 


When the forces x and y vanish, this equation (c) will coin- 
cide with equation (1) of No. 308, for then the foiccs r and Q 
in equation (c) act at the very extremity of the rod, which 
renders their moment n' equal to cyphei In all cases, the 
integrals that occur in this equation (c), can he made to dis- 
appear by successive differentiations, by means of which it 
will become a differential equation of the fourth order 

The figuie of the rod being determined by equation (c), 
is necessary moreover that the given forces which arc applied 
to it should satisfy the conditions of equihbiium of No 261, 
which aie reduced to tlnce, because all these foiccs arc com- 
prised in the same plan. Theicforc, if we denote by d and e 
the sums of the paiticulai forces winch act at the extremity a 
of the rod, parallel to the axes of % and y, so that d, e, f', may 
be, with respect to this point, what r, Q, n', aic relatively 
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to the other extremity b , the three equations m question 
will be 

D + p + $^s.y«'<fe' = o, 

E + Q+ S^tYwW= 0, 
f'+ r' + q (a—x)— p (jb—y) 

+ SiCA* / -*)-^-y)]7V < fe'=o , 

in which the coordinates of the point a should be substituted 
for x and y . 

When the two extremities of the rod are entirely free, the 
extreme forces and their moments will be given If the lod 
is firmly fixed at the extremity a, the forces d and e, and 
also their moment f', will be undetermined , but the values of 

X y % L relative to this point a, will be known If the 
9 dx 

rod is meiely retained by the fixed point a, the forces d and 
e will be still undetermined; their lesultant will be equal 
and contrary to the pressure at this point of suppoit, of 
which it will express the resistance, and we shall have 
for their moment / z: 0 , the values of x and y will then be 

known, but not that of The same remarks are applicable 

to the point b. 

320 Let us suppose, for example, that the rod is homo- 
geneous, and m its natuial state either of a prismatic or cylin- 
drical form, the three quantities y, w, (3 will then be constant 
Moreover, let us suppose that it is only subject to the action 
of forces perpendicular to its length, which cause it to deviate 
very little from its primitive position, and let the mean fila- 
ment in this position be taken for the axis of x, we shall then 
have 


d - 0 , x = 0 , f = 0 , 



EQUILIBRIUM OF AN ELASTIC ROD. 


513 


m consequence of which the first equation (d) will disappear. 
If the square of ~ he neglected, we shall also have 


ds- dx I - *V - 
p~d?’ 

and equation (c) will be reduced to 

ePy Cl 

^dx 3 = R/ ~^ a ( a ~ x ) + Y<*» y'{x'— x)ds' 

By difFeientiating this we obtain 

/ 3 S=- q -^^ yw 

Likewise, by No. 14, we have 


(e) 


= — Yds, 

theiefoie by diffeientiating a second time, and substituting dx 
for dt>, we shall have 


The foui constant arbitiaiics which the complete integral 
of this last equation will contain, can he dctci mined by- 
means of the conditions relative to the two extiemities of 
the lod, and by observing that the value of y deduced fiom 
this equation must satisfy the two piecedmg for all values of 
x* Now, as equation (f) results fiom the two otheis by dif- 
feientiation, it will be sufficient foi this purpose, that this 
value of y should satisly these two for a paiticulai value of x, 
hence it will be sufficient if wc have 




(s) 


for x = a, conditions which lesult from equation (e) and its 
first differential, by ascribing to x this pai ticulai value. If we 

3 u 
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ascribe to x the value relative to the point a, we shall have, m 
consequence of equations (d), 




djy 

dx x 



GO 


but these equations do not express new conditions distinct 
fiom those contained m equations (d) and (g), so that they 
may, if we please, be leplaced by the system of equations (g) 
and (h) 

321 These foimulse include the case of a heavy rod. 
The point a is then supposed to be fixed, and to be the origin 
of the coordinates x and ?/, and also the axis of #, which re- 
presents the natural direction of the rod, is supposed to be 
horizontal If the direction of the positive ys be that of gia- 
vity, which we suppose to be represented by g , we shall have 
Yzzg, and the integral of equation (f) will be (< q ) 


^ X A + cx° + c'x 2 + c"x , (1) 

c, c', c", denoting thiee constant arbitranes, the fourth being 
equal to cyphei, because at the point a we have x = 0 and 
y — o It the rod be firmly fixed at this extremity, we must 

also have = 0 when 0, hence theie results c" = 0. If, 
ax 

moreover, we suppose that the weight Q is directly attached 
to the othei extiemity b, so that its moment r' may be cyphei, 
then m consequence of equations (g) whrch belong to this point 
or to x — a, \ie shall have 

^ gyU)Q? -p 6 c# + 2 c =0, 
gywci -j- 6 c ” — Q 

By means of these equations the values of c and c' may be 
obtained, and if they be substituted in equation (1), of which 
the term c"a may be suppiessed, theie lesults by naming q the 
weight of the rod, in which case we have g = gywa, ( r ) 
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. qx* 

fiy = 24 ^ — 20 + q) + £ O + 1 q) ax? , 


if m this equation, the weight of the rod be neglected, and if 
qc 2 be substituted m place of (3, it will coincide with that of 
No. 310. 

In the two cases of q = 0, q zz 0, we have 


_ qa? 7 __ q a 
— 8/3’ 


foi the expiession of the oidinate of the point b, which ex- 
presses the entnc flexion ol the iod Hence it appears, that 
if we suppose q = q 9 the flexions pioduccd by a weight q sus- 
pended at the hee extremity ot a lionzontal iod hnnly fixed 
at its other extremity, is to the flexions pioduced by the same 
weight distributed umJtoimly ovei the entile length of this rod, 
as 8 to 3 

322 If the point u is, like the point a, fixed and situated 
on the same lionzontal line, we must have y zz 0 when x = a> 
m consequence ol which, equation (1) is changed into the 
following (a) 

fiy = + cj,(('—a 2 ) + c'i(i-a) , ( 2 ) 


q denoting as above the weight ol the iod The detcnnmation 
of the two constants c and c' tuinish the following cases. 

1st. When the rod is fnmly fixed at both ends, we must 

have<Z& == ^ 01 x = au ^ x = ^ iencc results (t) 

l = --i \<b c'=,W> 

<md equation (2) becomes 

(.t— a ) 1 


It J denotes the sagitta of the emve louned by this iod, 
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that is to say, the value of y at its middle point, when 
x = we shall have 

qa 3 

16 24/3’ 

2ndly. If the rod is merely retained by the fixed points a 
and b, the foices e and q taken m an opposite dnection from 
that m which they act, will express the pressmes exerted 
against these points of suppoit, and their moments f' and n/ 
will be cypher, (No 319). In consequence of the first equa- 

dy 2 

tions (g) and (h), we shall have ^ = 0 for x = 0 and x = a , 
hence we infer that 


and also 


c = - T2 9 > c '- d . 


P y= 


qx (a — x) (a 2 + ax — 
24a 




and the sagitta /will be 

f-JW- 

16.24/3’ 

that is to say, quintuple of what it is m the first case. By 
means of the last equations (g) and (h), we shall also have 


e = q= — \ q . 


which values also obtain m the fiist case, as is evident of 
itself. 

3rdly. Finally, when the rod is firmly fixed at its extre- 
mity a, and merely retained at its other extremity, we have 

0 for x zz 0, and ^ z= 0 for x zz a , and, consequently, 


c ” 


5q 

48 



by means of which, equation (2) becomes 
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sir 


/3 y = 


qx 2 (a — x) (3a — 2x) 
48 a 


The second equations (g) and (h), at the same time, give 
q = — 1 q-> E = “ 3x? * 

which shews that the weight of the rod is unequally distributed 
between the two points of support, and that the load at the 
extremity which is firmly fixed, is to that at the other extre- 
mity, m the ratio of five to thiee. 

323. The points a and b being always assumed to be fixed 
and situated on the same horizontal line, and the rod being 
also homogeneous and pusmatie, let us consider the case m 
which the other points are loaded with weights unequally dis- 
tributed throughout its entile length. 

Let therefore 

7 wY = “ f* > 


q denoting the entire weight, and <j>x being a given function, 
that vanishes when x rz 0 and x zz a, which implies that 



This function (px may beeithci continuous oi discontinuous, 
that is to say, its analytic expiession may change once oi se- 
veral times between the extieme values x zz 0 and i zz a , or, 
in other woids, if it be lcpiesented by the ouhnatc of a line of 
which x is the abscissa, this line may consist of se vex al por- 
tions of difleient cuivcs If 8 denotes the length of a line ever 
so short, we may, foi example, suppose that <j>x zz 0 from 
x zz 0 to x zz I a — 8, and fiom x zz \ a + 8 to x zz a, so 
that this function has not values diflerent fiom zcio except m 
a very small extent, such as 8, on each side of x = \ a . This 
case will be that of q 9 a weight acting at the middle of the 
elastic lod, which we piopose to examine particulaily imme- 
diately- 
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Whatever be the nature of the function <j>x 9 whethei it bo 
continuous or discontinuous, provided that it is equal to cypliei 
for x — 0 and for xz=.a> we shall have from x — 0 to x = a 
inclusively, 

2 f?a mrx' \ fhrx 
<px = - S sin — - pxdx'J. (a) 

n denoting any entire and positive number, and the charac- 
teristic S indicating a sum which extends to all values of n, 
from n = 1 to w zz x. We are indebted to Lagiange foi this 
formula, he first announced it m Les Anctens Memones de 
TAcademie de Turin , tome m p 261 , a demonstration of it 
is given m No 325 of this section. Substituting this value 
of (px , equation (f) becomes 

0 % = S s So sin IT sin ’ 


and by mtegiating and observing that y = 0 fora, = 0 and 
a; = we shall obtain(w) 


+ a? (a— a?) [etc + c ' (a — #)] 5 


sin 


mrx 

a 


(i,) 


c and c' being the constant arbitraries which can be dctei- 
mined as m the thiee cases of the preceding numbeis. 

324. Let us examine m detail the case m which the weight 
q is suspended at the middle of the rod, that is to say, the case 
m which, as has been stated above, the function <px r is cypher 
for all values of x ' that differ, evei so little, from ] a . We 

can then make x' zl A a in the factoi sm , which contains 

a 

the integral relative to x ' , this will give ( 2 ;) 

Ca nW nirra . . . nir 

sm — - px'dx— sm — \ px'dx' = a sm — , 

and cause all the terms of the sum 2, in which n is an even 
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number, to disappear. Let i denote any number odd or even, 
then it we make n — 2 1 — 1 , and if the sum 2 includes all va- 
lues of i from i — 1 to t = so, smce sin- — ^ — ~ = — ( — 1)*, 
equation (b) becomes ( x ) 


(3y=zx(a— x) \cx + c' (a— a:)] 

__ ^ tlDl S i n 


(2i-l)* 


But by a known loimula we shall have, as will be shewn in 
No 327, 


2 


(~ 1 )‘ 


sin (2 i—l) 


(O 


7 Tb) i 

2 T 


ir*u) 

~32 


foi all values of w, fiom w - 0 to w = If therefore x Z 

2 2 

by making « = — , we shall have (y) 
a 


if, on the contiaiy, x>]a, let w= , and as 

CL 

(2/ —1) 7r(a—x) C2i—l)7rx 

sin ^ ^ i = sin ^ — , 

a a 

it follows that 

S (fe^jT‘ an =^ma-xy-Ba\a-x)2. 

In this mannoi we shall obtain one oi othci of the following 
equations 

j3 y = \) [ca + c '(a— t)] — ^(4a ,J — 3a 2 x) 


Pu = r(a- a ) c'(« —•«)]“ ^ [ 4 (« “ a ) - 3a 2 (a — a.)] 


( 1 ) 


It only lomams to deleimme the constants c and C m the 
tlnec following cases: 
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1st The condition = 0, 

obtains when the lod is firmly 
gives 

c' = c = 


foi x zz 0 and x zi a, which 
fixed at its two extremities, 

16 


Equations (1) will become 


ISy = -^(3 a x 2 —4x 3 ), 


&y = ^[3 a (a-xf - 4 (a -a,) 1 ] ; 

we shall have ^ = 0, at the middle point of the lod, as well 

as at the extremities , and the sagittal or the ordinate coi res- 
ponding to * = \ a, will he 

f- _££ 1 

J ~ 4.48 J3’ 

that is to say, double of what it is m the first case of No. 322. 
In like mannei we shall have, m consequence of the second 
equations (g) and (h), 


Q = e = - \ q, 

which we know ought to be the case 

2ndly In the case of a rod meiely retained at its two ex> 

tremities, in which ease 0 for x=0 andfoi x—a, there 

results 


c = 0, c'zzO, 

and, consequently, 


&!/= ^(3 a 2 — 4*’), 

& = ^ [3 a 2 (a — a) - 4 (a -»■*)] 


The tangent at the middle point of the curve is horizontal^), 
and the values of q and e aie — J <j, as in the piecedmg case , 
but the expression lor the sagitta/is 

J ~ 48/3 ’ 
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so that it is quadiuple of the preceding, and greater m the 
latio of 8 to 5, than that of the second case of No. 322 If a 
tangent be drawn to the elastic curve, through one or other of 
the points a and b, and if we denote its inclination by a, and 
by/' the vertical oidinate of the point of this line, which cor- 
lesponds to the abscissa equal to \a> we shall have^') 

tang “ = Wft f ~ tang a » 

hence we infei 

f=lf 

In the second case of No. 322, the iatio of /' to f would 
be § 

3. Finally, if the lod is fiimly fixed at the extiemity a, and 
merely suppoited at the other extiemity b, wc shall have ^ = 0 

CLX 

(Py 

for x zz 0, and = 0 for x zr a , fiom which there results 



and equations (1) will become 

aaS ~ llr ^’ 


fiij—-^(5x'—l5ax i + l'2d~x~2a' > ) 

They give when x = ^ a, the same value for y, namely 

Iqa ' 

¥ ~ 8 % /3 ’ 

but this is not the greatest oidmate We shall likewise have 
k =r 


- 11 ? 
16 ’ 


-5q 

Q = l6 ’ 


so that the weight q will be distubuted between the points ol 
support a and b m tlie ratio of 1 1 to 5 

3 x 
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325. We now pioeeed to dcmonsiiate the formula of La- 
giange, adveited to in No 323 

Foi this puipose, it may be remaiked, that if the quantity 

1 — • h 2 

1 — 2 h cos 0 + A 25 

which is a rational fi action with respect to A, and m which 0 is 
a leal angle, be developed with lespect to the powers of A, its 
expression will be 

1 + 2Acos0 + 2A 2 cos20 + 2A 3 cos30 + 2A 4 cos4 0 + &c , 

which is easily verified , for if this infinite series be multiplied 
by the denominator of the fi action, 1 e by 1 — 2 A cos 6 + h\ 
the lesult will be its numerator, as will be evident at once from 
the consideration that 

2cosra0 cos 0 = cos (n + 1)0 + cos (rc— 1)0, 

whatever be the number n. If, absti acting from the sign, h 
be less than unity, this senes will be conveigent, and the frac- 
tion will be ngoiously equal to its development continued 
ad infinitum , hence since 

1— 2A cos0 +A 2 =: (1— A) 2 + 4A sin 2 ^ 0, 
we shall have, on this hypothesis, 

1 — A 2 

71 T \2 , at. — rrn = 1+22 /* to cos n9; 

(1 — h) 2 + 4Asm 2 ^ 0 

in which, under the sum 2, are included all values of the 
mtegial numbei n, fiom n—l to nzzzoo . Theiefore, whatever 
be the nature of the function f9 and of the leal constant a, 
we shall have also 

Ctt (l -h 2 )fdd6 

JO 1 — h 2 + Ah . sm 2 ^ (0 — a) 

- §0 fMQ + 2 S h n ^/e . cosra (0 - a) dO 

Let g be an infinitely small positive quantity, this equation 
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will still subsist it wc make h nr 1 — g> since it subsists for all 
values of li less than unity. For all finite values of ra, we shall 
have 

h n zn (1 — g) n = 1 , 

foi infinite values of this exponent, h n may differ from unity, 
but by partially integrating, we obtain 

^/0cosw(0— a)dd — ~y0sinw(0— a)— n(Q—a)dO; 

So that if fO does not become infinite, between the limits 
0nrO and O — tt , nor for these limits, the integral 

§q/0c°sw(0 — a)dQ 

by which k n is multiplied ,will vanish, when n = x> ; hence it fol- 
lows that we can always leplace k n by unity under the sign S 
In the numeiatoi of thefiaction comprised under the sign $, we 
shall have l — /> a =:2<y, being neglected with respect to 
2 7, in the second tcim of the denominator, we can substitute 
unity for h oi 1 — g ; and, by this means, we shall have 

\ S^JOdO + S ^/0 cosm (0 - a)dO 

■tr gfOdO 

O/ + WR0-«) 

The coefficient oi dO m this last integral is infinitely small, 
except tor values ol 0, that diffei fiom a by infinitely small 
quantities, which lender its denominate)! infinitely small; con- 
sequently this liitcgial is infinitely small 01 cypher, when the y 
difleiencc 0 — a is a finite quantity , which will be the case 
throughout the entne integration, when we suppose a 0, ot 
it , hence whenever the constant a falls without the limits 
zcio and 7r, the following equation will have place 




\ / OdO + / 0 cosm(0 — «) dO — 0 


( 2 ) 
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If, on the conti ary, we have a > 0 and Z 7 r, there will be 
values of 6 which diffei infinitely little from a , therefore by 
making 

0 z: a + u y dO zz du , 

the integral m question will still vanish for finite values of w, 
but not for infinitely small values of this variable, whethei 
positive or negative , with respect to these, we shall have 

fO=fa, sm^(0 — a) — \u. 


consequently, the second member of equation (1) becomes 



gdu 

zn ? 5 


when a falls between zero and 7 r But, as this integral vanishes 
foi every value of u which is not infinitely small, it may now 
be extended, without altering the value, to any values what- 
ever of u, whether positive or negative, so that we may take 
it, if w e please, from u — — x to m r x , m which case, we 
shall have 

P 00 gdu 

and, finally, 

2 ^ /OdO + 2 ^/0 cos n(0 — a) dO = 1 rja (3) 


This reasoning will also suit the case in which a coincides 
with one of the two limits zero or 7 r , but if a zz 0, then we can 
assign none but positive values to u 9 and only negative values, 
when a zz7r, m order that m these two cases, the vanable 9 
which is made equal to a+u, may not pass the limits of the 
integration In this manner, the integral relative to u will be 
1 educed to the half of its value in the formei case, or to ~ , 

so that if /3 and y be the values of fa m the case of a = 0 and 
« — 7r, theie will result 


i cos ned6=^l 3, 

i ^l/Ode + 2 (-l)» cosnOdO- £717 
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Now if we make 

and also 


0 = — , d9=^, 

a a 




and if, the quantity x being positive and less than the constant 


there be substituted — — m the place of a, inequation ( 2 ), 


7 rx 


and — foi a in equation (3), we shall obtain by observing, 
that the limits relative to of are cypher and a, 

1 pa J ,, , , 1 _ ra . ?i7r (x'-\-x) , 

+ C0 *~a = ] 

1 , r a t / ■ 1 m (*Cl . ?lTT (x m ~ m QC'\ 

2^ So * v dx + a 2 So * X C ° S ~d~ • = * x > 


(5) 


and, by subtracting the fiist equation from the second, there 
results 

a 2 l So ^ 8111 ~ & J sin — 

which was to be demonstrated^ 7 ) 

*320 This foimula lepresents the values of the function! 
(j)X 0 foi all values of the variable a?, which are positive and less ; 
than and even for x = 0 and r = a, when <px vanishes foil 
these extreme values. It is important to observe, that the 
senes indicated by 2 , will be always convex gent, when con- 
tinued to a considerable number of teims, foi when the 
values of n aie veiy gieat, the intcgial relative to x ' will be- 
come a veiy small quantity, which will dimmish more and 
moie according as ?? increases, and when n = oo, it will be- 
come cyphci, as was alieady shewn by means of partial mte- 
giation This lemaik is neeessaiy, as it shews that we are 
■justified in the application which wc propose to make of the 
piecoding formula 
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The different formulae, by means of which portions ofarbitrary 
functions, either continuous or discontinuous, maybe thus ex- 
hibited m series of penodical quantities always conveigmg, can 
be deduced from equations (5), which have been dcmonstiated 
above. We shall restrict ourselves m this chaptei to give two 
of these formulae, which will be useful hereaftci , the leader is 
referred foi more extensive developments on this mattei to the 
author’s Memoirs on the Integral Calculus , inserted m the 
Journal de VEcole Poly technique, where will be found a com- 
plete theory of this kind of transformations 

If equations (5) be added together, and also if the first be 
subtracted from the second, and if 2 1 be substituted for a 9 then 
#4 m l and x' + l for x and x', and afterwards <px and <px ' m 
place of <j> (x 4- 1), <j> (%' + l) , the limits of the integrals rela- 
tive to x‘ become ± /, and these equations will be replaced 
by the following 

4> x= Yl^-l^ x ' dx ' + <pxcos n7r(x 2 +^ dx ,s ) cos- ^^ Q, 

**' = i 2 (L i ** sm — \i dx ) sin 2 r ; • 


Let each sum S be divided into two others, of which the 
one may contain even, and the other odd numbcis. Foi this 
purpose, let i be any integer number whatever, then by making 
n successively = 22 , and 2i - 1, we shall have 


cos 

sm 


cos hi o+ o 

21 

2 1 7 r (x 4* <0 

Sm 27 

(2 1 —1) 7 r(x + l) 

2 1 

(2l — 1) 7r(x + l) 
21 


= ( — i y cos 


iirx 


= (~ 1) sm — 

— f i \ » f 2 / — 1 ) 7T t 

~(-l) Sltl — 21 

_ / lX . (2 ^ — 1)7 

- (- 1 ) cos ~ 21 ' 
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and, m the same mannei, we can express the sines and cosines 
comprised undci the signs $ , consequently, we shall have 

nrx 1 


<P X — YlS — 7 2 <i>x'cos^^- dx'^j cos —j-, 

, l_/f l , , (2*— l)ir*' A (2t— l)ira; 

+t s IL 2 1 • 

<px = y S <px' sm —j— dx^j sm ?—■ 

, 1 v ( c l , , (2i — 1 )nx' A (2? — 1) 7 tv 

+ 7 s IL i** cos 27 — dx ) cos 2 1 » 


( 6 ) 


in which the sums S extend to all values of ?, fiom ? = 1 to 
* == oo These equations will obtain foi all values of x that 
are compused between the limits ± l 

Tins being established, if the function <j>x is such that 
<£(— x) =—(px, theic will result 

^^_l<l>x'dx'—0, ^ l cos-^-rfu?'= 0, 

§ 1 1 <!>*' cos <h! = 0 , 

and, moieovei, 

cl. tirx J j , (*/ nrv' , , 

j l$x , &in—-dx zz 2 ^ tyx' sm — dx\ 

c l (2e — Y)ttx' ~ cZ , (2? — 1) 7ra?' , 

L 2T ^ = 2 So** Sia 27 d * 5 


by means of which the second equation (6) will coincide with 
formula (a), by changing m it, a into Z, and the fust will be re- 
duced to 



(2» — l)ira/ 
21 



sm 


(2 a — !>7ra7 m 
21 ' 


If, on the contrary, the function <j>x is such, that <p (— a) 
= <px, wc shall have 



(2/ —1) irx' 
21 


dx ;' = 


0, 



<l>x sin 


iirx' 

~r 


dx' — 0 , 
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and the other integrals may, by doubling the results, be ex- 
tended from # =r 0 to & = £ If Z — a; be substituted for and 
<px for <p (l — a?), the second equation (6) will comcide with 
equation (7) The first equation (6) will become 

(px — | ^ (px'dx? + ^ 2^^ <£a/cos dx^j cos (8) 


These formulae (7) and (8) will represent the values of from 
x = 0 to x = l , those which can be deduced from them, by 
differentiating with respect to will express the values of 
d6x 

-^jrp within the same interval Formula (7) supposes that 


(px o for x = 0, and = 0 when xzi l , in formula (8) 

= 0 for x zz 0 and % ~ l When these conditions are not 
dx 


satisfied, neithei these foimulse nor their differentials have 
place for the extreme values of x[c ' ) 

327. Conveisely, formulae of this kind make known the 
sums of numerous periodical series, which have been obtained 
by different means Thus, foi example, m order to mfei 
from them the sum of the seiies made use of m No 324, let 
— a be substituted in place of a m equation (2), and then let 
it and equation (3) be added together , there will result 


+ 2 cos nOdO^ cos na = 7 rfa 


If then we assume fd zz 0, we shall have 



cos nOdd zz 


cos mr — 1 


which is equal to cypher for all even numbers, and to 
2 

for n = 2i — 1 Hence the piecedmg equation 


becomes 


cos (2 1 — 1) a 7T 


(2t~l ) 2 


« / 

= 8 <’ r ' 


2a), 
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in which the sum 2 extends to all values of the whole num- 
ber z 9 fiom i = 1 to i = x. 

Multiplying by da , and integiatmg, we obtain 


_ sm(2^1) a jr/ 

2 (2e — 1) J - 8 ("—«)«■ 


It is not necessary to add any constant arbitrary, for 
the two members of this equation vanish for a zz 0, and 
for a zz 7r 3 so that this equation obtains for all values of a, 
from a zz 0 to a zz tt inclusively , if we make a = % tt 4- o>, we 
shall have 

sm (2i — l) a = — (— l) 1 cos (2 1 — 1) w, 
and, consequently, 


« (— iy cos(2*_l) w 7T, a , , A 

2 pTZly = 8 (w 


fiom o> =s — \ tt to oj zz \ 7r. If this be multiplied by d<$> and 
integrated again, there results 


^ ( “— I) 1 SU1 (2 ? — 1 ) (t) TTO) 3 7T 3 (l» 

(2x~l) 4 ~~24" ~ ’32' ; 

which was requiicd to be obtained. 

328. If 2 a be substituted m place of a, and then x 4 - a, 
x' + a m place of x and x' in the second equation (5), we shall 
obtain, by making (j> (a + x) zz vx. 


Fa? : 


t a raj 'dx' + ^ vx' ~ dx' 9 

4 aJ—a 2 a J — a 2a 


for all values of a? comprised between ± a 
By making 

7 r w# 

2a = £ ’ 2^= fle = M ’ 

this equation may he wnttcn as follows, 

f* “ ~~ ^ a ?x'dx'-\- i 2 a ^ tx' cos u (x'— x ) t, 

3 Y 
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m which we suppose that u is a multiple of s, and that the 
sum 2 extends to all values of u , from u = e to u = But 
if the constant a becomes infinite, e the diffeience of the conse- 
cutive values of u will become infinitely small, and the sum 2 
will be changed into an mtegral which should be taken from 
uzz £} or u :=0, to u = oe>. Consequently, making a oo, 
s =: du> and substituting the sign $ for 2, we shall obtain, by 
suppressing the first term of the preceding formula, 


Fa? zz - s.ur. ^ Fa ? 7 cos u (a; 7 — x ) dxT^ du 


This important formula, which extends to all real values of the 
variable a?, positive or negative, ^nd is applicable like the pie- 
ceding, from which it has been deduced, to any function Fa?, 
whether continuous oi discontinuous, was first given by 
Fourier 



CHAPTER IV 


PRINCIPLE O* MUTUAL VELOCITIES 

329 In the simplest cases of the equilibrium of machines, 
the power aiul lesistance are lecipiocally pioportional to the 
spaces which then points of application would simultaneously 
desenbe, if the equilibrium was destroyed But, since in 
consequence of the connexion between the points of applica- 
tion, the spaces which these points would describe, if they 
weie entiicly fiee, is diffeient fiom the spaces that they ac- 
tually describe, m oidei that this relation may always obtain, 
the infinitely small spaces which are described m the first 
instant, should be replaced by their piojections on the dnec- 
tions of the foices. This 1 elation has been a long time lecog- 
mzed m the case of simple machines , John Beinouilli afterwards 
extended it by induction to any system whatever of material 
points solicited by given foices , and, undei the denomination 
of the /;/ mctjjle ofvutual velocities, it is now become the ge- 
neial principle of equilibrium We piopose to demonstrate it 
heie m all its generality, after having fust verified it, in the 
following examples 

1st Let (fig 79) a, a', a", . . be a series of pulleys con- 
tained in the same block, and constituting a fixed system, and 
B, b', b", . another senes of pulleys also contained m one 

block, and constituting a moveable system Let us suppose 
a thread attached to the inferioi extiemity of the fixed system, 
to be successively lolled lound all the pulleys bypassing alter- 
nately from one system to the othei. To the fiee extiemity of 
this thread let a weight p be suspended, which may constitute 


i 
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an equilibnum with a weight r suspended at the inferior 
pulley of the moveable system The tension of the thread 
will be the same throughout its entne length, and equal to 
the weight p , moreover, if the diameteis of the pulleys be very 
small, relatively to the distance which separates the two sys- 
tems, the strings which pass alternately fiom the one to the 
other will be sensibly parallel and vertical , consequently, the 
force which sustains the weight r will be equal to the sum of 
their tensions, 01 to n times the weight p, n being the number 
of these strings , hence, m the case of equilibrium, we shall 
have 

R = nv 

Now, if the equilibiium is destroyed, and the weight r 
ascends or descends by a quantity a, all the stiings which ter- 
minate m the moveable system will be shoitened or lengthened 
by this same quantity. As the entire length of the thiead 
remains the same, the pait to which the weight p is attached 
will be lengthened or skoi tened by n times this quantity a , 
hence if (3 denotes the space thiough which the weight p 
ascends or descends, we shall have j3 — na 9 and, consequently, 

Ra ~ Pj3 , 

which contains the principle of virtual velocities alieady ad- 
verted to 

2ndly. abc (fig. 80) repiesents the wheel , and a'b'c' the 
intersection of the vertical plane of this wheel and of the 
surface of the cylinder, m the machine called the axle m the 
wheel , o is the common centre of these two circumferences, 
and aoc, a'oc' aie their horizontal diameteis. A thread coiled 
round the wheel is attached to one of its points, anothei 
thread attached to one of the points of the cylinder, is in the 
same mannei coiled round its surface. A weight p is sus- 
pended from the first thiead, and a weight r from the second, 
these two weights tend to turn the machine m opposite diicc- 
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tions, and are supposed to be m equilibno. This being agreed 
on, if to the point c' there be applied two vertical forces n/ 
and r", equal, and acting m opposite dnections, the equili- 
bnum will not be disturbed , it, moreover, these forces are 
lespectively equal to R, the force it", and the weight it, will 
constitute an equilibnum, foi theie is no leason why then si- 
multaneous action should cause the machine to turn m one 
direction rather than m the opposite , there must therefore 
be likewise an equilibnum between the weight p and the force 
r', which act perpendicularly to aoc' at the extremity of this 
lever, of which the point o is the fulcrum Hence, r denoting 
ao the radius of wheel, and ? ' oc' the radius of the cylinder, 
the equation of equilibnum will be (because r r) 

p / — it/ ‘ , 

Now, if the equilibnum is destioyed, and if the weight r 
lises or falls by a quantity a, while the weight p falls 01 rises 
by a quantity j3, it is evident, fiom the nature of the machine, 
that we shall have j3 /'=«/, hence we infei 

p/3 == Ra, 

confoimably to the pnnciple which it was pioposed to venfy 

3idly. Let a veitical sciew be loaded at its upper extre- 
mity by a weight r, and let a hoi izontal wheel, having its centie 
m the axis of this screw, be adapted to its inferioi extremity, 
let then a thread be wiappcd on this wheel, and fixed to its 
circumfeience by one extremity, while at its other extremity 
a horizontal foice f acting m the diiection of a tangent to the 
wheel, constitutes an equilibnum with the weight r. By 
placing a fixed veitical pulley m the dneetion ot this tangent, 
we can give the thread a veitical dneetion, and thus replace F 
by p a weight equal to this force, and attached to the fiee ex- 
tremity of the vertical pait of the thiead. Denoting the m- 
teival between the thicads of the scicw by A, and by c the cir- 



534 


PRINCIPLE 01 VIRTUAL VELOCITIES. 


cumference of the wheel, we shall have, by the known condition 
of equilibrium m this machine, 

pc = r A. 

The two weights r and p tend to make the screw to turn 
m opposite directions , if the equilibrium is destroyed, one of 
the weights will rise while the othei falls , and if the weight 
r rises or falls by a quantity equal to A, the intei val between 
the threads of the screw, the weight p will fall or use through 
a space equal to c the cn cumference of the wheel, hence it 
follows, that, m general, denoting the spaces simultaneously 
traversed by the two weights r and p, by a and /3, we shall 
have ac = j3A, and, consequently, 

p/3 = Ra, 

conformably to the principle in question 

4thly. Let us considei the case of two weights, p and r, 
placed on two inclined planes, and connected together by a 
thread passing over a fixed pulley situated above the two 
planes, which aie supposed to rest against each other. Figure 
81 represents a vertical section of this system, ac is the 
length of the plane on which the weight it is placed, bc 
that of the plane which suppoits the weight p, ab is a hon- 
zontal line, and cd a vertical line, equal to the common 
height of the two planes Let 

ac = ft, bc = 5, CD = A , 

the component of r in the direction of ca will be it and that 

of p m the direction cb will be p ^ In oidei that theie may 

be an equilibrium, these two components should be equal, con- 
quently, we must have 

p a = r b. 

II the equilibrium is destioyed, and the weight r slides on 
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the plane cb by a quantity equal to y, the weight p will slide 
by the same quantity, but in a contrary dnection, on the plane 
ac , denoting by a the veitical height by which the weight r 
is elevated or depiessed, and by that by which the weight 
p is depressed or elevated, it is easy to perceive, that we 
shall have 


a 




and, consequently, 


Pj3 = R a, 


as m the preceding examples , but in this case a and j3 are the 
vertical projections of the spaces simultaneously described by 
the weights R and p, while, m the preceding case, a and j3 
were those spaces themselves. 

330 It appeals from No 40, that two forces which con- 
stitute an equilibrium, thiough the intervention of any lever 
whatever, are in the mveise latio of the infinitely small spaces, 
described m the same time by then points of application, pro- 
jected on the lespective directions of these forces. 

This relation, which exists in the case of the level between 
two foices in equilibno, is tiue also when two foices, applied 
to any othei machine, are m equilibno Thus, if we denote 
the powei and lesistance which are m equilibno, by the in- 
tervention ol any machine whatevei, by p and n, when an 
infinitely small motion is impi essed on this machine, we shall 
always have 

p/3 = Ret, 


1 3 and a being the projections on the directions of these forces, 
of the spaces which would be simultaneously desenbed by 
then points of application , it is necessary besides to take 
notice that one ot these projections must be taken m the di- 
rection of the corresponding foice, and the other on its pio- 
duction, as is the cast 4 in the level 

It is only lequisite m practice, that the motion impressed 
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on the machine be very small By measuring' the lengths of 
the piojections /3 and a, the ratio of the power to the resist- 
ance may be immediately obtained, without knowing anything 
of the particular construction of the machine 

331 This mode of expressing the relations between the 
power and resistance when they are m equihbno, is not only 
true in the case of eveiy machine, but it maybe also extended 
to any number of forces whatevei m equihbno Therefore, 
let m, m', m", &c , (fig 82 ), be a system of material points con- 
nected together in any manner whatever , let us suppose that 
the forces p, p', p ;/ , &c , act on these points m the directions 
ma, m'a', mV, &c , if these points be made to undergo infi- 
nitely small displacements compatible with the conditions of 
the system, and if in this way they are tiansfeired to n, n', n 7/ , 
&c , and if finally n, n', n", &c , be projected on the lines 
ma, mV, mV, &c , to a , a', a ", &c , so that 

ua = p , mV zr p\ mV = p\ &c , 

then these projections p^p^p", &c., being consideied as po- 
sitive or negative, accoidmg as they fall on the dnections of 
the corresponding forces, or on their productions, we shall 
have, when the equilibrium obtains, 

vp + p y -f p "p" + &c. = 0, 

i and conversely, there will be an equihbrium, when this equa- 
1 tion subsists for all displacements compatible with the con- 
ditions of the system 

The infinitely small lines mn, m'n', mV', &c , are termed 
the virtual velocities of the points m, m', m", &c , because they 
are the spaces that would be simultaneously descnbed by the 
pomts of the system, m the very first instant m which the 
equihbrium is destroyed. 

It should be observed, that the principle of vntual velo- 
cities contained m the foimula stated above,* furnishes merely 
the conditions of equilibrium which may be expressed by 
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equations, but not those which aie relative to the dnections 
of ceitam forces, and to the extent within which they should 
meet a fixed plane (No 266) The motions compatible with the 
conditions of the system, winch furnish the equations of equi- 
librium, are such, that motions directly conti ary are equally 
possible Foi example, if a material point is placed on a 
fixed plane, the motion will be possible m every dnection 
taken iki tins 'plcine^ and also in the corresponding opposite di- 
lection , but perpendicularly to this plane, it can only have 
place m one sole dnection Now, the consideiation of the 
motions perfoimedm the plane, will furnish us with conditions 
of equilibrium which may be expressed by equations, and the 
consideration of the peipendiculai motion will only determine 
the(dircction of the noimal foice, which ought to be contiai\ 
to that of the possible motion In the general statement of the 
pnnciple of vntual velocities, it is implicitly supposed, that 
each of the motions compatible with the conditions of the sys- 
tem, and the directly conti ary motion, are equally possible, 
and if the piecedmg equation be successively applied to these 
two motions, all the quantities p, &c., will change then 
signs, and tlieie will only result but one equation of equilibrium 
It the foice x» is the lesultant of seveial given forces 
Q, q'j Q", &c , and if q,q\ q", &c., denote the projections of 
MN on theu directions, we shall have (No, 34), 

p P = Q<7 + 0>'q' + q"?" + &c - > 

so that we can replace m the preceding equation, the term pp ' 
relative to the foice p, by tins sum of terms of the same natuie, , 
which xeferto its components, and we may make the same 
substitution m case of the foiccs p, p', p", &c , if they are also 
the lcsultants of several othei forces 

It appears from No 30, that m the case of an isolated 
point, the principle of vntual velocities is a consequence of 
this last equation, whether the point m question be entnely 
free, or whether it bo constiamed to lemam on a given curve 

3 7 
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01 surface. We proceed now to demonstiate this general piin- 
ciple m the case of any system whatever of matenal points 
M, m', m", &c. 

332 Let us suppose that these points aie connected to- 
gether, either by inflexible rods, or by flexible thieads, of 
which the fiist must be firmly attached to these points, 
while the second traverse them like moveable lings In this 
last case, these points or rings are fiee to slide along the 
thieads that traverse them, which, therefoie, must be per- 
fectly flexible It is evident, that, after the given forces 
p > pV 5 &c , are applied to the points m, m', m", & c , and 
the equilibrium is established, the threads which connect 
these points two by two, must each of them experience a 
paiticular tension, that is to say, each of these threads will 
be drawn at its two extiemities by equal and opposite forces, 
acting m the directions of its productions, as has been al- 
ready stated m the case of the funicular polygon (No 285) 
The intensity of this foice will measuie the unknown tension 
which this thread experiences. Any thread that is not 
stretched, will contribute nothing to the equilibrium, and, 
therefoie, need not be taken mto account 

The tension may vaiy from one thread to another, but m 
the case of two threads, that are the production, the one of 
the other, through a ring, the tension is the same, m these 
two parts of the same thread, which must necessarily expe- 
rience the same tension throughout its enthe length (No 289) 
Thus, foi example, if m is a rmg traversed by the thiead 
m'mm", the tension of mm' is the same as that of mm" 

When several threads cross each other m passing thiough 
the same ring, the tension is the same m the two parts of 
each thread, but it may vary from one thread to anothei If, 
therefore, beside the thread m'mm", the thread M"'MM zr like- 
wise passes thiough the ring m, the tension will be the same 
in the two paits mm'" and mm ; j/ of this last thread, and, m 
general, it will be different from that of the two parts mm' and 
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mm" of the fiist thread And, if anothei thiead, such as mm f 
should terminate at the same ring m, to which it is firmly at- 
tached, its paiticular tension will, generally speaking, he dif- 
ferent from the tensions of the other threads that terminate at 
the same point m 

It is likewise to be observed, that if m' is a ring as well as 
m, and if the thread m /; mm', after having tiaversed the ling 
m, passes likewise through the ring m', and terminates at the 
point m /7/ , the tension will be the same m the three thieads 
m"m, mm', m'm"', foi then these thiee threads constitute only 
one m"mm'm'" In geneial, when a thread is distnbuted into 
several parts by moveable rings, the tension is the same m all 
its parts. 

With respect to inflexible rods, when the equilibnum ob- 
tains, they aie drawn or pushed m the direction of their length, 
by equal and contrary forces, acting at their extiemities The 
common intensity of these two forces, m the case of each rod, 
is the measure of the tension or contraction that it under- 
goes. If theie be any lods m the system which aie neithei 
stretched or contracted, they do not contribute to the equi- 
libnum, and, being useless, they may be suppressed Hence, 
m what follows it is assumed, that the lods or thieads which 
connect the diffeicnt points of the system, are stretched 01 
contracted m the direction of then length by unknown foices 

The advantage of the pnnciple of vntual velocities, con- 
sists m this, that it furnishes the equation of equilibrium m 
each particular case, without requiring us to compute these 
mteiior foices, but as the demonstration which we propose to 
give of this pnnciple, is founded on the consideiation of these 
forces whose magnitude is unknown, the following notation 
may he advantageously employed to lepiesent them. 

The tension 01 conduction of the flexible 01 inflexible 
tlnead which connects any two points jvi and m'o! the system, 
will be denoted by [w, In tins maimei [/>/, m/'], [m', 
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&c , will lepresent the tensions or contiactions of thicads 
which connect m and m", m' and m", &c. 

333 We must likewise considei the infinitely small v<m- 
ations which the distances of the points m, m', m", &c , taken 
two by two, undergo, when only one of these points changes 
its position, and also when they are both displaced simul- 
taneously Denoting the distance between any two points 
m and m', m and m", m' and m", &c , by (m, m ') 9 wz"), 

(i m 1 m ") 9 &c , if we employ the characteristic Si to denote 
the variations of these distances relatively to the displacement 
of the pomt m, the characteristic S/ to denote those which 
obtain when it is the point m' that is displaced, the charac- 
teristic S/ 7 to indicate the variations arising from the displace- 
ment of m", and so on, and finally, if the characteristic S be 
reserved to denote the variation of the distance of the two 
points, resulting from their mutual displacements, we shall have 

S (m, m') zz mm' — nn', 

Si (m 9 m f ) = mm' — nm', 

Si (m 9 m') = mm' — mn', 

for m has been supposed to have been transferred from m to n, 
and m' from m' to n' 

, It is of consequence to observe, that the entire variation 
indicated by 8, is equal to the sum of the partial variations 
indicated by Si and §/, so that for any two points whatever, 
we have 

8 (m 9 m / ) = (m, m') + 8/ (m, m') , 

this equation obtains, because the displacements of m and m' 
are supposed to be infinitely small, and it is only true on this 
* hypothesis In fact, (mm') is a function of the cooulinates of 
these two points , and when m and m' aie tiansfened to n and 
n', these variables experience infinitely small increments, 
positive or negative, now, if the poweis of these mciements 
higher than the first, be neglected, it is evident that the entire 
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increment of any function whatever of these cooidmates, is 
equal to the sum of the partial increments arising fiom the 
vanation of each coordinate separately; consequently, the 
entire variation of (m, m'), indicated by the charactenstic 8, 
must be equal to the sum of its partial variations which refer 
to 8iand 

334 What piecedes being admitted, let any point M, to 
which the given force p is applied, be considered. This point 
is connected with the others by the threads mm 7 , mm", &c ; 
it is, theiefoie, diawn or pushed m the direction of each of 
these threads by a force equal to the contraction or tension 
which this thread experiences ; so that besides the given force 
p, the point me is likewise subject to the action of as many other 
forces as theie aie tlneads terminating at this point. These 
intend fotces being thus taken into account, we may abstract 
altogether horn the consideration of the threads which connect 
m with the othei points of the system, and legaid it as an, 
isolated point, which is in equihbno, m consequence of the 
action of the foice p, and of the forces \m 9 m'\, [m, m /r \ 9 &c 
If u is a fixed point, no equation of condition will result fiom 
them, hut if it is entiiely hee, oi if it is only constrained to 
remain on a given cuive or suiface, we shall have between 
these forces, the equation of vntual velocities, which has been 
already demonstrated to obtain in the case of a material point 
in equihbno 

In oxdei to foim this equation, let a point be taken in- 
finitely near toM, and appci taming to the cuive or suiface on 
which m is consti aincd to exist, if it is not entirely free If ? 

t 9 1' 9 t ", &c , he the piojcctions of mn on the directions of 
the forces p, [»?,w'], [w, w/'], &c. ; by No. 39 we 

shall have 

V p q. [/;/, m f ~\ t + \jn y m u J t f 4 - [j», m ur \ t" +■ &c = 0. 

But, as the line mn is by hypothesis infinitely small, it is 
ca sj to peiccivc that its projection on mm', is q p. the dif- 



542 


PRINCIPLE OF VIRTUAL VELOCITIES. 


feience of the two distances mm' and nm', foi if horn the 
point n (fig. 83) the perpendicular nh be let fall on mm', the 
line mh will be this piojection, and we shall have 

MH n mm' — hm' 

We have also, by neglecting infinitely small quantities ot 
the second and higher orders, 

hm'= \/ (nm') 2 — (nh ) 2 = nm', 
hence, therefore, 

MH = mm' — nm' 

According to the notation explained above, this equation is 
t — Si (in, id) , 
and in the same manner we shall have 

f — Si (to, to"), t" — Si (in, m"'), &c , 
consequently, the equation of equilibrium will become 

vp + [in, in'] §! (to, to] + [to, to"] S x (to, to") 

+ [to, id"] Si (to, rd") + &c. = 0 

In the case of each of the other points m', m", m"', &c , of 
the system, similar equations may be obtained, these equa- 
tions will be 

p ’p' + [» d, to]. Si' (rd, m ) 4- [rd, id'] Si (rd, in") 

4- [rd, rd"] S( (rd, rd") + &c. = 0, 
d’p" 4- [rd', m] Si " (rd', rd) + [rd', rd] (rd', rd) 

+ [to", rd"] Si" (rd', rd") 4- &c. = 0 , 
p "'p'" 4- K", to] S/" (id", to) + [rd", id] S(" (rd', rd) 

+ [rd", in"] S(" (in'", in") &c = 0 , 

p', p", p'", &c , being the lespective vntual velocities of 
m', m", m'", &c., piojected on the directions of the given 
forces p', p", p'", &c., which act on these matenal points. 
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We shall obtain, by adding these equations together, and 
by observing, that [m, ?«'] and (m, in') are the same thing’ as 
[in', h?] and (in', m), and that the same is likewise tiue for the 
othci points in", in'", &c , 


p p 4- v’p’ -)- P'yj" + p "’p"' 4. & c . 

4- [m, ?»'] 8 ( in , in') + [m, mi"] 8 (m, m") 

+ \m, in'"] 8 (in, i n"') + &c., 

4- [in', hi"] 8 (m\ i n") + [m' hi'"] 8 (mi', hi'") 
4- [hi", mi'"] . 8 (hi", hi'") + &c , 

4- &c — 0. 


(a) 


in which the total vaiiation of each distance is substituted in 
place of the sum of its paitial variations 

335. In what precedes the displacements mn, m'n', m"n", 
&c , (fig 82), aie supposed to be independent of each othei , 
and in equation (a) it is only implied that these points have 
remained on the given suifaces oi cuives, on which they aie 
obliged to exist, but, ll we suppose, in addition, that, in 
consequence of these displacements, the points of the system 
which aie connected by a lod, oi stietched thiead, have pre- 
served the same respective distances, we shall have 


8 (hi, mi') = 0, 8 (hi, hi") =0, 8 (hi', mi") — 0, &c , 

and equation (a) will be i educed to the following 

vp 4 p Y 4 v"p" 4 P 4 &c = 0, (b) 

which is pieciscly that of the piinciple of vntual velocities 
(No 331) 

If in the displacements of the points m, m', m", &c , those 
which aie rings slide along the thieads which tiaverse them, 
equation (b) will still obtain, 'provided that the total length 
of these thieads does not vary Let us, for example, suppose 
that m is a ring which slides along the thread m'mm", then we 
shall have no longer separately 8 ( in , in') and 8 (hi, in") — 0, 
but we shall always have 
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§ (m 9 m f ) + § (m, m! r ) = 0, 

since the entile length of the thread continues constant. But, 
m this case, as the tensions [m 9 mf] and [m 9 m"] of the two 
paits of this thiead aie equal, the terms which contain these 
tensions m equation (a) may be written thus, 

[m 9 m'~\ [S(wi, m J ) + S(m 9 a&")], 

and, consequently, they destroy one another 

In geneial, when a flexible thread passes through any 
numbei whatevei of rings, the equal tensions of its different 
parts will disappear from equation (a<), as often as the entire 
length of this thread does not vary. We can, therefoie, finally 
infer, 

1st That the equation resulting from the principle of vn- 
tual velocities obtains in the case of all infinitely small mo- 
tions which can be impiessed on a sohd body, whether fxee 01 
constrained by fixed obstacles , for in all these motions, the 
lespective distances of the points of this body are invariable. 

2ndly. That this equation obtains also m the case of all 
the infinitely small motions which a system of points 01 rings 
connected together by flexible thieads can &cquu e, piovided 
that these threads remain straight or stretched When this con- 
dition is not satisfied, all the tensions would not disappeai m 
equation (a), and, consequently, equation (b) no longer obtains 

336 It is necessary likewise to demonstrate that, con- 
versely, when equation (b) obtains for all the infinitely small 
motions which can be rnipi essed on a system of points m, m 7 , m", 
&c , the given forces p, p', p", &c , are m equilibno, as has been 
already stated, (No 331). 

If for one instant it be supposed that the equilibrium does not 
obtain, the points m, m', m" &c , or at least some of them, will 
begin to move, and in the fiist instant they will describe simul- 
taneously light lines such as MNjMVjMV'j&c.j therefoie, all 
these points may be reduced to a state of rest by impressing on 
them suitable forces, acting along the productions of these lines, 
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m a dnection opposite to that of the motions produced , conse- 
quently, lfwe denote these unknown forces by r,r',r", &c., there 
will be an equilibrium between the forces p, p', p", & c , and 
r, r', r", &c , so that if ", &c , denote the virtual velo- 
cities projected on the directions of these new foices n, r', R /y , 
&c., we shall have, by the pnnciple of vntual velocities that 
has been demonstiated, 

vp + p p' + r "p" + &c + nr +r'/ / 4- n"i 11 4. &c zz 0, 
oi simply 

nr + n'r' + r '7 " + &c. = 0, (c) 

m vntue of equation (b), which is supposed to have place 
As equation (c) obtains foi all infinitely small motions 
compatible with the conditions of the system of points ivr, m', m n 9 
&c , we may select foi then vntual velocities, mn, m'n', mV', 
&c , the spaces actually dcscubcd in the same instant; hut as 
these lines aie laid oil oil the pioductions of the dn actions of 
r, n', n u 3 &e , it follows that all the piojections /, r', ? ", &c. 
will be negative, (No 331), and, abstracting 1 hom the sign, 
equal to these veiy lines mn, mV, m'V', &c. In this case, 
then, all the teims of equation (c) have the same sign, and 
consequently, then sum cannot vanish, unless that each term 
in paiticulai is equal to cypliei , hence we shall have 

r mn = 0, it' mV zz 0 , a 11 mV' = 0, &c 

Now, if the ])ioduct u mn = 0, we must have citlici n zz 0, 

or tvin z= 0; m both which cases, it follows that the point M 

cannot move, it is the same with lespect to all the other 
points ; consequently the ontiic system is m equilibno , which 
it was pioposcd to demonstrate. 

337 In the case of fluids, it will be shewn hcieaftci, by 
means ol then fundamental propeity, that the pnnciple of 
vntual velocities obtains likewise m the equihlmum of a sys- 
tem of foices, the actions of which aie tiansimtted by the m- 
teivention of a fluid contained in a canal oi vessel ol any foi in 

4 \ 
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whatevei. So that this pnnciple of equihbiium, being' appli- 
cable m eveiy case, will have all the requited gcnoiality , foi 
when material points are detached fiom each other, the only 
way m which the action of these foices can be transmitted 
from one point to another, is either by means of inflexible rods, 
of stietched threads, or of fluids contained m canals, and 
moieovei, if some of these points are immoveable, others pei- 
fectly free, and otheis constrained to exist on given cuives 01 
suifaces, the system of material points thus constituted will be 
the most geneial which there will be any occasion to considei 
Nevertheless, it will be perhaps not unnecessary to give 
another demonstration of the same principle, foi which we 
aie indebted to Lagrange, and which is grounded on notions 
that are more elementary than the preceding , m fact, it is 
founded on the possibility of our being able to replace all the 
forces applied to any system whatevei of matenal points, by 
one weight acting in a manner which we now piocced to 
explain 

338 If a point m (fig. 84) is solicited by a foicc e acting 
m the diiection of the line ma, we may, in the fiist place, 
suppose that this force is applied to the point a, and that it acts 
by means of a cord ma attached to this point m We may 
then substitute for this cord, a thiead which is alternately 
rolled round a fixed and moveable system of pulleys, and is at- 
tached by one of its two extremities to one oi othei of these 
two systems, that which is fixed being supposed to lefer to 
the point a, and that which is moveable to the point m If at 
the free extiemity of the thread, a weight k is suspended vei- 
tically, its tension throughout its entne length will be equal 
to k If the dimensions of the pulleys be supposed to be in- 
finitely small, the tensions of all the parts of this thiead, which 
terminate at the moveable system, will have the same direc- 
tion, and, denoting then numbei by e, then lcsultant will be 
equal to zk, which will act at the point m m the direction of 
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ma , consequently, if ik n p, the action of the foice p may be 
leplaccd by that of the weight k 

The same will be the case with lespect to the othei foiccs 
r 77 , &c , applied to the points m 7 , m 77 , &e , and acting m 
the dncctions m 7 a 7 , mV, &c , each of them can be replaced 
by a weight equal to a submultiplc of its intensity, and acting 
in the mannci that has been explained with respect to the 
foice p Morcovei, it is easy to peiceive that, as is lepre- 
sented in figuic 85, we can always make the same thiead to 
pass successively ovci all the fixed systems at a, a 7 , a", &c., 
and ovci all the moveable systems attached to the points 
m, m 7 , m 7/ , & c Hence if we make 

zz p, i'k = p 7 , ?"k = p 77 , &c (A) 

?, i'\ &c , being whole numbeis, we can, by suspending the 

weight k at the fice exticmity of this tin cad, leplace the system 
of given foiccs p,p', r", &c , by this weight, the action of 
which will be tiansmitted to the points m, m', m",&c , tlnough 
the mtci vention of this thiead, and of the fixed and moveable 
systems Indeed, it is implied m equations (d), that the foices 
p, v\ r", &c aie commcnsiuable , but tins hypothesis is always 
admissible, because then common measuie K may be a weight 
as small as we please, and even, if nocessaiy, infinitely small(r) 
339 Let us now conceive that tlicic is impiesscd on the 
points m, m', m", &c , a motion which, as also the dnectly 
eontiaiy motion, may be consistent with the conditions of the 
system , aftci an infinitely small poition of time, let n, n', n /7 , 
&c , be then positions, and let, as befote, p, //, j/', &c , denote 
the piojections of mn, m'n 7 , m 7 n", &c. on the dncctions of 
p, p 7 , p", &c, or on then pioduetions. The point n being 
piojected at a on the light line ma, each of the couls which 
issue horn a to m will be slid toned by a quantity am — an, 
which, if infinitely small mciements of the second oidei be 
neglected, may be considcicd as equal to ua , on the othei 
hand, this coicl will be lengthened by a quantity equal to m a, 
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if the point a falls on the pioduction of am , hence it lollows, 
that m consequence of the displacement of m, the weight k 
will descend m the first case, and ascend in the second, by a 
quantity equal to the product of m cl and i , which implies, 
agreeably to what was stated relative to the sign of p, (No 
331), that, m consequence of this sole displacement, the posi- 
tive or negative variation of its veitical height will be ex- 
pressed by ip The same will be the case with lc&pect to all 
the other points m 7 , m", &c , consequently, if Z be an infi- 
nitely small quantity that represents, according as it is positive 
or negative, the entne quantity by which the weight k de- 
scends or ascends m consequence of the simultaneous dis- 
placements of all the points of the system, we shall have 

Z = + l 'p r + L ' / p u + & c 

Now, when the weight k tends to descend, as it is the only 
force which acts on the system, it is evident that nothing will 
prevent it from pioducing the motion m question, il this value 
of Z is positive , and that, if it is negative, nothing will pie- 
vent the weight k fiom producing the dneet contrary motion, 
which is supposed to be equally possible, and foi winch the 
sign of Z must be changed It is therefoic necessaiy, m ci- 
der that the eqmlibnum may obtain, that Z should be equal to 
zero Conversely, as the weight k cannot produce any mo- 
tion whatever, without descending by an infinitely small quan- 
tity m the fiist instant, it follows that it will not pioduce any, 
and that if Z = 0, the equilibrium will obtain foi all the infi- 
nitely small displacements of the points m, m', m", &e., which 
aie compatible with the conditions of the system 
Now, if k be multiplied by the equation 

ip + z'p' + i N p u + &c =0, 

which is necessary, and suffices to insure the equi libitum, it 
will be changed, by having regaul to equations (d), into 
equation (b), which is that of the pnneipie of vntual velo- 
cities, it was pioposed to obtam 
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340. In this demonstration it is not assumed, as in the 
foimer, that the pi maple has been previously demonstrated m 
the case of an isolated matenal point If the system he re- 
duced to one sole point m, to which the forces PjP'jP", &c , 
given m magnitude and position, are supposed to be applied, 
we thould substitute for their simultaneous action that of one 
sole weight k, as m No 338 ; and, in the case of the equilibrium 
of these foices, the principle of virtual velocities may he de- 
duced fiom this substitution by the same mode of reasoning 
as in the case just considered Now, this punciple will at 
once furnish the equations of equilibuum of the point m, con- 
strained to remain on a cuive oi a surface, ox which may be 
entirely fiee, (No 39) In this last case, if one of the forces( 
be considered as being equal and contiaiy to the resultant of 
all the others, the rules of their composition and resolution, i 
and also the thcoiem of the parallelogram of forces may be de- 
duced from it. By applying tins punciple to the equilibrium of 
thice paiallel forces, one of which is consequently equal and 
contiaiy to the lesultant of the two others, the rules of the 
composition and resolution of parallel forces may, m like man- 
ner, be deduced 

We may also, without difficulty, mfei horn the general 
principle of vhtual velocities, the equations of equilibrium of 
a solid body entirely free, which have been already obtained 
m another mannex in No. 2b0. 

In lact, wo can, m the first place, suppose that all the 
points of this body describe light lines mutually equal to each 
other, and paiallel to one of the axes of the cooichnates De- 
noting the length of these lines by A, and by cr, a', a", &c , 
the angles which their common dnection makes with the di 
lections of the given forces, we shall have 

p zz A cos a, p* = h cos a', p n = ft cosa /; > &c , 

loi the vntual velocities of m, m ; ? M /y , &c , the points of the 
sohd body, projected on the directions of the forces v, i* r 9 Jp// ? 
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&c , which aie applied to these points, therefoie, it thebe va- 
lues be substituted m equation (b), we shall obtain, by sup- 
piessmg the factor A, which is common to all the tcims, the 
equation of equilibrium 

pcosa + P'cosa' 4 - p" cos a" 4 - &c. = 0 

If the motions of the body parallel to the two otliei a\es 
of coordmates be respectively consideied, two otliei equations 
of equihbnum similar to this may be obtained in the same 
manner. 

We may also cause the body to turn about one of the axes 
of the coordmates In order to obtain the equation which 
corresponds to this motion, let the coordinates of the points 
m, m , m", &c , and the angles which the dnections of the 
forces P, p 7 , p 77 , & c , make with those of these cooidmates, be 
denoted by the same letteis as m No 260 If the lotation 
takes place about the axis of each of these points will dc- 
senbe an arc of a cncle parallel to the plane of the axes of x 
and y y the radius of which will be the perpcndiculai let fall 
from this point on this axis Moreover, as the body is sup- 
posed to be solid, and theiefoie all its points to be fiimly con- 
nected togeth ei, by the nature of the solid body, the angle 
described by tbs perpendicular will be the same foi all its 
points. If, therefoie, it be supposed to be infinitely small, 
and denoted by «, and if ;, r' y ?", & c denote the distances of 
the pomts m, m', m", &c , from the axis of 2 , then icspcctivc 
vntual velocities will be » 7 V, r'V', &c , and if 8 ', 8 ", 
&c , denote the angles, either acute or obtuse, which the di- 
rections of these velocities make with those of the foices 
p > p , &c , there will result 


p - f wcosS, p' = 1 'u cosg', p" - ?" WC osS", &c , 

&I the expiesoons of the projections of these same velocities, 
on the directions of these foices, 01 on their productions. 

1 oreovei, ifa,4,c be the angles compiled between the 
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dnection of the velocity no and the parallels to the axes of 
sc y ijy z 9 drawn tlnough the point m , the same angles lelative 
to the dncction of the foice p being a, /3, y, we shall have 

cosS = cosacosa + cosicosj3 + cosccosy, 

but because rco is m the dnection of a tangent at the point m 
to the circle, the centie of which is in the axis of z, it is easy 
to peiceive that 

cos 5 zr ± cos a z= zp cosc = 0, 

) r 

and, consequently, 

p zz rwcosS ± (acos/3 — y cosa) to 
In like manner we shall have 

p' ZZ ± (x'cosfi' — y' cosa')o> 9 
P u = ± (x"cosfi"— y"cosa ,r )(o, 

H- &c 

The signs will depend on the dnection of the rotation, wc 
should take the superior oi the mferioi signs m all these 
values at the same time , therefore, if they be substituted m 
equation (1), we shall obtain, by suppressing the factoi ± w , 
which is common to all the terms, 

p (x cos/3 — y cosa) + p' (xcos f¥ — y' cosa') + &c =0. 

This equation ot equilibrium is that of the moments with 
lespcct to the axis ot z 9 about which the motion has place , the 
equations ol the moments, with respect to the axes of the co- 
ordinates of x and ?/, may be obtained m the same mannei, by 
making the solid body to turn successively about these two 
right lines 

341 Equation (b) may be made to assume another foim, 
which will render it of easiei application in particulai cases. 

For this puipose, let r, y , z be the coordinates of the point 
m m its position of equilihiium , % + Si, p-{-S*/, z ^ 
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what these become, when this material point is transferred toN 
a point infinitely near, x, y, z, the components of the force p 
in the directions of the pioduetions of x, y, z, estimated posi- 
tively , these infinitely small quantities $x, <$y, g z will be the 
projections of the vntual velocity mn on the directions of 
x, t, z, and rip denote, as before, its projection on the di- 
lection of p, we shall have (No 331) 

p p = xga: -f y§ y + z§z 

If the corresponding quantities which refer to the points 
m', m", &c., be denoted by the same letters with accents, we 
shall also have 

p'p 1 = x'gu' + y'g y' -)- z'g z\ 

p >"= x"gr" + y"g y" + z"gz", 

&c 

By adding these equations to the preceding, we can wutc 

r p + P'P' + ?"p" + &c = S (xSx + yg y + zSz ) : 

the sum S being supposed to extend to m, m', m", &c , all the 
points of the system, and it, consequently, consists of a num- 
ber of similai parts, equal to that of these points By this 
means, equation (b) will assume the foim 

S(xga; + Y $y + zg z) — 0, (e) 

which it was pioposed to give it 

Now, whatever be the connexion between the points of the 
system, it may be always expiessed by one oi more equations 
between their cooidmates Therefore if l, l ', l ", &c , be given 
functions of x, y, z, x', y', z’ , x", &c , oi of a pait of these co- 
oidmates, and if we suppose that these equations aie 

l — 0, l' = 0, l" = 0, &C, (f) 

then as the simultaneous displacements of all the points of the 
system must be compatible with the conditions to which it is 
subjected, it is necessary that the cooidmates x, y, z, x'y', &c., 
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of m, M f , m", &c ? and a?-|- fia,, y -f- ty, z + $2, a/ + S#', &c , the 
coordinates of n, n', n", &<* , should successively satisfy these 
equations, consequently, if infinitely small quantities of the 
second order he neglected, we shall have 


***+|* + S»- + 

^ + ^ + ^S_. + ^, + &c = „, 

&c 


( 8 ) 


If the direction of the displacements of all the points of 
the system be changed simultaneously, the signs of Sx, $y, Sz, 
Si', &e , will be all changed at the same time, and these equa- 
tions will be still satisfied , so that the infinitely small motions 
to which they lefer, and the motions directly contraiy, are 
equally compatible with the given conditions, as is implicitly 
supposed in the general statement of the pmiciple of virtual 
velocities, (No, 331). 

This being established, by means of these equations (g), 
there can, m each case, be eliminated fiom equation (e) a num- 
ber of the quantities Sx 9 $</, S z, Sx', &c , equal to that of equa- 
tions (f ) , those of these quantities which will afterwards remain 
m the fiist member of equation (e), will be independent of each 
other , consequently their coefficients may he put separately 
equal to cipher, this will furnish all the equations of equili- 
biium of the system, the number of which will be equal to 
thiee times that of the matenal points m, m', m", &c , minus 
the number of equations (f)., When the positions of these 
points, that is to say, the values of their cooidmates x , y , z,x r , 
&c , aie given, it is necessary that the components of the 
foiccs f, p", &c., should satisfy these equations of equili- 
brium; when, on the contrary, these forces bung given m 
magnitude and dnection, the positions of the points of the 

4 B 
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system are unknown, these same equations, combined with 
equations (f), will enable us to deteimme all their coordinates 

342. As equations (e) and (g) are lineai with lespect to 
Sr, §?/, Sz 9 $%', &c , the elimination of a part of these quan- 
tities may be effected by the usual method, 1 e by adding 
these equations together, after having multiplied equations (g) 
by indeterminate factors, and then, making in this sum, the 
coefficients of the quantities §#, §//, dz , &c , which it is 
proposed to eliminate, equal to cipher As the coefficients of 
the remaining quantities must be likewise equal to ciphei, it 
follows that the coefficients of all the quantities $v, 8y, 8z, Sx', 
&c , should be indiscriminately put equal to cipher, in the 
sum m question , hence there will result a number of equa- 
tions equal to that of the coordinates, between which there will 
remain, m each case, indeteiminate factors to be eliminated, in 
ordei to obtain the equations of equihbiium of the system. 

If we denote the factors by which equations (g) should be 
multiplied, by X, X', A", &c., we shall have, by what precedes 


A dij . di! . di! r 

X + X d* +X '& + X dT + &c = °» 


dx 


v dh , dh' % dh" 

Y+X 5;+ X V +X V +&C=0 ’ 

z+x rf5 +x ' ^" +x, '^r' + &c = °> 


dz 


(p) 


foi the equations ansing from the coefficients of gjc, Sy, $z , in 
like manner we shall have 


X+X ^ + X ^ + X ^ +&c = 0 ’ 


dx' 


Y, + X | + X '^ + X "f + &C 

z ' +x fe+ x '£ +x "£-+ &c =^ 


(h') 


for those which arise from the coefficients of Ex', By', Ez' , and 
so on 
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Instead of simply eliminating X, X', X", &c , their values 
may be obtained by means of these equations, and we now 
proceed to shew how we may deduce from them, in mag- 
nitude and diiection, the foices arising from the connexion ot 
the points of the system, winch act on all these points, and 
constitute an equilibrium with the given forces p, p', p", &c 
The dcteimmation of these unknown forces is an important 
part of the pioblem of equilibiium, the geneial and complete 
solution of which will be found thus compnsed m equations (f ), 
(h), (h'), &c , taken together. 

343 If all the points of the system, minus the pom! m, 
be rendered fixed, the equilibiium will not be distuibed In 
virtue of equation lz 0, the point m will be then con- 
strained to move on the surface of which L = 0 is the equa- 
tion, and m which the cooidmates ,n, ?/, 2 , aie the sole vun- 
ables Now, if the resistance of this suifacebe denoted by ju , 
it will act in the diicction of one ot the two paits of the noi- 
mal at m, and we can substitute for this suiface, or the equa- 
tion ol condition l = 0, this unknown foice In like man- 
ner, we can leplace l'= 0, by a foice jx, acting peipemhcu- 
laily to the suiface which belongs to this equation , l" = 0 
by a foice p,, noimal to the con ospont ling suiface, and so on; 
therefoie, if these noimal foices /x, ju /? n Jn &c , be joined 
with the given foice p, oi its components x, y, z, the point m 
may be lcgaided ns altogethei free and isolated Conse- 
quently, if a , &, c, denote the angles which the direction of 
the foice fx makes with lines parallel to the axes of 
drawn thi ou gli the point ml, and if b [9 c be the same angles 
relative to the foice jtxi, and so on , wc shall have 

x + fi cos a /x, cos a t -J- fx,, cos a„ + &c =0, 
y + jU cos b 4- fi, cos b t +■ \k,, cos b J( + &c zz 0 , 
z + ju cosc + fx t cose, -f- fi,, cos + &c rz 0, 

foi the three equations of equilibrium ot the point m. More- 
ovei, if, in order to abridge, we make 
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-^(rj+dy+d)' 

iHir- 

+ &c 


we shall have also, by known formulae (No 21), 




1 dL 


1 C?L 

V dx 9 

cos b 

IS 

i ^ 

II 

COS c = 

v dz ’ 

_1 di/ 


1 di! 


1 dh' 

da 1 / 

cos b, 

II 

^ 1 
^1 

cos c, = 

; v,3T’ 

^ 1 dll' 

cos h u 

_ 1 dL" 


_ 1 <?i/' 

Vjj dx 9 

■Vu dy ’ 

cos c u ~ 

v,/ fife 


&c. , 


by means of which, the three equations of equilibrium will 
be changed into the following 


x+e^+^+e^ + fa^o, 

v dx v / a# v u dx 


vdy 


*4^~+«>c.= o, 

V, </«/ v,, % 


e dL **/ *,<&/; 0 

V ay v, ds v /y dz 1 

Now fiom a compaiibon of these equations with equations 
(h), with which they are identical, it appears that 


fx = vX, ja ; = Vj\ ju y/ = v^X", &c 

Thus, l elatively to the point m, the forces which ansefiom 
its connexion with the other points of the system, arc expressed 
by the products vX, v,X', v /y X", &c , as these forces must he 
positive quantities, the radicals v, v n v y/ , &c , must have the 
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same signs as the quantities A, A„ X„, &c., and their directions 
will be completely determined by equations (i). 

If, m the same manner, /i', p/, p,/', & c ., denote the foices 
arising from the connexion of the system, which act on the 
point m', and are noimal to the different surfaces on which it 
is constrained to exist, when all the other points m, m " 9 m '" 9 
&c., arc fixed, we shall find 

fl'z=. l/A, v/A', jLC// = i^/A", & c , 

in which, in order to abridge, we suppose 



Similai expressions may be obtained for the forces relative 
to the points m", m'", &c 

344. It appeals irom a comparison ot the values of p an 
fi' 9 that 

/XV' = fl'v , 

so that they aie as the quantities v and v'. When, therefoie, 
two matenal points m and m' arc connected together, and also, 
if we please, with any number whatevei of other points, by 
an equation l = 0, there lesulls in the state of equilibrium, 
the foices fi and jul' applied to m and m', the magnitudes of 
which aie as v and v' 9 and these forces make with the axes of 
the coordinates, angles whose cosines are 

1 dh 1 dh 1 dh 
v dx* v dy* v dz ? 

for the foice / u, and 

1 dh 1 dh 1 dh 
v'da'* v'dy'* v f dz'* 
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for the force ju'. The direction and magnitude gf these foues 
depend on the sign and magnitude of X, ■which m each case may 
he deduced from the equations of equihbnum 

The consideration of the suifaces on which each of the 
points of a sjstem are at liberty to move, when all the 
others are supposed fixed, deteimmofe the noirnal (liieetions of 
the forces ansing from the connexion of these moveables, foi 
each of the equations by which this connexion is expiossed 
(No 290), but we cannot deduce fiom them any lelation 
between the forces relative to two matenal points connected 
together by the same equation , and it is the principle of vir- 
tual velocities, or equations (/*), (A 7 ), &c, that have been de- 
duced from it, which enables us to determine this iatu> a pt lot / , 
m the case of equilibnum 

345 For an application of these foimuhe, let us eonsidoi 
the case of the funicular polygon, which has been alioady dis- 
cussed m the first section of the pieceding chaptei , and let us 
suppose that the matenal points m, m', m", &c , aie the suc- 
cessive summits of this polygon 

If Z, Z', Z", &c , be the given lengths of the sides mm', m'm", 
&c , equations (f) will m this case be 

l = V [x—x'f + (y-y'Y 4- (z—z) 1 — i = o, 

L'= V + [y'—y") + — /' = 0, 

L" = V {x"—x l,, f + (y'< -■,/")>+ l II — (), 

8cc , 

hence there will result(S) 

dh ^ dh ___ x— x { gZl'__ dll — r" 

di~ dx'~ l 5 dx'~~ dV' ~ 1 ’ &c ’ 

dh_ dh _ y— y' dh' _ ^ dh' _ y'_ y" v 

dy dy'~ l ’ dy'~ dy" f~ ’ &t “ ’ 

dh ^ dh z — z' dh' d\l z f z 11 

dz~~ dz f Z 5 dz f ~~ Hz" ~~ p 5 1 
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and all the othoi paitial differences of l, l' } l 7 ', &c , which 
occur m the pieceding foimuLe, will be equal to cipher. 

In the case of the two points m and m', we shall have 


V — V' — ± 1 5 = 


ill which the superior 01 mferioi signs should be taken, accoid- 
mg as the value of A is positive or negative From this and 
the preceding equations, we may infer that the points m and 
m', will be solicited by equal and opposite forces, acting either 
in the direction ol the line mm' or of its productions, and the 
quantity A will, abstracting from the sign, expiess the com- 
mon intensity of these foices. The same will be the case 
relatively to the points m' and m", m" and m"', &c., so that 
m the state of equilibnum, the quantities X, A', A", &e , will 
express the conti actions 01 tensions of the successive sides 
mm', m'm", &c Since, by equations (1), we have 


cos a = 


X — T 7 _ , V — If 

— 2 — , cosZ> = ± - --- - ■, cos c = 


z-z f 

~T~’ 


m winch the suponoi 01 mfeiioi signs should be taken, accord- 
ing as the value of A is positive or negative, it follows, foi 
example, that the loice applied to the point m will be directed 
fiom M towaids m', and will express a conti action of the side 
mm' when this value is negative, and, when this value is posi- 
tive, this foice will act m the opposite dnection, and expiess a 
tension, and will indicate that the stung is stretched. One 
or othei of these cases is possible, if the sides of the polygon 
aic inflexible rods, joined by hinges, and the second case can 
alone obtain, if the sides are flexible thieads 

Equations (h), (h 7 ), (h"), &c. may be wntten as follows 
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z , + x (t£) = x ^), 

,. + v(£=£)=x»(-^£), 


It appears from a consideration of the tliree fiist, that the 
tension X is the resultant of the forces x, y, z (c) By adding 
them to the three following, we shall obtain 



Y 



which shews that the tension A' is the resultant of V, y', z', 
and of the forces x, y, z, transferred to the point m, parallel 
to themselves By pioceeding m this manner, we shall ob- 
tain, for the tension of any side whatevei, the same value as 
in No 287. 

The numbei of summits m, m', m", & c , being denoted by 
n, that of the preceding equations will be 3 n, and that of the 
tensions A, A', A", &c , will be equal to n—l (d) Therefoi e if 
these quantities be eliminated, there will result 2 n + 1 equa- 
tions of equilibrium, which combined with l, l', l", &c , the 
« - 1 given lengths of the sides of the polygon, will be suffi- 
cient to determine the 3 n coordinates of its summits, and. 
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consequently, its figuieof equilibnum. But this mode of de- 
termining the figure, &c , is attended with no practical advan- 
tage, it is therefore prefeiable, as has been done in No 286, 
to trace the sides of the funicular polygon successively, by 
means of the given magnitudes and dnectionsof the forces that 
act at its different summits 

346 In the case of m, m', m", &c , any system whatevci of 
material points, if the given forces which aie applied to these 
points, arise from their mutual at ti actions or repulsions, or 
from similar forces which emanate from one oi more centres, 
we shall have 

2 (\dx + y dy + zdz) zzd O, Vi z, x y\ z f , &c ) , 

in which (j> denotes a given function of the coordinates of 
m, m', ivi", &c , dependent on the law of these foices m a 
function of the distances 

In fact, with lespect to loices emanating fiom fixed cen- 
tres, this follows horn what has been established m No. 1 58 
Moreovei, letu expiess the mutual action of m and m', which 
we will suppose to be attractive , let also u be then mutual 
distance, so that u may be a given function of u, it will be 
expressed by the equation 

u ' = ( v - + O '-?/) 2 4 - 

The cosines of the angles which mm'" makes with lines diawn 
through the point m, m the dnections of the positive axes of 
a, y, s, will be 



if these be lespectively multiplied by u, we shall oblain the 
components of this foicc applied to the point m, and acting m 
the direction jmm' Those of the same foice u, applied to the 
point ml' m the dncction m'm, will be equal and conliaiy, 
hence it follows that the pait of the sum S which anscs liom 
the action and icaction of u and m', will be equal to 

1 c 
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H [(x'-a) (rfx-rfrO + (y'-iO (dy~d/) + (z'-z) (dz-dz')] 

But, by differentiating the value of u 2 9 there results 

tidu—(x f —&) (dx f — dx) + (y’—y) (dy'-dy) + ( z ' — z ) d z ) 5 

fiom which it is evident that the pieceding quantity is equal 
to — u du, that is to say, to the differential of a function of u. 
Similai expressions may be obtained for the parts of the sum 
S, which arise from the mutual actions of the other points of 
the system; consequently, its entire value will consist of terms, 
all of which will be exact differentials, and this value will be 
also the differential of a given function of the coordinates of 
all these points. 

In virtue of equation (e), this function, which wc will de- 
note by 0, will be a maximum or a minimum , lelatively to the 
values of thecooidmates that belong to a position of equilibnum 
of the system ; and, conversely, if the maximum oi minimum of 
the function be determined, regard being had to the equations 
(f) which may exist between the coordinates, the values that 
will be obtained for these variables, will refei to positions of 
equilibrium Hence it follows, that when the system of points 
M, m', m", &c. is m motion, m which case their coordinates, 
and consequently, the quantity 0 are functions of the time, 
this function $ will attain its maximum or minimum , whenever 
the system passes through a position m which it would lcmain 
m equilibrio, if the points of which it is composed had not 
any acquired velocity. 

347 There is an essential difference between the maxi- 
mum and minimum of the function 0, which, as it is of conse- 
quence to take into account, we now proceed to explain 

The state of equilibrium of a body or a system is said to 
be stable , when, if the moveables be made to deviate, evei so 
little, from their positions, they tend to reveit to them, by 
making small oscillations which eventually, the frictions, and 
the resistances of the media m which they move, render 
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insensible, or finally extinguish. The equilibnum is instable 
or instantaneous, when the body, or system of bodies, being 
made to deviate a little fiom it, recedes moie and more fiom 
this position, until it finally terminates by being turned upside 
down If we assume that theie is no friction, which does to 
a certain extent retain the bodies in their positions, this second 
state of equilibrium is a case puiely mathematical, that can 
never be observed, since the least disturbing foice is sufficient 
to destroy it 

This being established, the equations furnished by the 
pnnciple of viitual velocities, 01 , what is the same thing, by 
the condition of the maximum 01 minimum ot the function <p, 
are common to these two states, but the maximum lefers to 
the case of stable, and the minimum to the case of instan- 
taneous equilibrium; and this is, in fact, what will be shewn in 
a subsequent chaptci, when the nature of the motion that has 
place when a system of material points is made to deviate fiom 
any state of equilibrium will be consideied At piesent, wc shall 
content ourselves with furnishing examples of these two states 
of equilibnum m the case of a system of heavy bodies, and 
with pointing out a icmaikable piopeity of its centie of 
gravity. 

348. Let gravity be supposed to be the sole force applied 
to the points M, m', m", & c , which are the centres of giavity 
of bodies, whose weights are denoted by w, a/, g>", &c , then 
as this force is veitical, and acts in the duection of the weight, 
we shall have 


/ = w, z' = z" — w”, &c , 
the other components will all vanish, and theie will lesult 
drj> — to(lz -+■ w'dz' -J- irf'dz" -f- &c 

But if n denotes the sum of the weights w, w', w", &c , 
and z x the veitical ordinate of their centre of gravity, diawn in 
the duection of the giavity, we have likewise ("No 64), 
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n~i zz o)Z + w's'-f- (j)' f z f/ 4- & c , 
consequently, there lesults 

dcp zz ii dzi) <p zz c 4“ nz i9 
c being an arbitiaiy constant. 

From this it follows — 1st, that the ordinate z { is a 
quantity which should be eithei a maximum oi minimum , 
when the system is m equihbrio, and conversely , 2ndly, that 
the maximum of conesponds to the case of stable equi- 
librium, and its minimum to the case of instantaneous equi- 
librium 

Thus, the condition of equilibrium of any system what- 
ever of heavy bodies, consists m this, that the centre of gravity 
of the entne system is the lowest or highest possible, the 
lowest, when the equilibrium is stable, and the highest when 
it is only instantaneous. 

349 It follows from this theoiem, that if a heavy chain 
attached by its extremities to fixed points, is in equilibrio, its 
centre of gravity will be the lowest possible , this agiees with 
the result of No 296 

If a heavy material point is placed on a cuive, and if in 
several points of this curve, the tangent is honzontal, the vei- 
tical ordinate of the material point, estimated in the direction 
of gravity, will be a maximum for those of its points, m which 
the concavity is turned upwaids, and a minimum m the case 
of those points toi -which the concavity is directly opposite , 
consequently, the first will be positions of stable, and the last 
positions of instantaneous equilibrium 

If a homogeneous heavy ellipsoid lests on a fixed hori- 
zontal plane, its centre of gravity oi of figure will be the 
lowest possible, when the ellipsoid touches the fixed plane m 
one of the two extremities of the least of its three axes , and 
in this case the equilibiium will be stable When it touches 
it m one of the two extremities of the gieatest of its three 
axes, its centre of giavity will be the highest possible, and the 
equilibiium will be only instantaneous 
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Finally, if the point of contact is an extremity of its mean 
axis, the elevation of the centie of gravity will be a minimum 
for one part of the sections of the body, and a maximum for 
the other sections , consequently, the equilibrium will be 
stable or instable according as the displacements have place m 
the direction of the fiist 01 last sections. As what has been 
now stated is evident a pnori , it will enable us to verify the 
theorem of the piecedmg number 

Let us now suppose that two homogeneous heavy liquids 
are poured into a vessel , if the surface of separation and that 
which terminates the upper liquid are lespectivcly hori- 
zontal, and if this liquid be the one which has the least den- 
sity, the centre of gravity of these two liquids will be the 
lowest possible ; for it is easy to perceive, that if one or other 
of these two surfaces be inclined 01 curved, the centie of 
giavity of the system will be always elevated. These tvo 
surfaces being always honzontal, if the less dense liquid be 
below the other, m the same manner, it will appear that the 
centre of gravity of the system will be the highest possible. 
Consequently, in oidei that these fluids may be in equilibno, 
it is necessary and sufficient that each of them be teimmated 
by a honzontal plane , but m ordci that the equilibrium may 
be stable, it is moreover neccssaiy that the densest liquid 
should occupy the inferior pait of the vessel When the dif- 
ference of the two densities is mconsidei able, it is possible, 
by talcing proper piecaution, to make the dcnsei liquid float 
on the other, but this instable cquihbnum can only maintain 
itself sufficiently long to be observed, m consequence of the 
faction of the two liquids against the sides of the vessel. 




NOTES 


INTRODUCTION 


(a) As tlieie are ninety degiees in thequadiant of the cncum- 
ference, theie must be 90, 60, or 5400 minutes, and 5400,60, or 
32400 seconds in it. 

(Jj) By stating tins propontion we have 


cu 32400 // 


'IT 

2 


32400" 2 n 

it ’ 


and by substituting the value of # given in the text, we shall obtain 
the expression foi w, 

(c) In fact, if A, A', A", be the projections of a given area l on 
these planes, and if i, i', % n , be the respective inclinations of l on these 
planes, by what as been just established, wc shall have 


A = Z cos t, y =z l cos i A" = l c os %" , A 4 + X n -|- Xf ri — 

Z* (cos 4 1 + cos® i r cos 2 1") = Z*, since cos 2 i + cos 2 i' + cos 2 = 1 
See No 281. 


(d) See on this point Le Journal de VEcoie Polytechnique , 
18th number, page 320 

( e ) By substituting m the expicssion foi p& — i a, the values 
which have been deduced foi its second and thud terms, we obtain as 

5 4 , &c. are neglected 

which is evidently equal to the value of given m text , and if 

y(a4-^) be expiosscd in a series, there results by obhteiating the 
5 Cb 

teim g/a, the expression for \-fadx given in the text 
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NOTES. 


( f ) When one of these equations is taken fiom the other, then 
difference, which is equal to cipher, becomes 


2(V— x)dx q-2(y~y) dy-\- 2(5?'— z)dz 

but dx\ dtfydz*, being infinitely small quantities of the second ordei, 
may be neglected 

( g ) By Taylor’s theorem, if u — fx, when x receives an incre- 
ment dx , and w becomes tt /, the value of v! expressed in a senes is 


, - du d l u 

«-“ + r+ro + 


d 3 u 


1 2 T 1 2 3 


■ &c 


if «= cos a, when cl receives an inclement and becomes a', then 


cos a! = cos a + 


d cos a , d l cos a , d) cos a 


1 


1 2 


1 2 3 


+ &c 


Now if in the value of sin* 2 £ given in the text, we substitute foi 
cos a', cosj3 f , cos/', their values, and omit all terms in the resulting 
expiessions after the thud, as involving infinitely small quantities of a 
higher older than the second, we obtain 


cos 


sin 0 £ = 1 — j^cosa ^cosa 4 
d co* fi d l cos fi 


6? cos a d* cos 




cos/34- 




( , d cosy , d 2 cosy\~| 

cos /[cosy+ — p-^-4 g — 


Now since cos 2 a 4“ cos 2 fi 4“ cos 0 / = 1, and therefore cos xd cos 
cl 4- cos fi d cos /3 4" cos yd cos y == 0, the expi ession between hi ackets 
becomes equal to 

““ [1 4" 2 C0S & C0S a 4* 2 C0S fid* COS fi 4“ 2 C0S yd 1 cos y]% 
that is to 

— 1 — cos cos cl — cos fid 1 cos fi — cos yd 2 cos y } 

as infinitely small quantities of a higher oidei than the second aie 
, neglected ; hence it is evident, that the values of sm z d is that given 
m the text 

Qi) By substituting in the expiession for d cos a, the values ol 
di* and dsd 2 s we obtain 


, (<fa*4-<% 2 4- dsf) d'n — (dvd 2 x + dyd'y 4- dzfrz) dr, 

d& 

which is equal to the value of d cos a, as will be evident by oblite- 
latmg da l % d l x 9 and concmnatmg the otbei teitns. 
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(/) Ii the equates of ^cosa d cos (3, d cos y, he taken, and then 
added togethei, we obtain 


{d cos «y+(i cos/3)’+ (d cos y )‘— (dyrfn -tf v<fy)«+ 
^ () i-did~) + - (dzd^-dydz) +-1 — 


(dyd i did y) (dzd* i—did z) 2— — (didy—dyd-i) 
(dzd'if - + 2^1 ^ (di d'z-.fc dH) (dyd*z-dz d'-y) 


Now if the fo.ctois in the thiee last teims be lespectively multi" 
plied together they 'will bo equal (by concinnatnig and obliteiating 
the quantities which mutually destroy each othoi) to 

~ (d i /d l i-chd'i/y+ C -£ t (dzd’t -dti'a)’ (dm d~y — dy d 2 z V, 
hence then we obtain 


(d cos a)'+ (d cos jS )* + ( d cos y) 7 = 

( — ) [<% d* ^ ?>— r? r d l y—dy d'z) z ] } 

which is evidently the same as the c\piession foi S 1 given in text 
(/r) By substituting these e\piessions of a, b,c, it is easy to pci- 
ceivc that the lesulting expi csoions will be identical 
(l) When the equation 

+ (y f —y)dy + (z'—z)ih =0, 

is dillcicnccd with lc&poct to *, ?/, o, theie Jesuits 

(i f — i)d ' * + (/—?/) <Py + (s' — ~) d*v — ch 2 — - dy q -~diP— 
(*'— i)d'i + 0/— y) d if + (s'— z)d z — oV == 0 

Now it the equation 

(z'—i )di + (//—//) <“/// + ( z f —z) dz = 0 
be multiplied by r/^/, and if fiom the pioduit, the value of 
— i + (/~^)^V + (z'-~)dz = 
multiplied by <7y, be subtiaitcd, tlieie will losult by concinnaling 

1 i) 
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(% , — \)(d%d 2 y dycPi) = (z'—z) (dt/d , z — (hrf i i/) + ds <fi /, ( I > 

and if the same equations be multiplied by d * and <h iespe< tn oly, 
and then the second be taken fiom the fust, wo oht im m like man 
nei, 

(V y)(dyd l v—-did 2 y)~(z'—z)(chd i z—dzd*) J [-dsdi (~) 
Now if equation ( 1 ) be multiplied by di/d'z—dzd //, and equal inn ( 2 ) 
by did'z—dzd 2 v, theie lesults 

f — i) (dyd 2 z— dzd 2 y)(dicl 2 y — dyd'i) = (0'— z) (dt/d z - did //) + 
d&dy(dyd\ z — dzd't /) , 

(y 1 — y)(d%d l z— dzd 2 i) (dyd l i — did'y)=z(z ; — 0) (d td k z —dzd* t) + 
ds*d& (d vd'z — dzd' t ) , 

and if the second be taken fiom the first, we obtain 

[(r' — i)(dyd‘z— dzd^y) -\-(y f —y)(d id 1 z — dzd” 1 )~\(<h d'y~difd 1 )=r 
(~d—z)[(dyd 2 z— dzd 2 yf-\- (dzdH -did'z^+d* [(dyd 2 — dzd ij)dif 
— (dzd*v — d&d'z)d* J , 

out fiom the equation of the osculating plane given nbo\o, it is 
evident that 

[O'- * ){d\j£z - dzd\j)+{y> -y) (dul'l -dlH's)X<lul l/-<f I, <(•>) = 
— ( z r —z) (did 2 j — dyd 1 * ) n , 

theiefore by substituting this last quantity foi that to nhuh it is 
equal, we obtain 

O'- *) i(dyd*z-dzdyf + (dzd‘i -did-z ) 1 + (<tuVy- dyd' >y j = 
<ts l [dy (dyd'z — dzd°y) —di(dzd i i — dulz)], 
and, consequently, 

„/ ^jd!f(dy^z-ds(ty) - <h (dzd’t —dul’z )'} 

(did y—dyd 1 1)‘ (dzd’x — did -*) 1 -j- (di/d z — </*</ //) ’ 

and if for the denominatoi of this evpicssion its value ho suhsti- 

d s° 

tuted, the value of z'— z given in the tc^t will be obtained , tbo o\- 
piessions foi x'—%, y'—y, may be obtained in tlie same in.ninoi 
(m) When the values of (*'_*>, (, y' -y)', (z'-z)*, a.o ail.lo.l 
togcthei there lesults, aftei all leductious, a factoi of £ equal t„ 

7 - as is evident fiom the value of 8 detei mined in note (/) 
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BOOK I 

CHAPTER I 

(a) This is, m fact, a paiticulai case of that axiom which was used 
bv Aichunedes in demolish ating some of the fundamental piopo 
sitions of mechanics, it was Leibnitz howcvei who flist announced 
it as a gcneial punciplc of philosophy in the following mannci 
il Nothing exists in any state that is not dotei mined by some leciboit 
to bo m that state lathci than m anothei” Hence ll, as in the pie 
sent case, theic aie two conditions, and no leason to doleimmo a 
subject to be in one of them rathei m the otliei, we aic to conclude 
that it is in neither. It has been denominated tlic punciplc of suffi- 
cient 7 ecison — See Ivmg de Oiigme Blcdi JBislbop Law's Notes , and 
also Theoi ic Anahjtique des JPh obabihties , Introduction , page 2 1 his 

pi mciple is frequently assumed in the following tieatisc 

(b) As cos j3 = cos 2 Jrf3 — sin 2 i/3 ~ 2 cos 2 V (3 — 1, 

(4* 2 j3y = 2cos/3 + 2 = 4cos 2 ^/3 

(c) Foi by peifoimmg the multiplication we have 

r cos rmo =r r cos a cos g + R cos b cos k + R cos c cos k = 
x cos g -f y cos h -b z cos k , 

and if equations (c) be multiplied by cosg-, cos7i, cos A, and then 
added together, tlicie results 

\ cos g + Y cos h ■+- 2 cos A = 
p (cos g cos a -f- cos h cos /3 +■ cos A cos y + &c ) -f- 
r' (cos g cos a r +* cos h cos /3' + cos A cos y f 4- &c ) + 
p" (cosg cos a!’ + cos h cos /3" + cos k cosy" + &c ) , 

that is, 

u cosrmo = r cos pmo + p' < os p'mo + & c 

(d) By means of these fonnubo (b) wo have 

dij dh db db 

\ — —r~ — Y — -7- Y— =\ — 

di ay (ii ay 

CHAPTER II. 

(a) Since q, o', the components of s' aic less than s or s', and as 
tho cflcct of q! is deslioyod, because it is supposed to pass lluongli 
the pi op, the only fortes that lrmam will be s and 0 , and since they 
act m opposite direction-,, then losiillant will bo s — o 
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CHAPTER III 

(a) By similai tnangles we have 
ing m'h mn mm' p' p + p' . (p + p')ng = m'ii r , 

and by adding the identical equation to both membeis ot this, we 
obtain 

(p + p') (ng + Gk) = pmq + p'(M'n + nu') = 

(as ng + gk) = Nk, and mq = ar, m'h + iiq' - m'q' = c/,) 
the expiession in the te\t 

( [b ) It is not implied in the prool that these planes aio at light 
angles to each other, and it is easy to demonstrate that if this condi- 
tion is satisfied with lespect to any two planes paiuHel to the com- 
mon dnections of these foices, it will be so with lespect to all 
otheis 

(c) This follows horn equations (1) of No .55. 

CHAPTER IV 

(a) By adding these equations togethei, we obtain 
m (pi + m f + m" +■ &c ) -f- ml (m + m f + m ,r + + 

in" (m +■ m r + m" + &c ) i" &c = mm' (^ e + % f “ — 2u , ) + 
t + i/' 2 - 2 n") + + a" 2 _ 2 *'*")+ ikt . ? 

that is, 

(pi + m! -f- m" + &c ) (mx n + m'i'° zz 

m (rn i 2 m'i'~ + on " 2 ^ //2 + &c ) = 
mm'(x-A'y + mm" + i")°~ + 

CHAPTER V. 

(a) By making this substitution, in the fn&t of equations (1), \u 
obtain 

h x = + 5$ftecosa, 

and by mtegiatmg between the limits $ 0 = 0, s x zz l, tlicic iCbult« 

l 2 l 

= al 4 - - cosa, *i l = a + -cosa 

(b) a = a cos — , ids zz a cos —ds, and §id$ zz or bin — * when 

a a (( v 

tuii mtegial i 0 taken betvveon the limits - -L, wc shall evident I \ 

2 a 2<r 
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obtain the value of Iv , given in the text , and as the choid of an ai«. 

is equal to twice the sine of half the arc, c = 2a sin —,Jx, =ac When l 

2a 


is aquadtant,and equal to then c= <i/2, a,'=z — , whenfis, 


2 *a 


C) a, 

ccjual to &Tt) then 1 1 ^z —— and a z zz — 1 e. in this case a — quadi 

of the cnclo whoso ladms is i x , and when l = a, a, = c 

(c) In all conic sections, the two last equations (2) may be inte« 
giated m a finite foun, as is immediately evident by substituting for 

/ ^ "t" ^2 l ^ s ’ va ^ uc in function of for example, the two last 
equations become, m the case of the parabola, in which if = p& 


ant 




which equations can be mtcgiated in a finite foim, consequently, if 
the value of l was also given in a finite form, a l and y l will be ob 
tamed m fuintions of a and /3, m the case of an ellipse, of which 

. „ A 2 0 diV (t i — (or —b z ) i 2 . 

the equation is — i ),</$ = - — - ' — , which 

a y or — xr 


by making a = 1, a 2 ~ ?> 2 = e 2 , can be reduced to 


dxV 1 


¥ 


and In the hypcibola of which tie equation is ?/ 2 = — (#° — a 2 ). 




^dw/ (a~ + /> 2 ) *'** — o l 
r* *“ — <r 


, winch by making a 2 = 1, a 2 + b 2 zz: 
1 +■ b } zz c\ can he i educed to C — ^ ■ ? now these values of 

J yV-1 

f/s, in the case ol the ellipse, cannot be obtained m a finite foira, 
thougli when they aie lospcctively multiplied by ^ and;y, the inte- 
rnals ol tlieicsullingcxpiessious tan be obtained in a finite foim, and 
iheioloio the values of and i { 

(<() See the Journal of the Polytechnic School, 18th Numbei, 
page 4«il 
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(i e ) By diffeientiating this equation we obtain 

cdq — d P = —^L=. 

s/Zca—q' \/2cq—q* V2tq—q« 


dp « 


lcq—q’ V 2cq—q l 
(f) By substituting the value of dy* in the equation db 1 = dif +• 
dx\ theie results 

> i „ /a 0 — + ? 2 \ . , , 

J = t— + dt > 

\ ai — or J 


that is, 


ds* 


=( 


ct° — 2ax + # 2 + 


CM — 4- 




=“.A=^ ** . * = \Zidi 

Ob CL — «2/ 00 

(g) In the equation 2x^/ x = J theie icsults by into- 

giatmg, 2x 1 j \/ 4=1^ = ^, and in the equation 2y t \/ *- = 

o 

by partially integrating we obtain 

tyiV & — 2y\/ o, — 2^V idy, 
and by substituting foi dy 3 we obtain 

25 vV, = 2 f V^iiziL* = 2 /— _ 

J Vfc v a— ^ 

the integral of this last quantity, taken between the limits a and 0, 
is^((a— ^)* — a? 3 ) consequently the value of^ will be that given m 
the text 

(K) When a semi- circle i evolves about its diameter as in this caso, 
2 a 

y\~~ (see note (1) 2 7 rly l = 47ra 2 , i e the suiface of the sphere 

is four times a gi eat circle of a sphere 

(0 In the equation i c?c = \ ch> + i (al - c/i) a 19 if for <? and h, 

their respective values 2a sin - — and a cos— be substituted, it bc- 

2a a 7 

comes 

f ^ Sln sin A cos * 1 + i(al - 2 a sin A COb A) t, , 

and as cos 3 ^= 1 — sin'— , 2siiijj- cos A = bul £, theie insults 

** sin L ~ ** Sln Ya ~ Sln ’i + l(«i - « 4 bmi) .1 , , 
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l)y obhtciating the quantities winch aio common to both sides of 
the equation, and dividing by a, theie icsiilts 

l 




when l = the fiist membci of this equation becomes 3 a 2 , and 
the second % av, 

(k) By equation (a) of No 73, we have fy = ~ ^ and 

y « i — i* 

(ru— ^‘ > ) > y _ _ 

fc'fy = 7/ - — '-d 1 — y at — 1 2 eh, and • — $*, \/ « 1 — * ' dt 

y Cl t ^ fc 

and because $ \/cti— i 1 dt = y, we obtain 

Xv, %=2^2/ - 

(7) Since $ tydy = by substituting foi ^ its va- 

lue, there lcsults 

!) = $(a? — + ^21/ ai—z'di = 

(«) ^7 = v' a<r- 1 J da = a - — = — C2 0 

4 s/ ax _ 

K y 

r = 45v^7^ = P “ (s - “ t’-S V'at^Udr, 

hence as y = $ y^ ar — a* di, &= J \ZTi — r= ^’ ^ crc ICfaU ^ & by 
substituting y and # 1 01 these values, and conunnatmg 


2 r = ~ (j" *)l/<w- i’. 


a9 cfo = ^y==== ? if the fiist member of tins equation be mul- 
tiplied by cfo, and the first teim of second member by dz, and the 


second teim by its equivalent 


dt 


\/ cn 


=, theie icsults by dividing 


by two, and intcgiatiiig $ycfo ~ — o’ — * (Vu- — 1 ) 
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(ti) Now if these values of ydz and y he substituted in equation 
( 6 ), theie results 


^z\/ cti — z, z di = {aV- ^ [i a — *) cu — ar — tV* 2 * 2 +£(*** — T), 

fiom which it is easy to obtain equation (7) 

— xdi ^ a* 

( o ) In this case as dy = ^ 0 - 7 , + c / £ 2 — ~ ydi 1 , and 

s= 27 r^adi, r^tdi, s= 2 7 ra(f} — oc), s? x = 7 ztf(/3“— cr) 

Ja Ja 

Q?) By peifoimingtheintegiation, we obtain as dy=-4L~ r 

y « ~ 

s=s dy=z( — 4ir\/a \y/ a— t d*> 

~47ry\/av+ a (a— ?) 2 + c 

o 

4 2 

Now as s = 0 when 2 = 0 , c must bo equal to y m(t hence 

the value of s is that given in the text. In like mannei vve shall 
“have 

s \ = aytf—-%wS/ a$%?dy(=. — \yr\/a^ t \/ a — t dt) 

(as J) % t/ a— i di = — - i (a — J *(« — 0 )» 


a(a— »)* + jj 1 tt'v/ «(« — * V*f 


when i = 0 , c'= — £|- 9 ra 3 , and the value of sj, is that given 
in the text 

(q) In this case, the aic of the geneiatmg euivo whoso \ duo is 
given m the first of equations ( 8 ), becomes (as y is changed into *) 
equal to the expiession foi s given in the text 


we 


(?) The third equation of No 75 is A?/j = V y x (tr-->ndt, 
have 2*Xy' =7r^(y°-y' 2 )di = v. This is called the Conti 0 - 


banc method of deteinuning centies of giavity, it was discovoied by 
Pappus, but from the fiequent applications made of it by Guldin, it 
is more commonly denominated Guldm’s method It follows iiom 
jit, that if seveial solids aie geneiated by a 1 evolution of sulfates 
/about a common axis the sum of them all is equal to the iiumn- 
feicnce described by their common centie of giavity, multiplied into 
the sum of the generating sui faces 
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n i 


(a) Iii this case wo have the following piopoition 
L 2jrAy, l 2 7rif l L rr lx 

0) If the aica of the base ot the cone v' be denoted by b and 
the height by h, we shall have v' = m this case b = ~, and 

tj 4 

h = a~J v'=— * u\a-f) 

(0 As & is equal to 2«a(j3 — a), (see No 81), in the case ot 
a spheie, /3 — a = the dilfci cnco between the ladius and cosine 
of the sphencal segment, and thcicloie equal to J 9 the sagitta ot this 
segment It appeals fiom this expie&sion i 2 7 raf > that the cntiie sui- 
face of the sphcic is equal to torn times the aica of a gieat cncle of 
the sphcie, as vve know fiom othci consideiations should be the 
case 

(0 It appeals liom No 81, that the distance ol the centic of 
giavity of the suifacc, gcneialod by the icvolution ol the aic v'd'b', 
fiom the centie,is equal to (CD' -(-cl') = CD — -](«— 1/), 
foi D'K' = -f f 

O’) If m the equation ]tt a j = ^ f) + v,, then values 

be substituted foi ( and /, tlieic vx ill icsult 


0 /, l\ t l l 

ra 1 — cos — ) = ’ 7 r la sin- — a cos — 4- \ 

\ 2a J 2a la 

n J X 1 , l l \ 

ru'[ J - cos- i sm — ■ cos— ) = v,, 

V 2« 2a 2a J l? 

and if these values bo substituted in the equation 

i *«’/(«— i/) = fV 7T< '{<( V, 


we shall have 


(""-8=5 ( l+40S a)') 

**° J ( 1 - co 4) > , ( ,+co 4)=‘> lft ' sini i « “ >s ^+v,> 


that is 


{ ten' ua'l = J (sin* ± - s.n'£) + V , . 


and, if the tcims which aio common to the two sides of this equation 
be oblilciatcd, theio will icsult by substituting foi v, its value, the 
expiession foi vvlndi is given m the text 

1 i< 
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(^) Each section of an ellipsoid, made by a plane paiallel to one 
passing through two of the puncipal axes, is an ellipse, the majoi and 
minot axis of which aie the oidinates of the ellipsoid conesponding 
to % the distance of the plane fiom the centre of the solid, when the 
cutting plane is paiallel to the plane of the axes b and c , the axes of 

the ellipse made by the section aie — V a 2 — a'and—'t/ a 2 —x 2 9 foi 

a a 

they aie evidently the oidinates of the ellipsoid conesponding to the 

( tX? d b\ 

di — J, the integral of 

winch taken between the limits cl and / 3 , is nbc ^/3 — ct — ^ ^ 

= the (fi—a) ^1 — because /3’ — cC— (a — /3) (a 1 + 
a /3 + / 3 2 ) In like mannei = Trbc^^xch — = (when the 


j3) 7rbc ^ 


fi 2 — a 2 


> 


integral is taken between the limits a and t ^ > 

evidently equal to the value of v* 1 given in the text, from which, by 
substituting foi v its value obtained above, tlieie lesults the value 
of a, 

(y) In this value of v, if foi \ydx its value $(t/ ai — i 2 -\-^az)ch 
he substituted, we have 

'V—xiy > — 2n-$ (ax — i 2 ) di — a7c^z\/ah — i 2 ch, 

i e , by integrating and substituting for this last quantity, its value 
given in No 80 , 


fax 2 


a,7ra 2 z 2 L 



16 + 

^ z=.a 

and 

7 i a 

? '=T’ 


w 2 a 2 fa 3 a 3 \ cfTr* . . . , , 

vrci— 2^1^-— g-j — — , the value of v when the aie is 

a semicjcloid With lespect to the value of vi n then as y = 


\Affc — i 2 + 7 ciz, we obtain vi l = ^7rx 2 y 2 — 7r^x(ax — x 2 ) — 
azxs/ ai — t’dt, in this case we must make y = $ i >/ a i — x l dh 
= ^ V ai' — i'cfi, and the value of y may be wutten as follows 
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— - , and if we make % zzz we obtain at — i 1 — 


y = — C— - ^ — — — C . the second Icim can be 
y ai*— J v a? 5 —- i 1 

treated as the cori espondmg teim m Number 80, and the fust 
_ a? r* 

”07 

(1% 

- — z' and =-c?5 — by means of which the \alue of v«, 

may be obtained 

(xr) m =5SS e7 sl11 ^ c ^ i dQd\J/ =z a fyd\pd9 sin 0 = a (aJ — a-).^sin 9 c/0~ 
A (uS — a) (cos co — cos co / ), in like mannei asJsinO cos Ocffizzz^cos’ 6, 
= (between the limits 9 = w, and 9 = to') J (cos 2 w — cos’ «/)> it fol- 
lows that the value of is that given in the text, likewise, as 
5 sin 2 6dQ rz — -V sm 0 cos 0 + -^ 0 = — | sin 20 + ^0,= (between the 
limits cv, vJ ) — -} sin 2u/+ £ sm 2cu -f V a/— it is evident that 
the value of tvij/ 1 is also that given m the text 

( a ') When m is a complete ling, that is, when a'= 2ir, it is 
evident that the factoi sin a'— sma in the value of mt/ 1? and cos a— 
cos a' in the value of M,cq aie icspectivcly ciphci, consequently, in 

g 

this case, y v and * l aic cipliei, and ^ l = — (aJ — a) (cos 2 co — cos’ a/) 

becomes by substituting foi M its value = ~(cos jo + cos co / ) 

~ <2a 

(b f ) When w = 0 atul a = 0, then n =: } a = ] conse- 
3a' 

quontly, a, = — (1 + COS c</) 


(o') The base of the pai allollopulod = J tfcf/X? &m 0rf0=» smfltfflrAf/, 
atul when 7 =1, the mtegial of this cxpicssionis — cosfi if/, whuli 
taken between the piescubcd limits, gives the mtogial = 2 tt 2, in 

the same way the volume of the sphcie is * 


CHAPTER VI 

(a) The body whose mass is m and volume v being supposed to 
be condensed into its centie of giavity, p the density which is equal 
to — must be that of the tontic ol giavtty, now il the shape o( all 
the molecules be the same we shall luno when then tiumbci is n 9 
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(b) iC = (a— ^)° + (/3 — y) 1 + (y — #)* becomes, by expanding, 
= a 9 + /3 2 -f y 2 — 2(<n -f- py-lrys) +• + '/' + v 2 , 

and if we make 


^ + / 3 2 + y 3 = i 1 and 2(a* 4. /3y -|-y») — 0' + '/ + ~')=]h 
\*e shall have 


M 2 ' 


d 2 - 




and 


, It3 p 1 , 0 

" J + ^ + 2l J* + ^ c 


Now if theie be substituted foi S and/> then lcspcctive values, tlieie 
lesnlts when no poweis of a, y, z, highei than the squaic, aic taken 
into account 


1 _ T , 2 (^+fa+yy)~ 0*+^+^) , 13 ^(ai + jSy+yOV 
« 8 2£ +24 V 5 ')* 

which is evidently equal to the value of - given in the le\t; and it 
this value be substituted in the expiession t z= ffi it is evi- 
dent, that when the ongin of the cooidniatcs is at the ceiittc of gia- 
vity, the second teim of its value given in the te\f will vanish It 
likewise appear, that when od or S is so gieat that the value ol i is 

l educed to its fiist teim, then ^ and a — 

da S' S' 

(c) A. thieefold integiation i, to be peifoimed l datively to 
? > 6, ib, with lespect to ip, as neithei this quantity noi any function 
of it occuis undei the sign of integiation, the integiation lolative to 
ma y be effected by writing 2 t without the sign foi it should lie 
integiated between the limits 0,2? r, and then thcic only leinauis the 
double integiation to be peifotmcd relative to 0 and ? With ic- 

spect to 0, the ladical V a, 1 — 2a> cosfl + ? becomes, when Q — <r ? 
Vet. 1 + 2« + } and when 0 =0, vV— 2n» -f 7 1 , now as the in- 
definite integial lelative to 8 is i vV-2a) cos0-H J + const when 

taken between the limits $ = r and 6 = 0, it oeco.nos when the ai- 
tiacted point is within the stiatum, 

- [(i -1- a) — (i —a.) = 2, 

M>usec[iien(l\ in this case the value of i will not depend on «, and 
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A = — =: 0 When tlie point is without the stiatum the 

value of of — 'ZaJi cos0 + ? 2 ? taken between the same limits tc 
a 

and 0, is 


CL CL 


it this value be substituted m the cxpicssion foi t, tlieic results 

Atto (* ct _ 


which, integiated between the limits a and Z>, gives 

T = («*-&'). 

oa v 

and as the masses ot the spheies, whose ladn die a and b , aie lespet - 
4^rob * («*—&*) 

lively — — , —g- , 4^- — g- — = m is equal to the diueience of the 
masses of these spheies. 

('0 A = p dm zz ^as dm = giCdiidjj, tosg = ^ 

and when p is constant, by mtcgiating with icspect 
to horn it = 0 to u = 3 , wo obtain a z = to^yduu 

(e) 13 y making this substitution we obtain 

/ q.+ i <os# y ^ AS 4* ? < os /A 2 ^ Ay +- rcos/*Ai __ ^ 


this becomes by developing and com nmaling 

£+£+£+»( ytosL 


>( cos *4 ( cos^/i ( cos“/t 

V7~ + “17 + ~ 


winch, by substituting loi then lospectivo values, becomes 

the oppression in the text 

(/) Since the paits of the value ot 7 undci the ladual sign mu- 
tually dostioy each othei, tbeie lemams only the quantity to be! 

i P 1 

taken into account, and it loi q iN \aluo be substituted, theie icsullsl 

the explosion m the text ^ 
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(g) If p and its value given above, be multiplied by a 1 b i c\ tlieie 
will result bv substituting for cos^f, cos h, cos A, their values, in teims 
of the polar cooidinates, the expression in text , and if in value of a 
the expiessions foi dw and cos#- be substituted, we obtain this value 

of a „ 

( h ) When <p= 4>(=tangvf/) is cc, hence when — isintcgiated 


between 0 and J the equivalent expiession 


aPfrc 2 


d< j> 


(0 cos-0 + a } sin®0) c* + (^cos T 0 + a 2 sm J 9) b 2 § 2 

must be mtegiated between the limits 0 and x It is easy to show 

that the two expiessions aie equivalent, foi if tlieie be substituted for 

d\ p and p then respective values, namely, 

di> , &<? cos^e + (c 2 cosVjf +■ 6 1 sin 2 ^) a 2 sin *0 
— and 77-7— ? 


and also foi cosh}/ its value 


and 


<f>’ 


foi sm 2 ij/, th ci e ro- 


1 _f ^ 1 + p 

suits the second expiession gi\en above 

^ Now if ( b ’ cos’G + a 2 sin 2 0)c 2 == m , and (c* cos 3 0 +• a 2 siu 2 8)6 3 = n 9 

o -» o <^4* — 

then a b c jp C0S 2Q ^ a’&m'Q) c- + (c' cos’d + ft 2 sin *0) A <jr 


a'frc 2 ^ 


30 




0 9A 4“ 

the integial of this last expiession is equal to 
aHic ' . A /7i 

/^ tan s *V zi 




which, when taken between the piescnbcd limits, becomes, by sub 
slitutmgfor m and n then values, the integial given 111 the text 
( 1 ) That is, if theie be taken any two points 111 the ellipsoid, the 
foice acting on these points, 1 esolv ed pai allel to an axis, is pi opoi lioinil 
to the ordinates of the lespectne points 

(k) Since b = <?, the pait undei the laclical in the value of a is 
equal to 

a cos 2 Q + «V cos’0 a-sur0 = a’(l + C cos* i 0’) , 
ami by substituting this value 111 A, we obtain 
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and as 


4 , C - W & 2 cos 7 0 sin0d0 

A — j 0 a\\ + e-cos J 0) 9 

b 1 — a’ (1 -f* e~) and 4^ = 


3 m 


« 3 {1 + e 2 ) 9 

it is evident, when these values aie put foi 1° and 4?r/? in the value oi 
a, that the expiession gnen in the text will be obtained 

Now in ordei to intcgiato this expiession, let <? 2 cos 2 0 = ?f 2 , then | 
cos 2 0 sin Qdd rfdtj 


1+e 2 cos 2 0 


of which the integral is 


e\\+y 2 Y 

(y — ai c tan g = y) = \ (e cos 0 — ai c tang = e cos 0), 


and this expiession, when taken between the limits 0 and becomes 

~(e— arc tang r: <?), hence we obtain at once the value of a 

(l) If we suppose as in the last note, that <?cos0 = //, then wo 
have 

\jJnivJ f*-j cos 2 0 sm Wfl __ 3 y'cly 

C 1 + eJ )j 0 v/T+ t J snTl ~ "’C 1 + C ')J 0 e 1 

Now the integial of — - ~ 'L — is evidently equal to 

v'l+e—y 





aic tang = 


and iffoi y its value ecos0 be substituted, and it the mteguil be 
then taken between the limits 0 = 0, 0= ~ 3 it becomes 

jj 



1+** 

2 


ai c tang = o, and 


f e 

uU ’(l-H e } ) \ 2 


3 \h)mo(J i} 2 (hf 

,J )j Oe’ 


ft > ( 1 + r 

1+e 2 


V 1 Hh c 2 —y~ 


arc tang ; 




which when concimutod is the expiession m the text 
(jn) By substituting foi n ( tang ~ e we obtain 


A 


3fl u,ma 



c” 

3 




384 


nous'. 


+ t-U -e+r -e‘ + &< ), 
2ae \ 3 5 J 

equal, by dividing as befoie the terms of the sqncs by r l 


(w) If m the value of a thei e be substituted foi jj/ r ? s'> <///, dz r , 
then values m teims of 6 and \p, it is evident that when m lias o\- 
piession, 7" — 0 is put foi 0, it will coincide with the fa st tci m, so that if 

the second be integiated between 0 and the lcsult is the same 
° 2 


jls if the fii st was mtegi at ed between ~ and nr 

( o ) a 2 = ce/cos 2 /?, /3 2 = bfsitfp cos -q = «/sin-jt? cos 2 q + Asm 'j>t os*y, 

y 2 = c/ 2 sm 2 /} sin 2 ^ = cq 2 sin 2 jo sm-ty + /< sm sin-ty, 

« 9 cos 2 0 4“ A 0 sin 2 0 cos 2 d/ + c 2 sin 3 0 sin 2 \J/ , 

“ (by substituting foi b 2 and C then lcspcctivo values, namel} , 
a2J r h"> a “ -f- A,) a 2 cos 2 0 4- « 2 sin 2 0 4“ A sm 2 0 cos-\J/ -f- A sm 2 0 snr\[/ , 
hence bv corcmnatmg these e\piessions, and substituting loi a, p, 
then respective values rqcos/q b pmp Qosq„ cfiiwp sm^j we obtain 
the value of r 2 given in the te\t 

(p) If u be zeio, the hist membei of equation (4) is lcduced to 
j , and the second to zeio, and if u be oo the fast niemboi becomes 
0 "b "b J 2 * while the second membei is oo, consequently in the* 
passage fiom zeio to infinity theie must be a value ol u , which ien- 
deis the first membei equal to the second 

(?) This_ follows at once fiom the oquatioiij^c = a/;/; 
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BOOK II 

CHAPTER I 


(ft) Wo have 


ft ft v it as v — ttr , k = th 

CHAP I ER II 

A — dl ’ — *0 A j <2i> 7 . * . <iv ^ 

(«) 4> _ dl _ =** = - (^— 4- _ j, 

& l — 2 r lo § (* + «) — log (A — ©)] =5 log 

e (ft) If both sides of the equation 


k— 


fit 


and 


/» + o 

be multiplied In #»\ theie lomilts 

(i - a ** r r . , i 1 *- 

(r+i;J e - e > dntl ( L ~ «) e = (* + ») « > 

*G*-/r) = .GV*). 

hence we obtain the value ot r i>ivon in the text 

^ . >1 

(0 If both membcns oi the equation t = L_Z1 j )P n „,l tl 

c*+ ' r 

plied bj and then nitegiatud, vs p shall obtain 

t z= \ idt = A log C -f- e A ) -f- con^t 
/T 

and as by hypothesis r = 0, when t = 0, 

const = - A -log(r» - A - log 2 = L loc? , 

6 If f? 

hence it is evident, that the value of r is that given m the text 

z j\ j k'vdn k . A'*- v l L\ h* 

(d) gdt = uorif — - r — — T log-— = _ log— -- 

ft* — 75“ Si tf A h * — d 

4 F 



NOTES 


(e) Fiom note (d) it appeals that 


x = — log l + e k ) — — log 2, 

3 g 

z -Mi & 

tv hich when e k is neglected, becomes, as log e k — — , the \alue of 

lit 

% given in the text 

(f) It appeals fiom No 124, that the accelerating force vanes 
(every thing else being the same) as but as in this case it varies 

^inass* ^ ^°^ ows mass vanes as k , hence as A is the umfoim 

velocity to which the body continually appioximates, the gieatci the 
mass or the density, the greater will he this final velocity 

(g) Generally log (1 + u) = u — — — &c hence as 

1 (•* - + ■ *" r ) = , + fp ■ + log i (>+ -■+) = 

(h) By integrating y-— — - = — we obtain, as v = (t when 

v 2 k 

i zz 0, l c , at the commencement of the motion, 

a,c(ta n g = g_ ai c(ung=") = _^, 

hence from the known expiession foi the tangenl of the difleiente 
of two aics we have 

, g% «»r 

fc’+at, ang k~ co sr 


k (am** l = v (ti„ m#+A 


ft om which it is eas^ to obtain the value of r oriven in the text 

(i) The mtegidl of the diffeiential equation 


dft = t )cZt=z 


A (rt cot, I? — ] L sin^) dt 

a Sin 7 b A COb p 

u fc 
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so = — ^log + A.cos^—^ + const , 

when t = 0, and u = 0 this expression then becomes 


consequently, 


k 1 

— log k + const = 0, 
k 2 

const = log A, 


hence as — log k = ^-.log p it is easy to infei the value of c 

given in the text 

(7c) By mtegiating vie obtain 

7c 2 

i = r- log (Af + v z ) + const , 

when % = 0, then u = a, hence 

A 2 

const. = — log (A 2 4- a 2 ), 

<5 

and, consequently, by substituting this expression for const , we ob- 
tain the value of i given m the text 

(£) By expanding into a senes the value of v given above, we 
obtain 

4[«(l-g:+ h c )-k(g- ffL+la.)] 

' •tt-H : k + *0+*(H£+«“) 

this expression becomes, when ^ = 0, 

And by a like expansion of the expression for we obtain 

%- kt lo~P ( gt tL LfaUl ** -V Sec ~1 

1.2 3A* + J + 1 12AH + 1.2 3 4A‘ J’ 

and as generally 

log (1 4- w) = y - Y + -g" — See., 


this value of becomes, when = 0, 
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A Y° gt Z 2 * 2 at - gP 

g [k Jc 1.2 A >)~ 2’ 

dll the highei poweis being neglected as being equal to aphei 
(m) In this ease as v = 0, we have evidently 

/, a \ 1 .A, ( . a \ 

9 vr> I f annr 1 i Qnn O — t \ # nnnr •— _ \ 


tang == - ) — ~tt, and 0, = - arc ( tang = - 


(n) When the numoratoi and denominatoi are multiplied by tln> 

quantity, we obtain 

A/ k , V 

0'= —log - — - — , 

% {v'ct + k 2 —tty 

winch is evidently equal to— loer — ^ ■ ■ — 

S \/ a 2 4- A 2 — a 

D> Dfr f 

' (o) In fact, as h 1 = — and k n zrz — , we haie 

yp yp 

k 2 k n 7 7' 


( p ) idt = dje = ^ ^ \/ ah — a 

const , and since r=0, when f = 0, 


^ A “oTT: ( V'ak — gt] + 


consequently, 


a ^j = const , 
aV ah If /-t\’ 


and asc — ^ ^t/o* -gA the sign of the second meinbei is.knj, 
the same, direction of motion is the same as befoi o 

(?) s = ccost\/i, when z=0, t \/^=-,and*= - i/ * 
a a 2 2 Y g 

(0 The integral of the value of ^ is in this case 


i dtf , ( 1 \ 

+1 


N ° W ® Tt ~ 0 wllen * = °» we must have C = - and 

when t = Jz, the expiession for become^ 
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2g5 ’ V-~^Th)~ ^‘‘Tjr+T) = 7T7, 

(a) By reducing to a common denominator we obtain 


dx i 

-j— — Zgr 1 - 


^,>( r +^— *) 2^» 2 dP 

dt* (» + h) (» 4- h - i) ai i “ T+A ’ 

and if nuraeiatoi and denominator of the first membei of this equa- 
tion be multiplied by i + h — a, and then the square root be taken, 
we shall obtain the expiession in the text 
( t ) Since 

di t h -± rji _ r+k -* 

2 V /, (»4-A) t — t 2 2^/(5 4- A) r— P V / (»4 -A)a — jc* ' X 

= \/^l dt, 

V t + li 

we shall have by mtegi ating 


• djr 

1)0, — ^ 


t/(T+A)I=F4-i(i+i> £ 


and because 


_H-A — 2a _a/ 2gr* 
, + A “ V 7+A ’ 


\/ 1_ ( > + ft~2» y_ . / (r4-/i)^-.t 2 

\ »4-A J v r+h ’ 


it is evident that 


? + h — 2 


2 v/(i 4- /i - a 2 


thciefoie we shall have 


1 V'l rrrr= V'' (? 4~^> — «*+&(» 4-^) a2 c Tsin = — _ 


now as the sine is very small, it may he assumed equal to the arc, 
consequently 

* V / ^ = ^FR5^+i(.+i).^H^ = 

2]/ (-?-(- /i) ^ — i ' = 2 -I-/*)— & = (when i + ft — ^ is reduced 
to to 2 1/ * 

da 

(u) Since = 0 and & zzzh, we have by formula (c) 

p — ^ 2a 2 2a2 

7 ~~ c — & < — & a /& * 
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NOTES 


J cb 2b* 2b(a + b) 2a‘ t , (a + b) 

c -«= —TT> - — r= , and — = 2a±—± — - , 

a- c — A c ^ c* J 

and, consequently, 

4 . ^ — 2g (g + fr) + 26 (a + b) __ 2 (a 4- by 

c — h h c c 9 

lienee we obtain 

, 2 __ 2 b* 2a 2 2 (a + b ) 2 

J ~~ c — a, ~cc c 

. , ac ac c 

(tf) tl = - r = — - Z= . 

« + o a (I + v/75) 1 + 75 

(w) This is the case, because the mean motion of the moon in its 
oibit is equal to its motion about its axis- See Vol II No 433, note 
I (t) The piojectile desci ibes a cm ve, because it is acted on by 

dissimilar foi ces See No 144, note 
Qf) Fiom the equation 

(2a 2 — 2b 1 + cy} 0 = 8a 'ey, 
we obtain by solving it for y, 

r -2«V^— = 2fc^- ) ,and Sy-x/- a,= ±\/-b, 

c c c c 

consequently, 

y = - c (a±by-, 

and if we substitute 8a 2 cy for (2 a 2 — 6° + cy') 2 in the expiession 
undei the ladical, it becomes 

V 2a 2 c — 2aV 2cy z+yz 2 z= V ( a 2c— z t/ y) 2 zza\f 2 c~~z\/y, 
now, it foi V y, its value <A • (a ± 6), be put, the expiession be- 
comes a\^2c — (a ± b)z\/^ > fiom which it is easy to peiceive 

how the denommatoi m the expiession for dt , may be lendeied 
rational. 

(tfJ^See equation (c) of No 139 

2a 2 zzJc 9 a 9 the value of z 9 when velocity is cipher, is 
<x, and, consequently, in this case, a body piojected at the dis- 

tance a hom the centie with a velocity arzz — will ascend to <x, 
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where its velocity becomes ciphei , if 2 a 2 Z A'a then the body, when 
it has attained an infinite distance, has still a finite velocity equal to 
k-a,— 2a\ it is evident also, that when 2a 2 > A 2 a, that #can nevei 
become infinite 

If a body falls fieely without any initial velocity from a distance 
a, towaids a centie of foice vaiying inversely as the squaie of the 


distance, the 


squaie of the velocity, is = 2 a 1 ^ if a is 


30, then , now it is evident from what will be established m 

No 239, that a 2 = the squaie of the velocity in cncle at unit of 

cC 

distance from the centie of foice, and — = the squaie of the vc- 

3 

locity of a cncle whoso ladius = 3, consequently, we have, when a 
body fa l ls hom an infinite distance to the centre of foice, the velo- 
city at any point of the descent, to the velocity in a cncle at the 
same distance V 2 1 Hence, if a body be piojccted fi om the 
centie of foice with a velocity which is to that in a cncle at the 
same distance V 2 1, the body will ascend to an infinite distance 


This indeed is evident fiom the expiession 2a' = /c*’#, oi K 2 


2a* 

06 


a? 

foi — is the square ol the velocity of a cncle at distance a, and 
oc 

the conveise of this is tiue, namely, if a body falls fieely fiom an 
infinite distance, when it anives at the distance a, fiom centie, it 
will have acquit od the velocity L 1 If 2a l is than A then o the 

distance at which the body is ail c&ted = 

J 2<( -~ oc/i- 


CII AFTER III 

(n) If the (onus of the functions fUj'tif't aio all the t >amo, so 
tlut 

tzza/f, if z= bf t, s = c/7, 

it is evident that the point will move in a light lino, mid 
a b c 

<" l/f* +/>**+< ’* V^a-'+A |~c* 

evpiess the cosines of tlie angles which the duection of tins hue 
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makes with z The constant quantities a, h , r depend on the* 
nature of the function./?, if, foi example,/? = t , then a, b , c lepie- 
sent the unitoim velocities patallel to t, ?/, z, and the unifoim velo- 
city of the point = V a? + b 2 + c 2 , if = t 2 , then a, 6, c aio pio- 
portional to the accelerating foices paiallel to i, y, z, and the point 
will be moved with a motion umfoimly accelerated, and icpiosontod 
bv )/ a? +■ b } + c’ 

If i = aft + bft , y — eft + df't, z =2 eft gft , the point will 
move m a cuived line, which howevei is of single cuivatuie, foi by 
eliminating t , we obtain an equation of the foi m a' 1 -f* b'tf + dz, 
which is the equation of a plane The simplest case of this fonn is 
os = at + bt 2 i y = ct + dt 2 z = et + gt\ and eliminating t between 
the two first eqnations, we obtain an equation of the second older 
between % and 3/, which fiom the relation that exists between the 
three fiist teims, is evidently that of a parabola 

If, asm text, 1 = ft, y zzft^ z zzf't, the omve descubecl will 
be of double cun atm e, 

ds di ds dt dt 

{ b) l = (H ,c°^=^-, ,cos a = - (ft ^=^=J> 


/\ ds dr dt ds 

(c) cc z= idt — -=- at, cos a = — , . w cos a == — , t at = 
dt cis 


d s dt 


dob 


—dt — pdt , by equations ( 1) , in like mannei 

dt 


s cos a 


consequently 


= iu cos adt 222 ( as u = — — p'dt, 
\ cos« 


jtcosa + e cos a = pdt -(- V \Jdt ~ r a' — f 


(r/) If each of the thiee piecedmg equations be squaiod, and thou 
added togethei, theie results 


( ^ “ ■*’) 2 + (*/ — v) 2 + (~' — ~) 2 = to" (cos 2 a -J- co& 2 /3 + cos- 2 -)/) -f- 
s '(cos^a -J" cos 2 6 + cos 2 c) -J- 2 vU£(tosa cosra -f- cos|3 oosfr cosy c osc ), 

and it is evident that the fact 01 of &s is equal to the cosine oi the 
angle contained between mh and mk 

(0 Letfj denote the infinitely smallangleTMM. / , then the component 

nti in tie dneetton mm' = tcosS, = v (l an rf ^ fcy 
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hypothesis 8 is infinitely small, its squaie and highei poweis may 
be neglected, and this leudeis the component of v in the dnection 
mm' = v 

( f ) 1 ^ anslation of the St/stem of the Wot Id, Book 2, 

cliaptu in , and 31ec7iamque CeleUe y Book 10, No 15 When the 

body islet hill ficcly at the equatoi, the deviation is — l to h\ h being 
the height of the towei, foi if 7 be the radius of equatoi, and a, a!,' 
the aics desciibed by the bottom and top of the tower duung the 
hill, we lia\o 

a ct r 7 7 q. h a f — a zz 

7 

now a is — l to the time of the fall, and it vanes as \/ h , conse- 
quently a ! — a, 01 the deviation is — l to h\ for 7 is constant 

Os*) In equation (d) by substituting — foi v 2 , and multiplying 
both sides by dt\ we obtain 
ds 1 

( — ( 6 ) = -f 2 f ( z, y, #) — 2 f (a, b , c) dt 2 . 

dt= 

V k * + : 2t(a,6,c)’ 

in which by substituting foi a, y, their values in functions of we 
obtain the ovpiession given in the text 

(h) When the elevation of the point a above the honzontal plane 
passing thiough D and c is equal to li , the genoial expicssion foi the 
velocity at this point, namely, \ffy(n±a) becomesthen 2^ (A— A), 

(f s y - — - — - els 

1 0 — v % h — h, and dt = which is infinite, 

but if the elevation of this point above the plane is less than h 9 then 
the velocity altci passing this point becomes negative, which indi- 
1 atos that the moveable must descend tow aids the point of dopaituio, 
whoie it is m pieusely the same t iinunstances as at 1 lie commence- 
ment of the motion — See No IB I 


( 1 ) As cos A = v ■ 


di (h 

cos u=v— , cos v = v theie losults 
dt/ (b 


by multiplying equations (3) by St, St/, 8z lcspectively, and then add- 
ing thorn togothei, the cxpicssion in the text , foi 

4 Cr 



594 


NOTEfa 


+ +• Y^// -f- z£? -f* N(cosX-5 * + COS /;(W/ 

«2 «r 

+ cos/te) 1 e (by substituting foi cos A, cos / a, cos y,) 

” v (H* J+ t , -» + S i= 

(/.) ccfo = 4.^^-}- C ^-%dz. Multiplying both sides by 


ds 


v — —, and obseivmg that Idx =r c?^, &c , we obtain 


di ds 


dy ds 


dzd* 




dt 

which ^as = &c^, becomes the expiession in the text 

i 

(n) If 7 be infinitely small, then e a = 1, consequently the ex- 
pression of the force is then equal to a , on the othoi hand, when r 

0 

is a consideiable multiple of cc 9 e ° is ciphei 

d~ 

(L) When z is consideiable, the expiession foi — the velocity oi 

a body that has been piojected fiom the suiface of a splioio is, b> 
No 143, 

df_ _ 

dt ~ v k' — 'iga, 

• m this case 

30950™ = 

and as <7 = 27^ the teirestnal giavity g, and a = 1 KM, 7 denoting 
the ladius of the earth, we obtain 

= ( 30950 ™ > 4- 550 UOj , 

by means of which it is easy to compute the diminution m the text 


d& dt 


CHAPTER IV 

fa) The -velocity along the side mm' = ucosi, theicfoio tlio vc 
locitj lost is equal to v (1 — cos S) = v 
ia evidently tin infinitely small quantity 


/S 2 i‘ \ 

^2 “ 12U4, + 8 ' ( )’ wl,ul1 
of the second oidei 
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7 

_ , „ cfo 2 . ch z ch 2 , P d dl , i 

(&) By substituting foi its value au< ^ * 01 lts ' va ‘ UG 


d /' ds , , / ds , ,dif dv/di — dz dij\ 

</a \ dt dn di l / 

_ ,ch" d T, , dtydi-ePieh/ _ J d s i/ dt;-d*ic?^ 
”*» A ’ ' cli.dt* ~ V V A' J 

(c) The value of i — i' given in No* 20, is 
2 

i — % f — — d ijd 2 a) — dz(dzd 2 a — c? id?#)), 

db 4 

now if foi did* g — dyd*i, dzd 2 x — dicftz, we substitute then values, 
which maybe deduced horn equations (2), tlieic lesults 

, = pcos r = |r £ [« { (£< - S cos 0 - * (S 

COS ““ COSj"^ j- 


-- cos w — ^ cos co") ^ ] 


hence, eliminating quantities winch occur both in numciatoi and dc- 
nominaloi, we obtain the value of - cosy given in the text; andcoi- 

v* v 2 

lesponding expicsbions may be obtained foi -cosy', —cosy" 

v~ 

(d) The coefficient of Q m the value of — cos y is equal to 

v p 

di/dt dy* dz? didv 

i sr cos? & C0S(I ~ w cos ? + ^ a 1 > 

and as 

du t , dz di 

_ cos , /+ _ co , r/ / = __cosy, 

we have 

dkdu , didz d* 2 

_ 'cos q l +-r-r c °s ! f = — ->jr G <>s </, 
cfo d& 1 ^ d s cA 2 <&*• 

consequently the coefficient of Q 

= -(37 + f + f)' 0!,/ = -“ s5i 

in the same mannei it may bo shown that the coefficient of — P is 



5 % 


U'o.tes 


- COB*, &o Now ,t u, easy to venfy that P ,s the iesnlta.it of the 

forces^ and q, foi by sqiunng these equations, and then adding them 
togcthoi, wc obtain 

(j) (««V + tosy+cos^O + —Q (cosy cos q + cos /cos q' + 

cosy"cosp")+Q '(< osVy+c osV+cos^P^cos’a.+cosV+cosVO , 

now as tht f,utoi of ^ ^ , and also the factoi of q 2 and p 2 , aie ic- 

spoctivoly equal to umty, and as the factor of ^q,s c.phe.,.t isevi- 

? 

dent that the foue p is the losultant of - and q 

0 

^ Ass tlio aicas aie pi opoi tional to the times, the velocity v 
\ancs as-, p being the poipondiculai let fall fiom the ccntieof force 

on the tangent , it is easy to show that this expiession coincides with 
the gcneitil cvpicbsion foi central foice given m teims of tliepeipen 
ihcnlai and clioul ol cm vat uio, for if this choid be equal to c, and if 
the ladius vcctoi he denoted by we have by hypothesis, 

, h 7i2 / 

v ~ u* f = ‘ ,c<,i ' 0 ■» = — r , = (asc = 

P c V 

See New toil’s Pmicipia, Book I , Sections 2,3 

(g) As the cosine of the tingle which the laclius makes with the 
vei tical is equal to the part of the weight mg which acts in the 

dncction of the stung is equal to mg and this must be added to 

the centrifugal foi co m onlet to obtain the entne tension , as long 
as tlie moveable is below the lionzontal piano passing thiough c, 

is positive, and dnccted from the centre, but in the uppei pait, 
lb negative, which shows that it is there dnected to the ccntie , 

on the other hand, — which expi esses the centi lfugal foi ce, 
is always dnectcd fiom the centre; hence in the lower half of the 
cncle, the tension is the sum of — + *> and - 9 ~, and m the 
uppei half it is the difleicnce of these tvu> expressions If the pen- 


2j)ch\ 2 p* dp 
dp ) p* d? 
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dulum falls Jveely fiom the horizontal plane, h vanishes, and the en- 
tne tension is the entire tension is thnce that pioduced by 

7 

the weight, when sustained by a foice equal and conti aiy to the tan- 
gential foice, and the tension arising fiom the ceniiifugal foice is to 
that pioduced by the weight 2 1 If k zz o, which is the same 
as if the moveable descended ficel) fiom the highest point of the 


4- 

aide, 0 = mg f - j, is at the lowest point wlieie z = 7 , equal 

5 mg, i e the cnlne tension is five times the weight , when Q = mg, 




when the entno tension is equal to the weight, 
^ - 2 h 


/2 h -f- 3x\ __ 


) 


3 


hence if there is no initial velocity, i e when the 
body falls fieely, the stiam is equal to the weight when the move- 
able lias fallen fieely tlnough one-thud of the height, Q will evidently 

vanish in the uppei half of the cn cle when x? = — , but as z can nc- 

vei exceed 7 , it is evident that tlio value of h may be such that 0 will 

novel vanish, e g li i £ — the tension will nevei vanish, the 

o 

moveable will icwlve about the ccutic, and the tension will be the 

sum of 2 mg ^ and m the lowei hall, and the diffciencc 

of these quantities m the uppei half of the cncle 
2 h 

(//) If zzz-— is less than 7, the weight at this point resolved in 
o 


the direction of the rndius is equal and opposite to the ccntufugal 
foice, beyond this point the tension clue to the weight is gicatci thaiiv 

the centiifugal foice, and theiefoie if the lod was not inflexible, the 

2 h 

moveable would pail liom the ciulc when x? = — , and dcsuibc a 

paiabola (No 209) having a common tangent with the aide at the 
point of dopaituic If the moveable was made to desenbe an entno 
cycloid in its oscillations instead of a cncuLu aic, it would be easy to 
show that if it moved fiom its honzontal base without any initial ve- 
locity, the tension at any point ausmg fiom its centiifugal fouo is 
equal to the component of its weight acting m the duection of the 
stung, and at the lowest point the entue tension is equal to twice ^ 
the weight of the moveable 
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NOTES 


(i) In proceeding fiom the poles to the equatoi,as the atti action 
vanes m the inverse ratio of the squaic of the distance, it must dimi- 


nish, and this diminution is neaily piopoitional to the inclement of 
distance Foi if the attraction at the pole be denoted by and the 
ladius oy m, the atti action at any other point by a', and its distance 
fiom the centie of the earth by m + dm , we have 
k f a m 2 (m + dm)* 


and 


A' = A 


in 2 

(in + dmy 



q p 


a — a' 01 the deciement of gravity is piopoitional to dm , hut dm 
\anes as the squaie of the cosine of p q p* See Nos 254 and 19*3, 
note 


CHAPTER V 


ds / — — — - — — — i— — 

(a) If both sides of the equation y 2g (s — c ) be niul 


dt ' 


tiplied by dt, we obtain 
ds 


-ydt — ds = V' k 2J r % (a — o) dt 

tic 


(b) Foi ed is equal a (1 -f. cos e&), if Id r= 2ga (1 -f- < os a) , 
the initial velocity is equal to that acquired m tailing tlnough the 
height ifD, and if we substitute for k this value, the cxpiession foi 

dt given in the text, will be dt = — — ° — 

V 2ga (1+cosG) 

(c) By hypothesis, 1 + cos 6= 1 -f-cos2^J/ = 2cos\J/,and cM= 2rty, 


2ga( l+cos0)=4#acos‘\|/, dt 


_ — 2crd\]/ 


.=- x/a 


d^/ 

g CO'ixJ/ 


2 V ga cos 

now let sm d/ = &, then — = ; the integral ot tin* last 

cos d/ 1 — & ° 


quantity is § log ^ 3 - - + C = i log \ S1 " + c , when t = 0, wc 

1-M c l + sin£0 7 

. 1 — sm4a 

nave * log — 7— -|-c = 0, substituting the value that may 

1 4- sin 5 u 0 J 

be obtained in this way fore, we obtain the expicssion in text. 

(d) It is evidently the same thing whethei the moveable sots out 
from the point m, which is very neai to B, with a small initial velo- 
city denoted by A, 01 whethei it falls without any initial velocity 
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iiom a point so much highoi than m, as that when it has 1 cached 
m it would luve acquncd the velocity k 


O') When i ^ — isa multiple of Q z= u, and when f V - is 
a y a 

di\ odd multiple of 7r, 0 = — a, and in each case — =z 0 

at 

( /') By making this substitution, ivc haie a cos ( f + T )\Z l ?■ 

Q) 

1 V ~ f os T V sin ^ s "> T t/ 1. whichevpres- 

when T = 7r\/ becomes — & cos t V - 

g Y a 

O') ^- s is the chfifcicntidl of the aic of the cucle, ex- 

dt 

picsbos the velocity, and theiefoie as ( - =z ±^c& \A at the lowest 


V^: 


= oe. oos 


sion 


point, the velocity at tins point = ±lol \/ga, and as b = ^aa% we 

, 2 b , y _ 

luive a = — , and «= y^^b. 
oc“ 

(//) 11 cl dining the louith poweis of a and &, the expiession foi 


dt: 


:-v/~ 

^ /it 




V 7 +01’ 

U * 1 2 


mIik h is evidently lcduciblo to (lie cxpicssion in the text , and as 

Li-A (**+ o)]- J =i + -;,-(*•+ n 

the ptossion loi </£ evidently that given in text 


(/) The mtegial ol — 

f/0 a* 0 


d(j 0 a° jl 

— : lb aic cos that of ~ - LTN - 

Yu 1 — 0‘ * 24 

fl 


a* 0 - , 0'</0 u j — 

— aic cos-, that of 7 — — ,= — V* — 0'+ 

24 « 48 n 


C6 


^ 0 

--au c os — , the 1 nt cgi al of 

4lS OL 


dt = V^[ aica>s ; +^ airf0 4+i vV - fl ‘]’ 

the* last Icim vanishes at the limits — a, and the othci teims become 
at these limits 
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2 arc cos = 1 + ^ ai cco%= 1. 


=\/- 


='Vl( I+ iS 


(Jc) Let r be the given time, t' the dmalion of each oscillation 
when the amplitude is infinitely small, and T the duration of the os- 
cillations wheie the amplitudes aie only \eiy small, we have 


'= n'n = r i e , nv \/ — = - f 1 + 

a v a\ 16 / 


n n' ^ 


(T) cos 2 Q=zl — 2x-\-z° sin 2 0 = 2 % — and dQ = — : — r — 5 

VVl—JL* 

. dt = — y - — — which is evidently equal to 

4V2/3-SU 

the expiession in the text , now when 4 = /3, 1 — cosO = 1 — cos a, 
0 = a, and when i = 0, 1 — cos G = 0 0=0 

(m) If m the expiession & n ~~ 2 y/ /3i — i l di, we multiply and di- 

i , i r »— 2 7 n Cj!*~~ l dx C tVr 

vide by V Bi— i , we obtain $ i di =(3 \ — — — \ — 

$ 4— t 2 Jyp4— -fc* 

( 71 ) Poi the manner in which this integial is obtained, see Li- 
cioix’s Ti aite du Calcvl Diffn ential et Tnteg^ al , torn 2, page 314 
(o) By differentiating with lespect to t, we obtain 

Now m this expiession the factois of the cos mutually deslioy each 
othei, and those of the sine aie 

_ « y */i - z d~r!) h/£_ ? / i 
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(p) When the fiist oscillation is completed, 
T 7 - = t r, t = - - 


consequently, it is incicased 


y ’ g 

Now m a vacuum the value of t is tv\/ 

9 

in a lesistmg medium in the latio of 1 y 

( g ) In the expiessions foi the amplitude, the quantity by which 

e 2A is multiplied becomes the same at the end of each oscillation, 

but e 2/c evidently diminishes as t increases, theiefoie the amplitudes 
continually diminish , now as 

T= “V^-5 niy\/ ^=z?l7r 9 
7 9 r y a 

theiefoie, the value ol 0 after the n* h oscillation is equal to 

7inV ga Mr't/ go, 

cc*cos7i7r e ^ k =(ascos wtt =(— l) n ), a (— l) w <? 2 ^ k ; 

hut the value of0 in this case is by hypothesis (— 1 )”<*„, honce then wc 
obtain the value a * given in the text , liom which it evidently appeals 
that these values of a t constitute agcometncalpi ogression of which the 

latio is e 2 t* 

In this case when the cos and sin aie evpicsscd in exponen- 
tials, the value 0 is equal to 


S=a. jj 


-tf/? 1(3 

e a + e a V (fa 


o <r — - o 

2 V 5" 


~tP J /± tps/ i 




fiom which it is evident, that if 2k ^ Q will he ciplici when t 
is infinite 

( 5 ) The mlegial of the equation 


d'O 




dP 


<?fl +-T s,n = 


cti 1 


(ft* 


... .2 q fV IV 

_ + ._ COS 0 = ^_ 


d9. 


and as by hypothesis, <75 =. j, anil ~ =^, this equation ho- 


comes, by substituting these values, 

4 ii 
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SOTEfc. 


- — cosfl - ft#=0 
d& a 1 

Let y zr Gz } 0 being a function ot 0, then substituting for <y and 
— then lespective values 0# and^^ — ~ 9 the pi ccedmg equation 
becomes, by multiplying by dd 9 

Gdz-\- zdQ — — cos Qd& — ^Gzddzz 0 

Of 

Now if we assume (Lacioix’s Tiaite Elemental! a, No 257), 

2 (i 

Gdz — pGzdd = 0, zdO cos &dd = 0, 

from the fiist equation we obtain z = e Wi0 , and substituting this value 
of z m the second equation, tlieio results 

d® — — cos Me' 11 *, . ©= — sin de - m(, + — — Csm 6d0o~ ml> — 

f _ SS£ cos C cos Aft."* + c , 

\ a ci J 


and, by continuing the partial mtegiation in this mannei, the value of 
0 will be found equal to 

~~ e"”^smfl[(l— ^ b +&c.) — p cos^(l— m,°+&c )], 

but we know fiom the expansion of a binomial, that 


therefore, 


1 

1 + P 2 


1 “ ^ + &c 


© 



0 — fj cos 

T+y~ 



consequently, y~<Bzzz® e^ d 

/sin 0 — ^ cos A „ 

« \ 1 + / 

(0 If m equation (5), — be substituted foi 0, then as the ve- 
locity is by supposition ciphei, the second membci ot this equation 
becomes ciphei, by means of which, the expicssion in the text can 
be deduced, now, when in this equation, the squaie and higher 
poweis of ^ aie neglected, = 1 +* consequently, tho membci s 
at each side of this equation become 

cos (1 + paj - p sin a* = cos a (I - pa) + y, sm a, 
which is evidently the expression of the text 
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(u) As 8 is veiy small, cos 8 =r 1, and cos a x — cos a + 8 sma, 
and sin a^sm oc + cos ot 8, cosc^ (=(o6--£)cos(o6--£)):zio6cos « — 
8 cos os + oc^sin oe, cos — (sin cc i — a x cos^) = cos a + 8 sin * — 
jto sin 06 + ^ttdocos £6 = cos a+fosin # — ^acosa, $ sm #=: 2ft (sin # — 
«cos a) 

(/>) sin a = j — - and a cos a = y — =^r (neglecting the fouith 

’ 1 1 a O 11 2t 

v a 3 1 ] or x . or 2 a? 

poweis), sni a -«cosa = T ,— = — -^ = - r + m , 

a 12 3 


. . / sm a — a cos a\ 2^a 3 (or 1 . cr 2 a 3 \ 

! =H — sri— j=-r- It + iT3) = 

(as the foui tli powei is neglected) , consequently, 


a. = a — o = a — 


2^0^ 


(£) Foi the mtegial of this equation, see examples on the dif- 
ieicntial and integial calculus, page 387 

(u) By substituting foi sin 2 1 and dividing all the terms 

by a and winch occui as factois m all the teims, we obtain 

the cvpiession in text when u = 0, and as the factoi sm t Vl= 

&in 7 T- when t =s w A/ -> d is evident that loi this value of t, vcz 0 
O 

(») If i '\/' ^ = 5 + 5 , then cos t'y | = cos + S\ = — J, 

eos 2^1/ - = cos (% + 25) = — 1, the given equation becomes 
y a 

-(*-¥)*+?-§= »• 

which, as the product a# is neglected by hypothesis, gives 


( * ) By substituting foi V d & value - + an d neglecting 
the cube and luglier poweis of oq, we obtain 
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“'Vf = 81n (l+¥) =1 -nS’ sin 2< Vf =sin (*+¥) =t* 

and if these values be substituted m the geneial expression foi v , wo 
obtain, inasmuch as the cube of a is neglected, 

(y) ^ 1S case the general value of 0 becomes, by substituting 

7T foi t equal to 

( . a V\ , I o 2uotr 

\ TJ cos*- + — +_ cos2,r > a > = a — 

(*) Se © Mechamque Celeste , Book III Nos 24, 25, 38 

( a') When y =: I this equation gives tang ^ \ / =r — -AA ; 

v 2a V2<qa 

(ir , V 2(ja\ 


( 1 +^) 


, foi 


^as 


tang (= + = tan g 2 - + ^g gg _ 

U l-tang|ta ng ^ 

tdn & g 1S infinite J — — but when k is veiy gieat, 

J tang YJH 

V 2ga 


~ 2 * -tang ^2 V 2a — 2 + 2A 

(b ) If any of the exponents of this senes were negative, then 
when a = 0, s would be infinite , and if any of them wei e cipher when 

i=0, s would be infinite, also as ^ = the secant of the angle which 

a tangent to the cuive makes with the axis of#, at the lowest point 
v dy ds 

Ti~dl’ thls tan S ent 1S perpendicular to the axis of#, and 
therefore ^ is ao, hence it is at once evident, that the least of the 
exponents a, /3, y, Lc , must be less than unity. 

(o') As v = h r', dv = hdv>, we have dv - _ 

✓ h ~ x Vh-hx' 
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i— l ( 1 %? 

faa—i — 9 and the limits of the new integral are evidently zeio 

and unity 

(d f ) It has been pi oved in a former note, that one of the expo- 
nents, a, /3, y, &c , is less than unity, it appears from what is es- 
tablished lieic, that the value of the least exponent is hence 

tlion ,, follows, that f 1 =C l " = = f 1 — ° 

Jo \/i — Jo^ , *v / l — x r Jo i ' 2 

and the integral of — = — 2 aic ftang = % - ^rrfwhen 

VV-a^ \ /l -W 

taken between the limits of 1 and 0 ) 5 r, as stated in the text 

(*o as«=\/i+S+^,«- = r$ 

v V d%- dx 1 L dx di'di de J u 

now the entiie integral of-^- ^ di=z-~-ty — $d (- Si/, 
° udx di udx J J \u di) y* 

and as at the limits j3, a, £?/ is ciphei, - ^ Sy vanishes, we have 

u cl 1 


C Z 3 *^ !%</, = 

jauax dx ja \u 


*i (b ( h 

a \u dx 


( / 0 The fiist equation (c) gives x-~ = u a , and asw = \/ 1 + — , 
by multiplying both sides by dx, w r e obtain 

dx — dy l + di* a 
dec 

($') It lb evident that this equation may be made to coincide 
with that gnen m No 72, by changing the ongin ol the couhnates 
on the axis of v 

(A ; ) Loti — a = az 2 , then 6 ? =r 2 adzz , and (t_—a,)di 


2 f/w"c/w _____ 

s= j the mtcgial of this last is — azy 1 — z l + a arc sin rr 

jc- -J- c, = fby substituting foi z its value — a \! LlZJt 

\ y a J \ a 

(\/ 1_ ~^~)+ a aicsm=^/i^+c=- /a (.*-«)-(* -a)* 
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NOIES. 


+ a aic cos = — ~~ + c > but aic cos ^ 


l/ a — % + a aic 

\/a 2 


=(' 


2a — 2^ + 2a 


i\ aic 

“1J=T C03 = 


a -f- 2% 


conse- 


quently, the integial is evidently that given in the text 

(O As ft 7 %+ 1 = = 

V a(v— a) — (z — a) 2 

a (i — a) — (r— a) 2 + (v— a) 2 __ a 
a (& — a) — (a — a) 2 

(A; 7 ) Let#— a=?/ 2 &andefo=:2 t/ a hence 
__ Zayfy 


a — (i—a) 

V a dk 


V a (i —a) — ( * —a) 2 

vV^ = 7T=| = 2v/ “ aiccos= v/T -^ ! = 2l/ “- a,c 


'cosrry^ 2/a arc cos = l/— I ±f? = /« 
a a 

( 


ai c cos = 


2^—2% + 2a 


— 1 1 =/a 


ai c cos 


a — 2a/ + 2a 


equal, when ^=/3, 

the expiession given in text 

//a tvt a — 2/3+2a / a l — (a — 2/3 + 2aV 

(fO Nowaiccoszz — zraicsinzz 4/ ^ lZL ~L 

a V a 1 

+ 4a(/3 — cl)— 4(/3 — a ) 2 _ 0 4 /« (/3 — a) — (/3 — a) J 

K a 2 — v > 

when the ladius is infinite the sine equal the arc, and if m 
the expression foi f3 r — a! given above, theie be substituted foi 

f fl-2j3 + 2a 2 \/ci(3-cc)-((3-cty 

2 aic cos = Z , l£L J. it , the turns which 

expiess the value of ft —a! will be equal, and have conti aiy signs, 
therefore, /S 7 — aJ m this case is ciphei, and the value of \j becomes 
evidently equal to a\ for the second membei of the equation 
vanishes, likewise m this same case when a is jo , the pait of 
the expiession foi in which a does not occui as a factoi, vanishes, 

lelativelv to the othei pait, so that it becomes equal to — ~ 

\/2i? ' 

2y g(/3 — a) _ \/2 (/3—a) 
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{m f ) By substituting foi 1. ^ * ^ . rKf . j .5 value 

dt % 

(di> + elf + dz 2 \ _ 

V dt 2 *’ 

we obtain the value of n given in the text 

00 i d\p is the aic of a cnclc dcscubed with a radius =s 9 m dt , 

an ^ f'—Tr 1111 w, and 4*/y — yd% z=. ? 2 d\p = cdt, == u = - =: 

etc cLt ? 


(as 9 = \/ a 2 — 



0 ® 

(o') ^ = a cos 0, cos 0 = 1 — — , ft =r a— ~ 0 1 , k 2 = & + 2^yy, 

by substituting for A; 2 and y, then values, we obtain /3 2 = b + 

2</a—gacc\ bzz-fya +ga(od + /3 2 ), c 2 =A 2 (ft 2 --y 2 ) = P 2 ga(a 2 — 
(/* — “V^a 2 ) 2 ) = j 3'</ct(a 2 — a 2 + « 2 a 2 ) = fre/a'a 2 , foi by supposi- 
tion the fouitli powei of a is neglected. Now cfer = — «c?0, and 
a 2 — £ 2 =r a 2 — (« — ^-aO’V = a a S 2 , 2^ =z %ja — ^a(9 2 , (a 2 — z 2 ) 

(%- + &) — c J = a'Q’(2e/a — (/a9 2 ~ 2^a + ^/rr(a 2 + /3 2 ))— ^aV/3 2 ,= 
^rt (a 2 0 2 (a 2 + /3 2 — O’) — a 2 a 2 /3'), t / ( a 2 — £ 2 ) (2</cr + 6) — c 2 = 

*r\/V(<a. — 0)(0 — /3*)«, as by substituting foi 

\/ (r/ 2 — s ) (2</s+Z>) — g 2 and also foi dz then values, wo obtain the 
cxpicssion foi t/£ given m the text , and as 


d\l> zz 



V qtO afldt 
aW 


« 


by substituting foi dt its value, wo obtain foi d\J/ the expicssion in 
text. 

(//) It appeals hom equation (b) that the inclement of the angle 1 
\J/ iv ill be always positive, it will < onsequctilly increase indefinitely, i 

, . dO <7 fa' — tf-Offl 2 — /3 2 ) , 1 

with lespect to 0, as ~ = , 0 always lies bctwceni 

cc and /3, thciofoie when these two quantities die equal, 0 must also' 
be equal to each ol them. 

(</') The base of the cone will be umilai because 0 is constant, 
and the motion will be uinfoim, because \[/ is pi oportional to the 
time t , when a 1 evolution is completed we have 

2w ~ T ' $ and t zz 2tt \ ( 1 

v a Y ij 
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( i f ) When $ = a, cos 2t\/ £ = 1, t = 0, and when 0 = jS, 

* fl5 

cos 2/ 4 / £ = — 1, 2t a/V- = (when 0 = (3) it, t = ~ */2 
* a * a * (/ 


By substituting for cos 2t 


\/a 


and observing that cos 't 


“ r y 

Vl+ 


sm 2 < V^f = we obtain 0* == £ (a 2 -f : 3 J ) (sin 2 i"\/^+ cos 1 l^/' |j 
+i(« 2 -( 3 ")( COS 2 £ 

— sin 2 / zr 0? cos 2 / l/|+/S 2 sin 2 < 


(?) Dividing this value of dty by a’ cos 5 t'S / theio will lesult 

ct 

we call tang / \/~ = &, 


a c z 


cos 3 / *y ~ 


a A r„ 

now = = d tang ty- 9 . if 

cos 9 1 l/L a 

a 

shall have 


we 


^ dx n 

i'P = — “*s ? and \fi = arc tang ss - z , 

1+H5 « 


consequently", 
when 


tang xp = — a and atang^/ = fl tang / i/ £ , 
a K c& 


*=S'*V / |=;,~a«=f v/|. 

(u') From the equation 

a tang rp = /3 tang / \/ 


we obtain 


consequently, 


l — cos 2 d/ _ ^ sin 2 t \f g ~ 


COS 2 \f/ 


cos' 





\ OTEs 


()09 


a* cos 2 1 -=z(a,' cos 2 1 ^ / — +-/3 2 si n 2 t^/ cos 2 \p , 

^ ft y ’ <i ^ ct J 

hut the quantity within the biackets = S 2 , consequently, 


COS 


y«:=, 


* cos 2 vj>, and 2 2 = a 2 9 * c os 2 if/ = a-W cos 2 £ 


v 7 !, 


m like mannei it may be shown, that 

= a°0’ sm* 2 4/ = a’(3 2 sm 2 1 \/ — , ~ = a 2 

a oc. p 2 

CHAPTER VI 

(a) As the medium is unitoim, and eveiy thing consequently the 
same on both sides of the v oi tic al plane, thoie is no i cason why the 
piojectile should deviate to one side latliei than to the ollici of this 
plane 

(&) t = , and if this value of t he substituted m the ex- 


es cos& 

piession foi y, we obtain g = t langa — \<f - 


<r cos -a 


2li 


theie lesults foi ij the expiession given in the text, and as ^ = 

at 

tang a — — l — T ~, at the voitex wlici e ~ r= 0, i = 2k sina cosa, // == 

•' 2k cos- a cli 

7&siu 2 tf , it appeals hom these expulsions loi the coouluutes of the 
veitcx of the paiabola dcscnbed by the piojectile, that when the ve- 
locity of piojcctionoi h is given, the locus ot the voiines ol all paia- 
bolas which can be desenbed, is an ellipse whose mmoi axis is vcrtual 
and equal to /*, and whose nujoi axis is hoii/ontal, and equal to 2 A 
for vve have < 2 * = Ah 1 sm 2 a(l — sm a) = Aluj — l// 2 4//’ + — 

4lnj = 0, which evidently is the equation of such an ellipse as has 
been dcscnbed, in which the oiigmot the oooidmatos is it the lowei 
oxtienuty ot the limioi *ms Fiom the equation i z= to cos a,* 
y = to sin a — \gt\it jppciis thm when / the tune is given, tholocus 
of the points anivcd at in a <p\cu tune is a light line paiallol to the 
cln cclion of pioject ion, and inteiseclmo the axi 1 - ol y at a <h t.ime 

f loin the ong m equal to As the (In oction of pi ejection bisec In 

the angle between veituil and line di awn hom point ol pi ejection 

A l 
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to the focus, and as h is always equal to the distance of the ongiu 
fiom focus, if i n and y n denote the cooidinates ol the locus, and a, 
as betoie, the angle between the houzontal axis and dnection of pio- 
jection, ^ // = h cos ( 2 a — 90 °), y ,f = sin ( 2 a— 90 °), i c , i r/ zz ~h 

ytf 

sin 2 a, y' r zzh cos 2 a, Ju ,n 4* y" 2 = A 2 , — = — cot 2 a, the fust 

equation shows, that when the velocity of piojection is given, the locus 
of the foci is a cncle ladius equal to h, the second piovcs that when 
the angle of the piojection is given, this locus is a light lino , likewise 
in the same cn cumstances, that is, when dnection of projection is 
given, it appeals fiom the equations a = 2 h smacosa, y = It sin 2 a, 
that the locus of the veitices of the descnbed paiabolas is a light 


line of which the equation is y = - tang t a 

£ 


, x di dy dm * + did 

( c ) -^ = «cosa, = asm a— gt, v = = « (sm 2 a 


+ cos 2 a) — 2a (gl sm a) + g n f = a 2 — 2 agt sm a + g't\ and as 
or = 2gh, 2 agt sin a — g^t 2 = 2 gy, — 2 g (h — as we know 

fiom othei consideiations If the equation ?/ =: % tang a — 

° 4 A cos- a 

d 2, 

be sobed for A, we obtain h = — - r , lien cc we can 

4 cos a (i tan goc—y) 

deteimme the velocity, with which a body should be piojcctod in a 
given dnection, in oidei to leach a given point 

(d) It appeals fiom inspection of the value of z 7 that the pait 
undei the ladical is the equation of a paiabola, and it lollows fiom 
% ^ at 1S established in the text, that all paiabolas described, with a 

"velocity of projection equal to 2 gh 7 will touch the concavity ol this 

paiabola. 

It is evident, that the W 2 aojimum lange on a gwen plane, passing 
through the point of piojection, is when the dnection of piojection 
bisects the angle between this plane and the vcitical, consequently, 
the given plane passes though the focus of the paiabola, which is 
described, and if <f> be the inclination of the given plane to the ho- 
uzon, we have p = 2a - 90 o, and tang a = tang * (4 + 90 °), 
a, 2ft 27 i 

P tang a tang +.900) and the § ieatest »ango which is equal 

P _ 2A 
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1 +■ tang| sin 1 4. cos | A a 

rr , as cos <t rr cos- a — sin 5 a cos <& 

1 — tang j cos j — sin ^ 2 2 

tang -i(<f> + 90) =1 +2 sm | cos^ = l + sin <f> 

4; IT'D? 3 

(e) m = — 5 — , and the suilace of the sphere is equal to 4 r 2 7r, 

3 

Rr 

if these values be substituted in the value of — , the result will be of 

m 

the foi m in the text, 

R dfijC R dec 

(J ) By substituting foi -- in the equation — = — — — ,weob- 


ds dz d<t 


dt l C dt ds dt 


° dt dt 9 


multiplying both sides by dt, and integi ating, we obtain 


, dx _ . di _, s 

kg ^=_ CS + lo g.A T( = Ae 

di 

Now when s = 0, = a C09 a ? a = a cos c&, consequently, the 

d i 

value of -y is that given in the text 
dt 

(^) In fact, by substituting foi ^ in the value ol ^,theicicsults 


d 2 y ds dt/ ds 

*£. — ~ £ . ' ~ Q 

dV di di> dt 6 


di> dij 
dt ~dt 


and it is evident, fiom inspection of these equations, that wc may 

du da, _ , 

assume — = jo -j-, p being a new unknown 

UjJj (it 

(Jb) Differentiating the equation ^ and dividing by dt, 

theie lcsults 

dHt dp da, , d'l dsdu ds db d 2 b 

w=i Ti +»’-3f = -'aar- ‘“-v , (3-*=^ 


rff >U g ~ dt dt 8 ~ P di 1 


da dp _ 


(t) Multiplying both sides of equation (2) by wo obtain 


dp = — , . ^ - - e 2cs , = — 2 A cob J a<r a ‘ V7jr>, also ~- .dtzz 

r 2hcob 2 a dt 

dt, 1 e , dtf—pdi, and — .dt dt (z: d t dp) zz — </dl\ 
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NUl IiS 


(A) 

df 


'di'+df 

dt 2 


,1 , f lil ‘ ilt '\ » . 

= ( 1 + P s )^J=(as- F = r j, (l+F ) 


8 dp 2 

(}) ( < /l-\-p n - — p') ( y 7 1 + p !i + ft) — 1, theicioie, the sun. 
of the logarithms of the two factois is cipher, consequently, one * { 
them is equal to the other affected with a conh aiy sign. 
cdi f “by sustitutmg for p and dp 


— dp' 

— p r V 1 -j- p n + log ( V 1 + p r — p f ) — y 

__ — dp d/y 

—p f Vi + p f2 — log (p? + Vi-\- p r — y p ' * 

(m) For very great values of p\ p f may be assumed equal U 

l/l +y°, for in this case when V p nj r 1 is expanded, the fit st tenii 
is^>% and the powers of p f which occur in the second and following 
terms are very small with lespect to it, theiefore, 

y +y 2 + log 2/, or y -f- jo' 2 + i log p n log 2 = p ' ; 

and from the equation e^z= 1 + x + + &c , it appeals, as is stated 

m the text, that the loganthm of a veiy gieat numbet is always veiy 
small relatively to this numbei. 

(*) In this case the expression becomes, by substituting — p* 
for jo, 

cn 2 = - 7 __9_(i+P' 2 ) 

y+p' i/i + y 2 + log(y + VI+ p 71 )’ 
which becomes, by neglecting y + log 2 and £ log p% 

cv*zzg, and v‘ 2 — - 
c 

[o) Bv taking the diffeiential oidu, we have evidently 
tin = dij cos £ - fo sin j8 = - cfo tang p) cos (3, 

and if the values of ^ and be substituted m this equation, and 
the sign of the common denominator be changed, wo have the cv- 
piession foi du given in the text 

B J integrating this equation, we obtain ^ = - 1 ■>, l 

d% 4 ch cos J a, 

4- t, and because when a, ^=0, tang «, zz — 

4 ch cos 2 a 


+ c, c tang a 
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+ T- 7 — by mtegiating a second time, we obtain w:r — — — — 
4cftcos 2 a ° 8 c 2 /icos 2 a 

0 c 2 iL -f- tang a a? + j-t j- + c', and when x and y = 0 in this equa- 

tion, we have c'zz — hence by eoncmnatmg, we obtain foi y the 
the expression given in the text As e Qcx =r 1 + 2cv + 4c 2 & 2 + Sc 3 

/ e 1cx __ 2c^ — 1\ ^ 3 . _ . 

tftkc 3-77 = ;rr when crzO, hence w = tang cu 

\ 8 c 2 /&cos 2 a ; 2 Acos 2 a ^ 0 

^2 

— 5A - - which is, as wo know, the equation of a projectile m a 

vacuum See on this subject the twenty-fiist Number Du Journal 
cle Pj B oole Poly technique, page 191, and Vol II. Nos 358, 359 

dt ~ r 


(q) Fi om this equation we obtain — ^L. zr ~ zz 

w dx 2 cafo cos* a 




V' %gh cos a 

1 


-andtfzz- 


e ci 


a, when JzzO 


y' g7i c cos a 
the value of t is that given in the text 




V 2gh c cos a 

(a) The planet was m this case supposed to move m the cncum- 
feience of a cucle of which the sun occupied a position at some dis- 1 
tanceji om the centi e, it was on this account that the motion was 
said to be pei formed 111 an eccentuc circle 

(b) It is easy to detoinnnc when Q — nt , 1 e the equation ot the* 
centte is a maximum, for if about the locus of the ellipse, which the 
sums supposed to occupy, as centi e, a cucle be descnbcd whose 1 a- 
dius is a mean piopoitional between the semiaxcs ol the ellipse, the 
aiea of this cucle is equal to that of the ellipse, and if we conceive a 
body to move m this cucle with the mean angulai velocity n fiom 
the radius which coincides with the penhelion distance, at the instant 
the eai th passes tlnough the penhelion, and in the same dncction, 
it is evident that as the earth's velocity in this point is gioatei than 
the mean angulai velocity, the earth will pi aceda the body wtuc h 
moves in the cucle, and it will continue to piccede it, until the an- 
gulai motion of the body becomes equal to that of the eaith, 1 o„ 
until the eai til's angulai motion becomes equal to the mean angulai 
motion, aftci this, the angulai motion of the eaith being less than the' 
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n,ean angular mot.cn, the body mil beg.n to gam on the eaith, and 
will evidently ovei take ,t when the eaith arrives at its aphelion, hence 

tv Td th e V h , piecedes the body by the s icatest 

tity, and the equation of the cent.e is a maximum when the angula. 
motion of the eaith is equal to that of the body , this is evidently, 
when; the .adius ofthecncle, is a mean proportion between the 
semiaxes, o. , = * (1 For if • be, as ,n the text, the moan 

angula. velocity, we have ~ = the area described m an indefinitely 
small poition of timeinthec.rcle,andif 5 ' and *' be the co.iospond.ng 
quantities in the ellipse, we have ^ = the indefinitely small a. ea de- 
scribed in the ellipse in the same time, consequently we have n n' 
as the synchronous areas in cn cle and ellipse divided by the squa. cs 
of then conespondmg iadu r and but in the ccle and ellipse the 
synchi onous areas aie equal, being as the whole ai eas divided by thepe- 
nodic times , 1 e m a, at.o of equality, hence theangula. motions 
equal, and 9-nt the equation of the centie a maximum, when , 
i e at the points whe.e i the cucle, which has been described with I 

•A ra f' US !. qU , lntersects the ellipse It appeals fiomth.s 

value of r, that the gieatest value of the equation of the centie de- 
pends on the eccenti lcity, as is stated m the text 

(c) Fiom equation (2) theie lesults, cos $ ~ _ 1 

ei e 1 

d cost) = - smfidS = _ a ( 2 ^ 1, thei efore as sin 4 0 = 1 _ cos ~l = 


and, consequently, dd = - g cos6 = 

sm 6 r V/«V - (» \ZT- e* 

which is evidently equal to the expression in the text, and as 

nadt= — l!gL- - _ , 

1 — e* 9 substituting for r and ch 

then values, theie results nadt = a (1 ~~ e cos ^) cirsu iudu 

\ — d 2 e 2 cos j m 

a e ( 1 —e) cosri sm udu 

ae sinw 9 0 ) cos udu, likewise, by sub- 
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stituting foi 5 and dt tlicn values in tbo expiession foi dQ, it becomes 

d& — l/l — gs \v\tidu __ \/l —V cfa __ 1 — e 2 du 

^ (1 — ccosm) ctesxnu 1 — e cosz« 1 — e co& 2 ^*w-J“ G sin'-V?* * 

now if both the numeialoi and denominatoi of this expiession be 
divided by cos 2 £w, and if we obseno that cos‘ -t u + sin 2 } u = 1, 

we shall obtain dl = VT=&' - _ by - 


— — _ by —+Z + 
COS'" jW J cos 


€ COS“-£ 2 G CSlll -VW 


~cos^ii + = < by su * J stituting fo. tan^-w and fo. their 

respective values), the expiession in the te\t Now in this value ol 

i ___ -i ■ , 2\/l — e l dz 2-v / ' nm dz 

av, let 1 — e = m 9 1 + e = ;i, then — 


1 — + m nz' 


(hy making — — sr == i/) consequently we ha\ o ^ = aic lane 

' t/m / A “rjr 2 ° 


~y = aic tang : 


— C V y ^ | »vu uuv U — — ill*. 

v' 1 “I - i _ t -U (> 

? and tang i 0 = — — ■ — tang .V u 

VL-e / l-« 


(rf) CW cos ✓*< = - S( ' + + 


sm sin z f n t 


cos(? +4 / )w^ — cos(z— I’^nt 

2 > an( * ^ 1S evident that if these tallies 

be substituted for co^i'nt oostw*, ami smt'w* sumi£, and if the inte- 
grals be taken between the limits 0 and w, the lesults will be those 

indicated in the text, and as cos 2 m£ = + 1^ = 

2 

1 — cob 2 tw£ , _ , 

5 , it is evident when those values aic substituted m the 

cxpicssions that the lesults will he in 

each case ^ When ^ = 0 , ^ ^ QOhvitd nt = $ q d nt , and ilioi clot c 

A °S o ^ ni == A o T = ^ o 7 

(c) The mtcgial of (0 — raf) sin ml d nt is = ~ ~~ 

^cosmtd(0 — w£), and when taken between the limits i\b = 0, 
nt = 9r> it is evident, fiom the value of 0 — nt given above, that it is 
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reduced to ^ cos mt d(Q— nt), hence it appeals that the viluo of 
b, is that given in the text 

' (/) As int =ziu — le sinw, we have cosmt = cos (/m— iv mii//), 

and if we lemarh that d (& — nt) = d 9 — d nt = — — — </// - 

(1 — ecosw)c?w, it is easy to deduce the valuo of i* 4 given in the text 
(g') As cos (xu—ie sm w) = cos i w cos [te bin ft) + sin?« sin (/<’ sink) 
by expanding cos (lesmu), sin (wsinw) into a senes accoi ding to tin* 
formula expiessing the sine and cosine of an aic m tcims of the au , 
we will obtain the expression foi cos (aw— z# sin u) given m the text 
(h) By substituting foi i and d nt m the value of \ 0 wo oht un 

-'o = -^ Q (! e COS ufdu = - ^ q (l — 2flcos?<4-^- 4- ^ cos 2 ii'jt/it, 
equal at the limits w = 0, « = *,-(«.-(- 1 <?%), l c n( 1 + \ , ) 

0) By substituting these values, we obtain, u — r J ( ‘ 'j 4- 

V <h) J 


f__cVsin 2 « ^ - v - , ,-r rm , VJ 

i- «’(1 — e °y "* afl- e y * 

(1 +2ecos6 + e 2 )c\ but ^S 1 ~ e } - 2+ 2<?co s0, and - ” ' > 

7 t 

— l+e*=l+2 ecosS + « 2 (^-l) (1-^) = l+2*os()+' , 


c°(l + 2 g cos + e 2 cos°^) 
a’(l— ’ 


(1 + 2ecosd + e 2 )c\ but — — — = 2 -f 2c 


and - v- a^l-ej = c ^ (-2 - l) (1 _ e >), and « = 

V l__ " V I - , • 

\/—-l c _ aV'l-e’ 

y , *> ir 7==> 11 fippcms hum tins <>v- 

i Vy-l 

f Fusion, that at the mean distance the velocity .s equal to v ( .]<xit\ 

Jl/ m clrcleat saale d,5tMce ’ and also that at this same distance <!»,. 
angle 8 is a minimum —See page 374 

(k) Since sin <f> = sin y an(# + w ), as sin y is always + when sn. 
is 4-, then 6 -f- cu is Z 180 1 

{ 0 From the equation tan g y = C os v tang Awe obtain Lin'd, , „s , 
= cosy sitO, , e tan s y (l-s.,i’A) = cosy SJ n % bUl * A = 

tan’vS 

<o»- y+ tan’y and *“♦ = sln y wii A = — _ 

l/ cos y+ tang f, 
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( m ) The comets do not appear to have exeited any sensible at- 
traction on the planetaiy masses, 01 in any way to have deranged 
their motions, when they are observed through veiy poweiful teles- 
copes, and under cncumstances in which we ought only to peiceive 
a pait of the illuminated atmospheie, we aic not able to discover any 
phases, stars are said to have been seen thiough the densest pait of 
the nucleus 

(n) See Dorpat Catalogue of Double Stars, by Stiuve; Philoso- 
phical Transactions, 1802 and 1803, Connaissance des temps, 1830 

(o) The force o ~ acts m the dnection of the tangent, and this 


foice resolved m the dncctions of the axes of a and y, is equal to 
da: ds' dy dads dy ds 

? dt* ds’ p dC d? Whl<?h Slnce dsdt’ dsdi 1 ale icspectively equal 


, dx dij 

to and 
dt dt 


become the 


second membeis of equations (2) given 


in the text 

(/>) It equations (2) be lespcclively multiplied by dx and di/ t 
and then added together, theie results, as 



dt. 



dt , &c> 


d id'x -J- di/d 2 j 
dt 1 


+ c(i = _,("££)*, 


, . dx° + d,fi dt*+tW , 

which, since — = — and » = V y a > is equal to 

1 j 2 + r‘dP\ ,1 fdt 3 + » W\ , 

1 d \~dF—) - p - d 7 = - p {—dir-) ds ’ 


and m like mannei, if the fiist equation (2) bo multiplied by y, and 
then taken fiom the second multiplied by x, we obtain 

%d l y yd'x _ f vdy—ydi \ _ ds fydi yad\ 

dt* dt 2 \ dl l )~~~~ p dt \di dt)'* 

, ardy ydv n d9 
and as — we obtain 

d = — a^-‘) 2 d9 
dt 1 dt 


4 K. 


(q) See No, 232 
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0) 0— s -)- $ l 9 now 13 a penodic function ananged ac- 
cording to the sines of the mci easing multiples of nt + g — w, when 
jJ 0 is increased by 360, it is evident that we arrive at the same point 
as before If there was no peituibation the value of the time lapsed 
between two consecutive letuins to the peuhelion would be equal to 
that of a return to the same fixed point. 

(s) If the first of these equations be multiplied by 1 — ecosw, 
and the second by ^5 sin w, we obtain by adding them together, 


(1 geos it) da — a costal — e<iosii)de +• ae sm«(l — e cosu)dic + 
aes\x\u(ds — dui) +• ae swPude — aasini^l — ecos ii)dit 9 

which as ^(sm^-J- cob 2 «) = ae 9 is evidently the expression m the text 
(t) As by the third equation (a) 

l — e 

tang 2 — - tang 2 £ (0 - 

if this value be substituted in the expiession for cosu 9 theie lesults 


coswrz 


1 

T 


_ ci— e) smq (9— o') 
04-e) cos'icfl — 

7 (1 — c) sin J i((/-u)’ 

(l + elcos^(a- u ) 


__ (1 + 0 cos 0 -! (9 —a?) — ( 1 — e) sm 2 (0 — co) 
(1+ e ) cos’-J (0—a?) + (1 — «?) sin 2 (0 — 


which as cos 2 ^(a-w) +• sin 2 J(d-w) = 1, cos 2 £(0 — cu) — sm 2 -l(5 — w ) 
= cos(0— ou) is evidently equal to the expression given m the text , 
hence we have 


(1 — ecosw) 2 


(l-* 2 ) 2 

(l -j- e cos (5 ^77)^) ’ 


a (e — cos u) 


— (g 8 — l) ttCOs(fl— gj) 


ae sinw = 


1 + e cos (0—o?) 9 

ae\Zl — e % sin(0 — cu) 

\ e cob(0 — a?) 9 


now if these values of (1 — e cosu)\ a(e—cosn), aesinwbo substi- 
tuted in the equation 

(1 — ecos ufda + a(e — cosu)de + ae sintt(ds— du) = 0, 
we will obtain, by multiplying by 1 + ecosfl-«,, aud dividing by 
1 — the equation (f) 

(v) It appears fiom the equation 

( = / !^a(l-e T yt ! 
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that the synclnonous areas descnbed about different cenlies of foices, 
vaiy as the squaie roots of the paiameteis of the conic sections de- 
scribed, multiplied into the squaie roots of the sum of the masses of 
the attracting and attracted body, see Pnncip, Book I. sec 3, 
piop. 16 




, v /2 1\ 
<“> dT~ = ^ \7—a) 


tl')°dd = — p7 n dkl$ = l/ p, d a (1 — e^clt, — p e> ) dtds 

= V p d \/ a,(i—e*)dt 



« d S = (* - ;)* - T = (^V 1 )* • “ d ,f 

this equation theie be substituted the value of 9, we shall obtain the 
expression given in the text 

y da (1 — e*) — 2 aede 

d V / a(l-« 2 )= - c e i~/ n (1-Pj ~ = “ 

, , ^ , 2606(1 — e 2 yh + da(\ — e*) 

2 *r/* = — ^ — = 

(by substituting foi da its value) 

2p( 1 — e~)ds— 2p(l + 2 c cos(0 - w) + e*)db, 

which, by oblitci atmg the quantities that destroy each oilici, becomes, 
by dividing by c , equal to the value of de given in the text 
Equation (e) becomes, by performing the differentiations, 

»’cos0 cos wde — ve cos0sin wdw -f- 7 sin 3 sm tvde -|- 7 e sin 0 cos wdio = 
da(Y — e 2 ) — 2 aede, 

that is, by concmnating and substituting for da and dc m the second 
mcmbei , 

<i cos(0 — od)de + re. sin (G — (jo)dw := — 2^rc(l + 2tftos(0 — a 0+0^* 
-j- 4pae(e cos(0 — t u)db (= — 2^a(l— e )<&) , 

now if in the first mcmbei of this equation we substitute for ? and de 
then values, tlie piccedrng equation becomes by dividing both sides 
by tlie common lactoi, a(l — e l ) 

2 p(e cos (fl-w) + cob(fl- «;)*>& + s\u(6 -cu)eduj _ _ g ^ 

1 -f- ccos(d— w) 
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and consequently 

ecfasin(0 — oj)=— 2s?(l -j-£cos(0 — w)d$+2p(e cos(0— tu)+cos(0— w) 2 )tA 
= — 2p (l—cos(0— cuy)ds =: — Sfyisin^— to) 2 ds 
eduf = — S^sin (0— ui)ds 

If m equation (f) there be substituted for da, de , and edcv then 
values already obtained, theie results 


[- v(- 


1 + 2s cos(0 — ui) + e 2 ' 
1 + e cos(0~u;) 

2fiasin(0—cv) 2 ' 


^ + 2^a(ecos(0— w)+cos(0 — co) 2 ) + 


VT 


(0— w) g \-| . , aesm(0—c») 

-e* / J s / 1 — e* S> 


reducing the two first terms to the same denominator they become 

~~ 2pfl cos(0 <b) -fr g»)^-2 pa(e COS (0— taH CO Sffl— ta) 8 )-! 2p<<»cos(0— «)* J <> cos(0— «)\ 

r4-ecos(0— u) J 

= (as <? cos(0— w) 3 = * cos (0 -ou) (1 —sin (0- w ) s ) 

_ V(1 +g g ) sin 2 (0 — uj) -f-eco s(6 — cv)sxn(0 — u>) 2 
1 + e. cos(0 — cu) 9 

and thus equation (f) becomes 

o ft r[( 1 ~t“ g2 )+ <gcos (^— ^)] sm(fl — q>) 2 2p& sin(0— cu) *-, 

L 1 + * cos(0- w ) + y? f~ J * 

■ « „ sm(0— o>) de 

B + —7=4-- = 0, 

V 1 — ^ 

dividing by sin (6- co), and then reducing to a common denominator, 
we obtain 

- 2^a[sm(d— cu) (1 + e cos(d-u) + e') / 1_«*_ (] + e t os(8 — w ) mu 
(9— «;)]<£« +««(!-)- «• eos(8— w ))c?s = 0, 

multiplying both sides by 1 + VTZ- 7% there results 
-2pa S m[B-w ) [eVW - ^cosft-w) -e*]ds + (1 + e (B~ u ) 

(1 + V 1— e*))ds == 0, 

hence we obtain the value of de given m the text , and in older to 
obtain the expression for ds we have 
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i h __ a(l — e^esind — w ) ^ 

d9 ~~ (1 -f-e.cos^ — cv)) 2 7 d0 2 ““ 

. m 1 +■ 2*> cos(0~w) + e* (sin 2 (0 — a;) + cos 2 (fl — w) 
' *" (1 + tfcosO — w) 4 ’ 


• d$ 


=•/ 


r * + ±ld 6 

W6’ 


— „/l _ e ») l+2ecos(6-a>) + e* 

(1 + ecos( 0 — uj)y 


It appears from the value of 8 a that the radius vector diminishes 
while 8 n the angulai velocity increases, and the vanations of the 
quantities e , to, s are only pei iodic , the variation of the absolute ve- 
locity becomes by substituting 3 pant for 8 n 9 and — 2g>a 2 0 for 8 a, the 
expression m the text Likewise, as fa = — 2 pa*Q, the sum of these 
continual diminutions from 0 = 0 to 0 = 2sr, is nrpa 2 . 

(y) From the equation 'i^dOzz: cdt, it appeals that when the areas 
ai e proportional to the times of then description, the angular velocity 
C(iit 

ddzz—, varies inveisely as the square of the distance, and con- 


versely, when the angular velocity vanes inversely as the square of 
the distance, the aieas are piopoitional to the times, for then cdt 
— v*db — a constant quantity, and generally, in different oibits the 
cdt 

angular velocity dd , varies as the synchronous area divided by 
the square of the distance 

o *dQ = cdt ^ = (ysin and at the initial distance where 

at N 9 


A' 


o = y, 8zz a, v= %gh we have V %jh sin a = 


( z ) Multiplying both sides by dv and integrating, we obtain for 

the first equation — = ho, = — — +* c', hence it is 

easy to obtain by the known rules the values of sc and y given in the 
text 


(a') When t is 



, the values of # and y lcmain 


the same as before, for in tins case, the value of a is 7. cos 

(<* + **W\ COB *•«» (* + }) V k - 
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— 7 ^ cos • — 1 / cos & sin t'^^j , the same is true for 

the value of?/. 

It appears fiom this, that when the foice is piopoitional to the 
distance the penodic time vanes as 

Y h 

(*0 By squanng both sides of these equations, and then adding 
them together, this result is obtained , if a = 90 and ky ^ 2^7?, the 
tiajectoiy will be an ellipse, of which y will be the major semiaxis, 
but if ky > 2 gh, y will be the minoi semiaxis 

When the force becomes repulsive, 1 e , when n is changed into 
E, the values of % and y will not be expressed m periodic functions 
of t, but will inci ease indefinitely, 

(d ly & 

(?) Equation (3) c 2 [—LJ +— + 2$ Rc ft = ^ becomes, by 
substituting for c 2 ,Sr^, and&, their lespective values, y 2 2^/i.smV. 

( d (id) + kf Y (* “72) = 2 gh, = (as 7 ■— = ~),%&3in s a:. 

/ \ 

(^X -H ^ J + &y (1 - S 2 ) = 2^7i, hence dividing by 2gh sin 2 a, and 
concninating, we obtain the expiession -4- ( 1 \ — 

t V %Asin 2 «j ” 

s*^ “ Whlch ’ b y s ^stituting ± W 2 for 1 - ^£_-, 


and observing that -^ a - — cot 2 a + 1, becomes the expression given 
m the text 

( ?'] ) or dei tomtegiate this dififeiential in the case where the 

supenor signs aie employed, let -J— = an d then ndh = 

~ w ^ lc ^ the mtegial is arc sin = — — nz — + c, and 

VP- * v/co t 2 a + » 2 


when 9 = 0, e = 1 c = - aie sin = — n — . hence the va- 

V cot 2 a + rtf 

lue of nS is that given m the text 

In the second case, the integral is db nS = log (± nz -f- 

\ZcoVet — ra 2 + n«» 1 )-|- c, and when 6 = 0, and «=1, we have 
c ss - log (± n + cot a), and therefoie, 
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± 710 = log ^ 


d~ nz ±: \/ cot 2 a — n l -J- n 2 


^ V ± (n + cot *) ; 

Fiom the fiist value of 720 we obtain 

A nz cot oc—n\/ cot-a + (t — z*)n J 
sm n9 = » 

cot 2 at + 7r 

. r&z + cot a*\/cot 2 a + — 

COS 710 = : t » 

cot 2 a + w- 2 

hence, multiplying the first of these equations by cot a, and the 
second by n, we shall have 

?l;SCOt 2 — 71 cot tf\/cOt‘ 2 <* 4-(l — # 2 ) n 2 

cot a sm nQ = — : — ’ 

cot 2 a + 7i 2 

ti 3 # + ti cot a V^cot 2 a -f-(l--x? 2 ) ?i 2 
7i cos n0 = — o rTj » 

COt 2 ofi -+- 92/ 

and by adding them we obtain 

. /cot 2 a + ^ 2 \ 

cot a sin 7i0 + rzcos nd = 72# — - — - — - = nz. 

\eot 2 a + n 2 J 

( [e ') cot a cos 720 — »i 2 sin nt 9 when z is a maximum 


we have- — = 0, and cot « cos 720 — ti sm?i0:=iO, consequently, 
d9 

cot a = wtangTid It is easy to peiceive, that this value of tang nd 
gives z a mcnimuDt, and, consequently, 7 a minimum , substituting 
this value of cotain the c^picssion for nz, we obtain 

sm’ t?0 f sm 2 72 d -f“ cos 2 »0\ 


sm’ t?0 

nzzzn - + 71 cosu6 = n. 

cos nd 


cos . u 9 


n V taug‘ 2 7*9 + 1 j and ~ = ✓ cot ' 2 « + 1 

, , i dz 1 

At the point where r is a minimum, we iiave-^ = — ^ — = 0, 

civ 

therefore, at this pointy = 0, consequently, tho curve has an apse 
at this point 

(/') When z = 0, ris», the value of tang nd foi a = 0, is 

— — = — n tang consequently, if fiom the centic wo draw a line 
cot cc, 

making with tho initial distance y an angle 6, such that tang n) = 
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— w tang a, the line diawn making this angle will meet the cuive at 
an infinite distance, and the cuive has an asymptote paiallel to this 
line, foi if p be a perpendicular let fall from centre on tangent, we 

1 dz* 

have m general — = — -f- z 2 > in the case of an asymptote z va- 
dz 1 

rushes, and the value of — = -• = — cot a 2 + w 2 , consequently, if 

a line be drawn from the cen tie at right angles to the dnection of 

the radius which makes with y au angle 6 such, that tang n& = n 

tang and equal to p, and if thiough the extremity of p a line be 
diawn parallel to the infinite radius, this line will be an asymptote 
( § f ) In the case of the logarithmic value ofriiwd, if we supposes 
to be affected with a negative sign, we will have 


— 71$ = log . 


nz 4" cot 2 u — w- 2 + n l z 1 ' 
— n + cot a 


and therefoie 

(— » + cot ») e~ n9 =: — nz + V cot 2 « — w 2 4- n 2 z* 9 
but we have also 

(n + cot a)e n0 = nz + V cot 2 ot — w 2 -)- n 2 z z , 
hence we obtain, by taking the fiist equation from the second, 

(n + cot ct) e n 6 + (n — cot oc) e~ n6 —2 n z = , 

consequently, by substituting foi e n9 > e“ n& 9 their respective values, we 
shall have 


2 nz =r 


‘ . N /, , n8 , n 2 d 2 , n 3 ^ , 0 \ 

(n + coU) ^l + T+r _ + ___ + ^c 

(_(«— COt«)(l -j+j 


T ITS 


+ &c 


•)J 


and from the inspection of these it is evident that z continually 
increases 

rpi i £ dz f yi -f- cot oC\ /ti— cot«\ — 

The value of- = {—L- j e l9 - ^ je , ifinordei 

to determine the greatest value of we put this expiession equal to 

cipher, we will obtain e s — — n ~ cot * and = -\Zn*— cot 2 a if 
Vn + cot « n ’ 

n > cot « this value is real, and z is a minimum foi this value of e n0 y 



NOTJb^ 


and beyond this value of 0, ^ mci cases, and the cui\e which is 
tiaced has two \alues that are symmctncal on each side of tins 

value of e 1 " 0 The cuive has an apse at this point, foi — =z ~ 

— x in this case, but is the tangent of the angle undei the 

tangent and ladms vectoi, and therefoic at this point this angle is 
light If the motion commenced fiom this point, wc would have 

*2y 

tv 1 "•" OCI o v>rl tlio nnnnfin»i r\ f omi o 1 iitamLI lift fk " - 


: 90, and the equation of the spnal would be » = 


) 4- e— nO ’ 


fiom inspection of this equation it is evident, that the blanches at 
each side of the apse aie symmctncal, foi the euivc remains the 
same when ?i6 is changed into — nd, the blanches mtcisect m an 
indefinite numbei of points, all of which evist on the line chawn fiom 
the centie to the apse, the chstance of any one of these mtci section* 
such as the w th fiom the centie is determined by the equation 

—* Y — 

( 1H7T _j_ g Wi7T 

Fiom the geneial expiession foi the time it follows, that the 
time to the centie, when the numbei of levolutionb is infinite, 

_ r _ y 

n 2gh \/%gh — A 7 

If in the piecedmg value of s = - V' tr 1 — cot a, we suppose 

cot 2 ct ^>w 2 , then the value of z is impossible, and the cm\e doe* 
not admit of citlici a maximum 01 minimum foi &, howovm, the 
cuive has an asymptote, foi wo shall find that the value of 
1 / dz l \ 

— o 2 + — J when z — 0 oi i zz qc, is equal to (cot 2 a — n l ) 
From the piecedmg discussion it appeal*, that m the equation 


, = l. (n+cota)e «fl + i. Ca 


cot <x) the cuive whuli it 


denotes is difleicnt accoiding as n is > 01 A than cot a, when ?i 
cot a the cuive has an apse, m the second case it lias an infinite 
ladius and asymptote In both cases we have 2gh sin’aZ Ay, hut 
as 2gh — ky zz ky cot 2 * — in the hist case also we have 

2 gh A ky> and in the second 2gA > Ky 

i L 
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H in the equation 


. . (. . «S nW n'd 

.» -J- cot a- ( 1 +_ + _+_ 


_ i t , 2 t 123 t “ v ; 

l — “t* (i-T+ia-rM-SJ 

we suppose wzzO, 1 . e , sin s a zz.ky 9 we shall have ^ — ~ = 

cot a d, and yzz cot a i 6, which is the equation of the rccipiocal or 
hypeibolic spnal In ordei to determine the time, if in the equation 

3 2 <#0 ~cdt 9 we substitute — -for we obtain — 7 zz cdt ct 
cot 2 a 9 2 cot 2 olV 

= — ^ j + c, and between the limits 0, we have 


o*=-ZL(I_I\ 

cot 2 a \ S 0y 


If t denote the entue time to the centie, we shall have, com- 
mencing with Q zn 2 

cr=X- sJ-rJ- + — +— 

cot s a 2sr 

The asymptote to this cuive is detei mined by the equation 
I 0 dz 2 

— & + -^ — in this case z 2 -f cot 2 a, when ^=z 0, oi r zz do, 

we have p the peipendicular fiom the centie on the asymptote 
= tang a 

If in the expression foi z 9 we suppose razz cot a, 1 c , 2<jhz=zky, 
the value of £■ becomes zz e™ Xa ° 9 from which it is evident, that the 
cuive descubed is the logarithmic spiial, and if the base a — /H- cot q 3 
the equation of the cuive will be ? — a? 9 m oidei lo determine the 
time, if m the equation cdtzzzr^dQ, we substitute foi 3 2 , and into- 

grate between the limits 0=0, 0 = — 2;r, we obtain ct = fl L\ 

\ a 2n J 

and in like manner between the limits 0 = — 2a- 0 = — 4sr, we find 

Ct ' = Z7a& ( 1 — i)’ and so 011 for successlve revolutions, theicfoie, 
if T denote the time to the centre, it will be expressed by the senes 

2c ( 1 “i)[ 1+ i + sc + &e ]* 
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rr by substituting lor t, and taking the bum ot thib senes 

eos ecf cc 

y%^2gh 

(A / ) r I his value is evidently equal to 

^ 


V ky- pc‘—ky+ akyVp—c'p* 

which by assuming g — c'p — Icy 1 , and by concmnaling becomes 

dy 




and the lutcgial of this ib equal to 

_ y 

W + ai C COS = =s 0, 

v/fcy-j3 c 2 

equal by substituting for y , 


w + ai c cob = 


s/ Ay 1 — /3c 2 


Hie value of a deduced fiom tins equation is 

c 2 

a = 7 — - — - • - ; 

Ay-*— V lc , y i — c 2 |3 cos (0 — co) 

consequently, when (3 = w,nsa maximum , when fl = co + t, a is a 
minimum uj •n* is substituted for oj to embiaco tlio case of the 
comets 

(V) I3y substituting for r and r cos (6 — w), then lcspectivc 
values 111 equation (a), and squaring both sides of the 1 ©suiting e\- 
picssion, wo obtain 

ky + y) — c 1 + (A-V 1 — C '/ 3 1 — 2c2j/ ^ *V l — C 'P 

^//) II m geneial 4j> denotes the principal pai amctci of an 
ellipse, wo will have ae = 4" ( 

( 1 — c) tho shortest distance = p ■+ ( )- — &c, consequently , 

when a is oc, wo shall have a (1 — a) == P 

(^) Substituting for jo and dividing by we obtain 

1 +• cos W = 2 <jm 2 a, 1 c , 2C05 2 ico = 2 sin 2 a, for I + cos oj = 2 cos* J w 

(mO Since = S -^4, by paitially intimating, wo obtain 

v / J cos 2 y cos if/ 
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jSTOTESo 


_sin^ Philip £siii\[/ cos \pcf\]/ __ / ^'biiHvJfdty'N 

J costy cos\J/ J cos ip cos i \J/ V J tos l ip J ~~ 

0 P 4 , j C i C 

— ^ \ — —r + \ —TT 9 and as \ — fr = tang \L, we nave \ r 

Jeos 4 ^ Jcos’ifr Jeos 2 ^ b ^’ J cos 1 ^ 

= tangd/ (1+ iang 2 + 2 tang ^ — 2 C ■ , by integrating this 

Jeos 1 ^ 

^ast quantity in the same way, we shall obtain a similar result multi- 
plied by 2, and by continuing this paitial integiafcion, we will an ivc 
at the following sei les, 


tang^(l+tang 2 i|/)(l-2+4-84-&c)4-2tang 4,(l-2+4-8+&c ) 
-K but(l-2+4~8+&c) = (l+2)- l =}, 
hence then we shall have this integial, 


tang \p (1 +■ tang 2 + 2 tang 


3 




71 1 

75 


( n ) ^ appeals from equation ^e), compaied with n 




p 


that the times, m which comets moving m diffeient paiabolic oibits, 
describe equal anomalies, vaiy in the sesquiphcate latio of the pen- 
helion distance. 

_ 


Also by means of equation n 


pV p’ W i 


tlio synchi o- 


nous areas desenbed by tbe eaith and comet may be compaicd, for 
the sector described by tbe comet at the penhelion distance p, 
is to the synchi onous sectoi, described by a body moving in a circle 
of which tbe radius — p with an angulai velocity equal to n, as, 
V 2 1 See Mechamque Celeste, Book II. Chap IV. 


CHAPTER VII 


(*) When j* is neglected m consequence of its minuteness, we 

P /I— » “ ■ , rti Omxi a/n. X V 2 . . A * 


have p- s =r (a 2 — 2ar cos x) _2 = «- 3 + 3a"V 


- fo VsinA sin A jm'a fm> , 3 fin's , 

” " «■ ’~ = ^ + — 

cos A fit SsfWrmk 


cos A, consequently, 


cos A 


theiefoie, 
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(b) See Methamque Celeste , Tom I V , and also the tianslatiou 
of the System of the Woild, Yol I Book I Chap XV , and Yol II 
Chap XI 

( c ) The foico lesolved in the direction cm is equal toq^cos?, 

foi A is the angle between cm and ac, and as the dnection of the 

foice <f> is pcipendicular to ac, the angle which it makes with cm 

must be the complement of A, consequently this foico lcsolved in 

the direction of cm = <f> sm A, and if we substitute for <j/and <j> then 

, %fmn cosA fm'r sm A , , . , . 

icspective values - , ■ , and if wc obseive, that these 

a 3 a 3 

components of <j»' and <j> act in opposite dnections along the radius 
cm, and consequently must be affected with opposite signs, the rc- 

suit of the two must be equal to (2 cos 2 A — sin 2 a) - — which, by 


substituting for m' is the expression m the text. These lcsults 

may be applied to the distuibance pioduced m the lunar motions by 
the sun, and if we suppose that? is equal to the ladius of the moon’s 
01 bit, and a the mean distance of the sun horn earth, it appeals 
h om this expi ession, that when A = 0 , 1 e. m the syzygics, the foicc <f> 

2 /wM 

vanishes, and the foice <j/ is a maximum and equal to — ■ , on the 
contiaiy, when A = 90, l c in the quadratics, the foice <f>' vanishes, 
and <j> = — p lien<e the gicatest value of cj/ is to the greatest 


value of <f> as 2 1; but vve should always keep in mind, that the 
foice <f> mci eases the giavily, while it is diminished by the action of 
the foice <{/, as they act in opposite dnections, and as they lcspce- 
tively vanish, <f/in the quadratiues and in the sy/ygics, there must 
be some inteimediate position wheic they aie equal; this is easily 
determined , for since 2 cos 2 A — sin’ A = 3cos’ A — 1, the value of 

the force <{>' cos A — <f> smA is (3 cos 2 A — 1) , consequently, when 

too* 

3cos 2 A— 1 = 0,i e, when cos A = ^cosAir <f»sm A, and fiom 

V 3 

s J z ygies to an elongation = , 4 A, oi the additious foico pi c- 

V 3 

dominates oier 4' cos A, or the ablations foice, and fiom this point 
to the quadiatuics, the laltoi exceeds the fonuei , and thcicfoic, 
duiing an cntne lcvolution, the ablations foice piedominates , it 
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would bo QOby to compute the actual diminution, foi by multiplying 

(3 cos 0 A — 1) by dx, and then mtegi ating, llio losult is 
cv 3 

(-*■ A — ■ A + !sui2a). — — 9 which is the effect of the distuibmg 
foices, while the angle A is des cubed, and forancutuo cncuinfe- 
lence this becomes (because the penodical pait vanishes), 


and therefoie, the moan disturbing foiee acting on tho moon in the 

direction of the ladius vector is — ^-1 , it is easy to show that tins. 

a 3 

quantity is equal to ^j th pait of the moon’s giavity to the oaitli ? 
foi if T f , T, denote the peuodic times of the moon and caitli, wo 
have 


— F the central foice of the moon — —r t , = i -> 
a? \ n a’ t 

£f 0 w — = m? =: and consequently, ihe mean disluibinq 

179 a? 1/9 


foi ce = 


F 

358 


The effect of this diminution of the moon’*- giavity 


by a ff -l-^pait 1S to release hoi distance from the eauh, and as tho 
foi ce by hypothesis acts m the dnection of the ladins voctoi, tho 
meanaiea is not alteied, but the angulai velocity which *anos in 
veisely as the square of the distance is diminished by a l ],/* pait, 
and the penodic time is mci eased by the same quantity 

( d ) Let c= 23 rt / = cncumfeience of the moon’s oibit, A the 
aic desenbed by the moon m a minute m hoi oibit, v its voisccl sine, 
i f the ladius of hei oibit, then as she is supposed to revolve um- 
foimly, we ha\e 


a c \ fl in> 





and by substituting for we obtain the expiession in tc\< , now if 
the same space v be desenbed at the suiface, and at the distance of 
the moon, and if f and t denote the foice and time of descent at tho 
surface of the earth, and tho con espondmg ’quantities at the 
moon, we ha* o 

v =jt 2 P VKf f 7 

ic, when / f f (60)° 1, t f l 60, 
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i Oj ii bod) at the caith’s suilace would in *i 'ccoud fall iluo«gh a 
space equal to what a body at the clidaii'e of the moon would hill 
through in a minute* The collections oi vauous cnou instances, the 
consideration of \\ lucli aio omitted in onlci to simplily the demon- 
stration, aie — 1st The disturbing action ol the sun, winch was ad- 
veilcdto m thepieceding note 2ndly The cneumstance ol the re- 
volution of the moon not being pci foi mod about the ccntic of the 
earth, but about the common ccntio of giavity of the call h an l 
noon. See No 243, and Haite’s Tianslation Du Siptemo duMont & J , 
Yol IL page 381 

(e) If the figuio of ilio oaitli be supposed to be that of an el- 
lipsoid l geneiated by a revolution about its lessoi axis, and if the 
equi capacious sphere be supposed to have the same centic, the 
gieatesl elevation of the sphcie above the hoi oul u half the de- 
pression beneath it, when the sphcioid differ* little fiom a sphere, 
foi if ? be the ladms of the sphcie, a and b the majoi and nunoi 
semiaxes of the spheroid, then if cl — 3 = p , r «— l = $, wo hate 
s — q jo, for 


4 ^ 3 ’ 

3 


= + P y 




when the squaics and pioclucls of p and s aie neglected, tonsc 
quently, we must have 2p = s, wc can by means of this l elation 
obtain the value of i in teims of a and b , for we have evidently 

2a — 2i =3 — &, 3 ss — ~‘— 9 * the elevation of tins cquuapa 

3 

cious sphere above the splicic ln&cnbed in the ellipsoid, aiul whoso 

o rt j— Jj 

radius is thciefoic equal to b , is = — b == £ (a — b) , now in 

figuie GO let ab be the minoi axis, and CD the majoi axis of the 
spheioid, ABisasection of the insciibed splieic, let (l be any point ol 
the sphcioid, cfo, ch lines cliawn to the ccntio and paiallel to oc, 
meeting the insciibed sphcie m the points m and n, we have by the 
natuie of the ellipsoid, 

cu chi oc di 3 ad cobdoc^j j> 

and by similar tiianglcs 7idm, cho , nd dm od d i i <ichu^ to c o i dm , 
rc . dm co’ di 1 , i e as square of laduib as to the square of the 
cosine of c?oc, oi of the latitude A q p , as lie — a ~~ h , wc hare 
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dm = (a — b) cosV , now the depression of a point of the oqm- 
capacious sphere below the spheioid, and existing in the radius o d 9 
is evidently equal to tlie diffeience between dm and r—b , or to the 
difference between dm and (a — b ) which by substituting for dm its 
value (a — b) cos 2 X, is equal to (ct — b) (f — cos 2 A), consequently, 
when § rscos'A, this depression vanishes, 01 the equicapacious spheie 
intersects the spheroid, fiom the value of dm it is evident the in- 
crease of the force of giavrty in going fiom the equatoi to the poles, 
vanes as the square of the cosine of latitude, as was stated mNo 193. 
The value a of the latitude resulting from the above equation, namely, 

? ls lemarkable also as being the distance fiom the quadiatuies 

at which the additious is equal to the ablatious foicc 

C/*) ^s hues diawn fiom places on the opposite sides of the 
mountain to the same fixed stai, are supposed to he paiallel, and as 
the deviation on each side is supposed to be equal, the angular dis- 
tance of the two stars must be double the deviation 

0=) By substituting foi pand q then i espective values, we ob- 

lamp .a.a —fr-') , „d ih„ „ P = &2!, , -tfZl, 

..W. 31 *' 

J mm < a SU1 __ f^'m l acsin(y- t) 

if 

mhich by substituting loi m! its value, and dividing by m i ij tlio ov- 


pression in t le text , now m the equation 


evident that 


sin (y — p^c 2 


i ^ sz (sin y cos v — cos y sin $) > 


1 = (sin y cot % — cos y) — 


COt * = i~n~ 1" c °t 7> 

/>V 3 sm y ' 


when c is least and y — 90, cot x is least, and \ the greatest 
„ ( h ) It is necessary that the level should be accuialely horizontal ^ 

^ othei wise the effect of gravity would be complicated with that of the 
foice of toision 

(0 By substituting foi cos (y ■— 0) its value, we obtain 
s? == a° q- c 2 — 2ac cos y cos 6 — 2 ac sm y sm 9, 

= (if the squaie of 0 bo neglected in the senes expi cssing sm 9, cos 0,) 
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a* + c* — 2 1 *< c os y — 2 sin y 9, = 5 J — 2 ac sin y 9, 

and tlieiefoic, 

~~ 3 = (b 2 — 2^siny 0)- -* — 2r 3 + 3flcsiny.g&-% Sm 


, .. /7 , 0 M v siny cosy 0 0nccsm 2 y 0 

(siny — cosy 0)(&- +3rtcsmyfl6-) = jJ- + 

mow if the numeiatoi of — — be multiplied by the value of & 2 , 

and if the denominate)! bo multiplied by b 2 , we obtain 

cosy $ ___ (r/ J + c 2 ) cos y 0 — 2accos 2 y 9 
— £ , 
lion co then wo have 

sin (y — 0) smy ^ . 9 

*— ™ — [(«’-(- c 2 ) cosy — 2ac — ac sin 2 y] — , 

foi — 2 «c (sin 3 y + cos’ y) = — 2rtc 

(A) See note ( c ) of tins Chaptei, and No. 193 
(/) See the Mochamque Celeste, Livi e 7 , also Hai te’s tianslation 
of the System ol the Woild, Yol II Chap Y , and notes 

(m) When 2/W ~ is integialed with i expect to s, it 


(in) When 2/s/ 7 -j~— -j >s integialed witn 1 expect to it 

becomes — 2 * 71 / f — — — — + y\ the value of y is dctei mined by 

V- j +y ' 

making s = 0 , which gives Y = t , and— 2 vr/y ^ = — intcgiated 

Vz‘+tf 

with icipcct to //, gives y = — t/-^' + j/ 2 + z, in which / is evi- 

r* \jz (/i/ (j z 

dently equal to // 9 hence then the value of — f/\ ; be- 

^ (//+ 0 Y 

tween the linntb o and h foi o and c for y y is the value of // given 
in the tc\t 


A/ 3 

(“)£ ~ff'(= l, y neglecting y'-y and h?) k - - — 


-k’ = 


*J±-k’ 


Now as k diflcis fioni g l by a small fraction, if in the h ictiou 

y* was substituted foi A, the lcsult would difici ho. i by 

the pioduct of- into the difference between g* and k t wlmh a* it is 
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a very small quantity, the pioduct is a very small quantity, and con- 
sequent! v, may be neglected 


( o ) As 2 Trfp'h, if m this expiession we substitute foi f its 

value denved fiom assuming = namely, the lesult, 

r> / ^ 4 

namely, h / = will diffei fiom the actual value by a veiy small 

quantity of the second ordei, hence then if m the evpiession 
r we substitute 
r2h 


, 52 7Ji j , So'hof 

g—g r = we substitute g f foi Ar, and 4 — foi K wc shall 

* 2 pr 


obtain g — g r = g* 


f ~\ T/* / p iV_._ ,1 a 


2/j 3 /A 5/i 
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BOOK III 

CHAPTER I 

(a) It appeals fiom what has been just established, that u is the 
Tesultant of the given foices p, p 7 , p 7/ , &c , and of Q, consequently 
these foices may be leplacedbyR, and a foice equal and duectly 
conti aiy to q 

(&) As each body furnishes si\ equations, namely, y, z, l, m, n, 
respectively equal to ciphei, the entile numbei of equations which 
thus lesult, will be six times the numbei of bodies, but lot every 
point of contact, the elimination of Rancl of the cone c pondmg quan- 
tities of the otlici bodies i educes tins numbei by one, thoioioie, the 
enlne numbei ol distinct lcsultmg equations vnll be six times the 
numbei of bodies minus the numbei of points of contact. 

(c) When 0 the lesultant of the loices pmallol to oij must 
coincide with it, and thcicfoie be destioyed by tlic fixed point. 

(d) Q = p sm y, qzz ±l (y cos X — b cos p), tlicieloie, aq zz ± 
p (y sm y cos X — i sin y cos joc) equal ± P (y cos a — i cos (3 ) 

(e) P cos a = — p' cos cd , thcicfoie substituting j foi cos a, and 

— cos <5* foi cos a', wc obtain the e qnession in the text. 

(y) Since the fnction is by e\penmcnt — l to the pie c siiie, it* 
follows fiom what has be('n )ust established, that the cue fficiont /, 
and consequently a, aie independent of the picssuie, and thcicfoie 
of the weight 


CHAPTER II 

(«) The expiession loi h m No 261 is 
p(r cos/3 — y cos ct) r (t / cos a! — y cos /3 ; ) + &c = l, 

now by substituting foi Q, (/, Lc in the value of s, Psin-y, i j/ sin y 
&c , we obtain the value lor l, lor cos /3 = sin y <os^, cos a = sm / 
cos X, &,c 

( b ) If the squ n os of the tin ec quantit ies II cos 11 cos d', h cos u" 
bo taken, and if they be then added, thcic lesults 

H- (cos’ $ + cos* + co& J b ) = v 2 j*, 
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2 ? being substituted foi its value given m tlie text , theiefoi e we lwv* 
p p cos 8 = p ( i. cos /3 — y cos a )> 

consequently, 

cos. 8 z= - ( i cos B — y cos a) 

(c) If in the equation a u~\“ By 4“ civ, we substitute leu v t w y 

the i values ^ C ° --, and then multiply by cos a, we obtain 

cos a. cos a 

the equation a cos a -(- B cos /3 + c cos y = 0 , now fi om the equation 

/Acosa+c cosy^ 

Ar+By+erssO, weobla'n b = - (yy— J = - ^ ~j 3 J ’ 

conseque itly, 

4 i cos 0 + C£ COS (3=Aj/(OS^4" c j/ <-OS y> 
and theiefcie, 

cos 3 — ?/ cos a\ 

c =a( 7? , 

cos y — z cos p ; 


in a Sim idi mannei wc may obtain the value of B 

(V) By expanding the bmomnls m the value of yr we obtain 
i 2 cos°/3 + t’ cos 2 y + y cos 2 a 4“ 7/cos* y + c J c os a + r 2 < o^/j — 
2 cos acos/3 — 2^ cos a cos y — 2//o cos (3 cosy, now *-(< os- /34- 
cos 2 y) = t 0 — i’ cos 3 a, y (cos’ a 4“ cos’ y ) zr if — //’cos- jS, s'fco^'a 
4- cos’ (3) == #’ — ;s q cos J y, consequently as -t- 4“ ^ + z' = i 2 , the 
Talue of p 2 will become 


9 2_ 7 9 co y aGOb y to. |3 cos’^— f ’coVy cos'b — 2 >- 1 os a (o i *a < o , p 
cosf — 2r 2 cos a cos A cosy cos '(os /3 cos p cos y cos v 

Now it is evident, that thepaits of tins cxpiession v\ hit h contain the 
cosines multiplied by 7 2 , ai e the squai e of cos a cos A 4" cos (3 ( os ^ 4~ 
cos y cos v, and consequently it vanishes, tlieiofoio the value of 
j » 2 = ? 2 , as was pioposed to he vcufiod 

(c) B\ making this substitution, the fouith equation of No 261 
becomes 

p(r cos/3— 3/CO-a)4-p'(^cos/3 / — ?/'cosa')4-^< — (P cos/34- rb os (3'+ 
p /y cos |3 V 4- &c) 4- (pcos a 4- p'cos a/ 4- p' , cos« // + &c ) r/ iy 

now the Uo first teims of this expression aie equal evidently to L, 
and the two last teims aie equal to xt^— Y i, , hence the value of L t is 
that given m the text 

(/) By taking the partial difleience ol the v due of g with les- 
pect to a l w e obtain, whenGj is a manmum , 



NOl hb 


fill 


— 2 y (i + \y, — i x ) 4- (m ix x — \sq) — 0, 
consequently, 

^ (V + Z 2 ) = \ (Y^/j + Zxq) + YL — ZM, 
and by adding ^\ 2 to each side of this equation, theie lesults 
^(v 2 + \ 9 + z , )(=A 1 K 2 J=\(vi 1 + ^y 1 + zo 1 ) ZM 

The e'spiessions foi R 2 ^, R’sq, niay be obtained in a similai mannei 
( g ) Fiomtwo of the picceding equations we obtain 

It’iq -J- ZM — \L __ I*’?/, + M — 7N 
_ — ^ , 

1 e > \ 

R2 (yy x -U l )+(V 3 + V)L=Z (N\ + M\ ), 

and by adding z 2 l to each mombei of tins equation, theie lesults 

R 2 iyV\ — Y* + (v 2 + ^ J + Z’) L = I (N\ + MY + Lz), 

'which, by dividing by n\ and obsciving that \’ + y° -f- z 1 = tC, be- 
comes the evpiession in te\t 


CHAPTER III 


(Yf) It is cudcnt fiom the constiuetion, that if m and n be the 

angles, which any ol the loiccs such as P, makes with the adjacent 

sides mv, mm', of the polygon, the tension along the side MA is equal 

p si u n p sin if? 

to and that along the side mm'z: ; ; — -* , now it 

biu(/tt + «) b sm (wi + M) 

m' and n f be the concsponding quantities at the summit M f of the 

p'sm?/ 

polygon, we have the tension along m'm evidently equal to 


P' sm >r 


consequently ™ = — te»ce when the <lnoc- 
^ J, s in(w*+w) sm (iu' + u') 

tions of the foiccs p, p', p", &c , applied to the summits ol the poly- 
gon bisect the angles contained between the sides of the polygon, 
the tension in cadi side is the same thiougliout the entne polygon, 
and equal to any of the Tones p, p',p", , divided ly twice the 

cosine of the angle which it makes with the side of the coid to ^ 
which it is applied , when r, P y , v rf , &.c , aic all equal, the polygon is ( 
a i egulai figmc, and convciscly, when the polygon is a icgulai 
figm e, the forces P, P 7 , v f \ &tc , must bo equal, and each ot them is ( 
to the tension as aside of the polygon to the ladius of the encu in- 
scribed circle 
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(6) As a, a 7 , a 77 , &.L , and also e , g, y } y f y", &c , aie in this case 
90°, and /3, /3 7 , /3 77 , &c , aio ciphei, it follows that the fust equation 
(a) will be equal to 

h cos a -{- k cos # 1 — 0 ; 

and the second will be 

H cos b -f- and H cos /*+ p + p 7 + p" & c = 0, 
and all the teims of the thud equation will vanish , now if both equa- 
tions (b) be squaied and added togethei, wc have 

ii 2 + k 2 + 2 hr (cos a cos e + cos b cos/) = IT 2 , 
and the factoi ox 2 ilk is evidently equal to the cosine of the angle con- 
tained by the sides H and k, theiefoie, II is equal and conti ary to the 
Ziesultant of these foices, it follows fiom the equation ncosi -j- kcos^ 
-f* IT m 0, that the dncctions of the c\tieme foiccs n and k meet in 
the veitical diawn tlnough the centie of giavity of p, p 7 , p 77 , &,c In 
this case it is evident that sin n zz sin wi 7 , consequently if the equa- 


tion which we obtained above in note («), namely, 


sin (m + n) 


P'Sinn 7 

sin + v/y 1x0 ’ - mu ^ 1 P^ lGC ^ h y sin 71 and sm m f lespectively, it 

becomes 


p sm sin p __ p 7 smw ? 7 sm«/ 
sin (//2 + //)““ sin 

P p 7 p n 

cot m + cot n cot + cot n' cot m" + cot u" 7 


and it is lemaikable, that in this case, namely, when all the foices ate 
veitical, the hon/ontal tensions on each side of the polygon will be 
lespectively equal to these fi actions, consequently, the hoiizontal 
tension is constant thioughoul the entue polygon If this equal 
hoiizontal tension be denoted by a, and if the tensions along tha 
sides of the polygon be denoted by i, t 7 , t 77 , &c , we find T sin m = 
^ ^ kin iu! — i 77 sin ??i 77 , &c , so that the tension on each side vanes 

mveisely as the sine ol the inclination of the side to the veitical 
(r?) Since the sum of the tensions of all the swings lesolved in 
the dneclion of the vertical is 


rS £ 7 V 

[_“ c °sy + COS y + — cos y” + Lc.j v , 


and since this is by hypothesis equal to p, the quantity bv whit li 
multiplied must be equal to 1 


p i* 
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(*) By substituting then values for cos a, cos a', T, T',y, a', the 
first equation (a) becomes 


ch . c? 


c ch 


a i , a\ . a t no , 

_T 7A + T lA +Trf “ + “ rfl=rf i r 


c/a c/a 


The second equation (b) may, by similai substitutions, be domed 
fiom the equation (a), and with inspect to the thud tlieie icsults by 
these substitutions, 

(£+4)]=^ 

which by obliteiating equal quantities affected with opposite signs, is 
cudently equal to 

_ f ch, <h\ 7 

1 

(/) By adding togethei the v.ilncs of e h and e h , and obseiving 
that ch = \ / 1 + ~ V - r7t we obtain the vahie of <7s? and if the value 

a J1 

of be taken fiom e' 1 , and if w then multiply by dv, we obtain 
the value of dy 

(g) By adding and subtracting the value? of l and b we obtain 

l+b = h p-r^), 1-1 = h 

/ ') (A 1 ^ ^ \ 

iA~ tr +< : h , 

by substituting a foi /» + /»/, the oxpicssion in the text , and since 
— q — ■ 1 ( " 2 a — 2, and *- 

there results 


\1 _ fr - r -) a , a/- — r- = i~ ('“ - «’—*) - 

“4 a A r a 2 2a 

(A) ,a = l + “ + ^l + r 2l+&C, <'“=!-; + 

r&:- &c - -«- - k= «) = 1 +-|-> a5 = 6 ( r 


? — = — (e a — f—d) — » 

a- 2a V ' 


« = 6 (n - 1) 
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(*) k + k'zza, k- k' = 2/3 A, k~ “ f + j3h, k' = ^ - fih, 

•m2 

k a k f a 

h s 2 h h =: & an< ^ ^ ^ iese values be substituted foi 

A ^ 

p in the value of b, the lesult will be equation (e) 

(k) The integial of the value of dy’ is clog(V+6)+ V 7 (i'+c-)~c /J 

+ c, when i F = 0, y' = 0, c = - c log (c + */ c — c r ), y'=z 
the expiession in the text 

0) 7 = c + V c> — c '\ y' = c — \/ c * — c' 2 , yy’ ~ c r = A’, fot 

t e 

* 7 X<T~ = 1 

(w«) By substituting for t its v alue pit ^ tl ete results ju/VZ 
= pd%) l e > h d civ, h^=zx, 2hy = a 2 , hence as T = joA ^ 

= ph\^ 1 -f \ve obtain by substituting ^-foi the value of i 

given in the text 

(») l/ /i'+i 2 ^ = - yz i — r- A — V( ^ ,themtegialof y- - - 
Vh'+Jt, 2 Vh 2 +1 2 y/h 2 +i 2 

taken between the limits A, — A/, is 

A*(log VW+I" + k) - log (A 3 + A/ 3 - A') = 7i s log 1 ± --. 

VA 2 +A /J — A' 


m like mannei as 


J Tir?? - l~J- + H~r-J ~ * iVWi - ' 

r» h } L 2tf h 

by substituting *or \ — ; its value, and multiplying by 2 

J— A' v A 2 -|- i 2 

we obtain the expression for 2 hi in the text, now if both numeiatoi 
and denommaloi of the loganthmic function be multiplied by 
W+ A J + A, there will lesult, when k = A 7 , 

2M=A 3 log y + 

from whence we can easily deduce the value of hi given m the text 
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(») II f 01 V^/t J -|-A 2 iis value m a senes 
obtain 

h Id+k- /v+A-flj— J 

log - h =log Ti 


h b h* 


be substituted, we shall 


s[ 1+ 


now as in 


geneial log (1 + u ) = u " 9 + -c — &t* > we have 


. r i ^ , a\ -i r A i ** o 2/ ^ , ^| c 1 

^L 1 + A + 2 F u + h~ &C 2/t- 2 2 A* + 3/i>P° J 


- 1 V x 
“ A ” OF + &C ’ 


hence, bj substituting this value in the expiession foi hi, thcie lcsults 

‘ ,= “G- 4 >“+s' 

and if we multiply by h, 


h 2 l = 2/i’A -|- { h J , h z = - 


3 (/_sJ/fc) "“8 3.(/-tf)’ 


hv substituting foi A its value — 


(/>) By substituting this value of r we obtain 


(Ii^d&' + ouTch'+ujp 


dx *fc=: fc'-J- wP«'+ 


fjL wjrf' 1 ' vpi f> 


(g) By peifoimmg this multiplication, theie Jesuits hy adding 
, ( di 2 , did , (h-\ , fth , <h , (hi dif da da\ 


*(£+£+£)+-(£ -S+ 3 * 3 +*-£)+ 

'(' 7 fi rf ' + 'S <! ' + 'S*) =0, 

which fiom what is staled m text is evidently equal to equation (3) 
(?) If the fust ol equations (1) multiplied hy — be taken fiom 

the second multiplied by ~ we shall ha\e, as 
•j di , fit , * d x q 

* \h= dt T,+ T 11 S 4 ‘- 

V rAs ds ds ds)' \ ds <h ds di J \ ds ds J 


di> ds ds ds 


ds ds ds di 


consequently, as ds is the independent vanablc, we can obtain from 
this expie^sion the lust equation (4) 

4 N 
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Colt 

(0 As exzr n cos ah: (by substituting its Aalue foi cos a) nv , 

M t 

by peiforming the same opeiation foi gY, gz, then multiplying by 
dt } di/ t dz lespectively, and finally adding them together, we obtain 

£(X£& + Y dt/+ Z dz) — NV + NV<?L = 0 

(0 By substituting their values foi x, y, z, m the second mem 
beis of equations (4), they will become 

n (cos \dy — cos f zdz) n (cos vdi — cos Xdz) 

ds* 

n (cos \f,dz — cos vdy) — , 

and if these be multiplied by cos /, cos cos A lespectively, and then 
added togethei, the result is evidently cipher, hence the expiession 

P (cos V cos / -(- cos ft COS p' + cos A cos A')> 
to which the preceding is equal must be ciphei 

00 The coefficient of n in the expiession foi becomes by ex 
panding * 

% ( cos2 A + cos ’ y) + ^ (cosV + COS 2 v) 4- ^ (cos 2 A + COS 2 f) - 

dy dv dA dz dii dz 

2 ds"J S co& * c °Sf/.-2 — cosA cos y 2 — — cos^cosv, 

which, as cos 2 A + cos 2 f* + cos 2 y = 1, bee omes 

df .dv 3 dz* (dif dz° d& dv dt 

ds* + c& 2 + ds f \ds iC0S COsS A +^T cos 2 y+2— — . 

cosA cos^ + 2 J J cosAcosy + 2^ ^ cos/, cos y) 

Now the expiession between the biachets is equal to ciphei, and the 

othei expiession is equal to unity, hence n z-, 

P 

(v) If these equations be multiplied by a, and y lespectively, 
there results by adding them together, 

x % + N ,(£l±i^^ = 0> 

and as + — c', this equation coincides with the fiist equation 
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(6), and it these equations be respectively multiplied by — , tlieie 
lesults fiom then addition the second equation (6), foi id* + ydy 


(jt) The fiist equation (6) is evidently equal to 

+^) dr + (* d S) 1 + = 0 * 


l dz du . dx . 7 du 

hence as %-^ + y ^ = 0 , i .d -j- + >j d -£ = 


di> , this equation 


d6^* ds~~"’ ds^ U d6 
is i educed to t = cn, m like mannei the second equation (6) is 
equal to, by substituting cds foi %dy — ydi, 

(tf+3EO*+Ge*S+*-40'-'— 

consequently we have dr = 


iVofej to P<m agi aph II J 


(a) a'— <r + — , by substituting foi o', o-, then lespective values, 

P 

we obtain y (1 -f S') = 7 (1 + S) + - y ^ , dividing by y, and 

neglecting — we obtain, by omitting a common quantity on both 

P 

sides of the equation, 8 'zz.ti 4 — , and, when the length of the mean 

P 

filament is not changed, $ = 0 and S'—-, 1 e the lengthening and 

fontiacting of the filaments, is piopoitional to u then distance fiom 
the mean filament 

(b) Substituting foi V m the value of i, it becomes 

f* s f f udu 

l = aA \ ar/^ + o'AX , 

J — £ J-e p 

and peifoimmg the integiation between the limits s, — e, the In 

11 11 aAfi 2 r\ i 

teim becomes 2aA6e, and the second becomes — — — th uul 

so sp 

m the same mannei, substituting loi m the value of (b 9 it becomes 

mVw 


r* £ c £ uhlu 

pi ccX ^ o udu + cc^ j ^ ? 
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mtcgiating tlioise quantities between g, — s, the fust tei m vanishes, 
as in the preceding case, and the second becomes 3 -- 

p 

Fiom the value of r it appeals, that in the ease oi the same 
plate, it is piopoitional to 8 the extension of the mean filament, and 
when 8 — 0 , i e when the length of the filament is not changed, 
r = 0 , and the foices which in this case act on k must ho paiallel 
foices leducible to two, but not dnectly opposed 

(c) The angle of contact is always equal to the element of the 
cuive divided bj the ladius of cuivatuie, and when the element is 
given, this angle oi the cuivatuie vanes mveisely as the ladius ot 
cuivature, consequently ft vanes m this case as the angle of contact 

(d) Making equation ( 2 ) will become 


- — adi — ^cfo, 3 


(1 + Z°)i 

and integiating so that we may have z~0 when t = 0 , we obtain 
2 ehr 

: 2 aa — 


consequently, 


2 c'z 

Vr+. 


and, 4^ = ( e„-* 0 , (l + ^), 

(4c‘- (2 ax - %sy) - (>2cu - i*y, 
hence by substituting foi « its value, we obtain 


(2av — x-) 

djc V 4 t'-( 2 ai—x*y’ 

ds‘ — ~ ‘fel + ,ui — 4cVt a 

4ci - (2«* - a*) 2 t - j27ZT(2irirp)- = ( whcu o »» 

very great, in which case 2^-fmay he neglected , elat.vcly to c-,) 

hence m tbls case we must h ave 2 c% = (2aa - a 3 W p , an d 
6cfy = 3a* ! - a 3 

(e) 6c*j/ = 3«i 3 — c 3 , which, when a =« and y-h, becomes 
30*5 and fi om the equation 3 qc 3 = awg «, W e obtain 3c 3 = 

and = a’Q , by substitutmg for « its value J, we will have 

je 2 b — a’ft and b = — ^ 
therefoie, as aS = h we shall obtain 
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iv being by hypothecs a weigh! equivalent to the foice which thaws 
tlie plate in the tin action of its length, if we suppose it equal to q, 

wc will have b = — , consequently b h a 1 s J 

(J) When ^ = 0, y is ithtay^ equal to ciphei, tlieicfoie tlie 

spnng cannot be bent , when h does not vanish, y and will have 

CLiaj 

hiuto values, theiefoie the spnng will bend, at the point B, % = a, 

T'lt 

if = 0 =4/ sin—, theiefoie a = ic, i being a whole liumbei 
(g) If the fouith powet of — bo neglected, we shall have 

7T 2 L 


V 


T , v A* 0 7T l T ^ ** 

1 4 cos — =1 +f — cos — 

( c 2 c- 0 

,n* t 

= «>& cos 4 — = k 4* -> cos 

C 6 

.. tt 0 A 2 , tHA 1 2rfc 
l + 7 r+ cob , 

46 C- 6 


if this value be substituted m the expiession 


*-syi+^ 


7 

COS 2 Cfaj 

c 


and then integrated, there will lesult 

_ 2 / 2 
9T /l 

/ = rt + t 
4c 

which, by substituting loi its value ic, becomes the expiession m 
the text 

( h ) In the equation y rz ja sin // = 0, when i = 0, and t = <v, 

theiefoie, the curve will not cut the vcitual between the two points 

2# 

a and B In the equation y = /'« sm , y = 0, when a =: 0, ^ 

ct 

and a == a, theiefoie the cuive will cut the veitical in the middle 

2 

point between a and b In the equation yzzfya sin — ,^=0 when 



646 


NO'IES 


I — 0, ^ — a> % __ ^ ^ a, hence it appeals, that the cuivo 

will cut the veitical ab, m the number i + 1 points 

When fc=z 0, y — O, theiefoio the figuie is lectilineal, but the 
least mciease of 7c above this gives a finite value foi y , m which case 
the figure is not lectilineal, but when l is ^ c, k is impossible, 
theiefoie?/ cannot have a possible value, consequently, the figuie must 
be rectilineal 

(i) In general wchaveP = now it appears fiom No 312, 

that as long as lis^. c 3 the spung cannot be bent, but when the 
quantity c is so diminished that l may surpass 6, then the spung may 
be bent by the weight, consequently, l = c is the limit aftei which 
the spring is bent, hence, the value of p detei mined by the equation 

CLU )£ 2 . . 

g lves the gieatest weight which the spung can support 
without bending 

Qc) a-'= r + y, = (by substituting foi o- its value y (1 -f $), aud 


neglecting — J , y (1 + S) + L_, ln ],k e manner y = y '(l + j/) = 

^by substitutmg/itsvaluey+^and neglecting y + l H+y$', 

hence we obtain, by dividing by y and oblitciating common lei ms 
in the equation y(l-M) + ^= y + ^ +yS', o'= 5+ u 

(l) Substituting foi its value given above, we obtain 

T= a J-V Svdu + * ^~k’ vndu (j - 7) * 

the integral of the second tei m vanishes, and that of the fn st = acud , 
in like manner by a similai substitution in the value of //, we obtain 

**/«**» (1 - 1 ). 

m this case, the integial of the fiist teim vanishes, and that of the 
second is equal to ^ 

(m) In the fiist case, as the distances of the centie of gravity 
from the veitex and base of the tnangle aie respectively § c, ^c, we 
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have in Ibis case k =r J c, A' = %c, now any line parallel to the base 
such as v, which is distant fiom the centre of giavity by a* quantity 
zz: v } which may be eithei positive or negative, is to the base a * c + 
a 

u c, v zz - (-® c + w), and consequently 


$ vv?du = 



i c . _ . 2 a& 

when z«nz- this quantity becomes equal to- 


f- ——7 , and when 
4 


2c 


2a 2V . a 2V 


« =r — , it is equal to — — + - 


3‘ 


, hence when the quantity 


-jj- rnfidu is integrated between these limits \ c } c, which aie those 
of A, — k f m the piesent case, it becomes equal to 

* 2 *r*( l + 2 3 \ M , 

Tl 2 {-r¥j- ac + {-Tw) ac = 

In the case when the form of the base is concave, 


7T*0LCtC 


v 




„ n 7 au* , 
^vuhlu =-g- + 


cm 4 

c4 


which becomes, when wzzi-Jc, Jc, which conespond to A and A' m 
this case, 


2 1 ac 3 

in> + 


2' aO 

THF’ 


at 3 

TIP 


+ 


at' 

4 3 1 ’ 


lienee we obtain, 


t r°a 

7^ 





(1 + 2>)aO 
9 3 2 


+ 


(2* — l)ac 3 
4 3‘ 


5r J a etc 1 

"FIT/ 1 


When the noimal section is a squaic, as the centio of giavity is at 
the mtei section of the diagonals, A, A/, the limits between which the 

integial should be taken aie respectively equal to^, and, as all 


lines at an^ distance u fiom the centie of giavity, diawn parallel 
to a side of the squaie aie equal to the side, we have 


«==/> 



2 f f 3 


£_ 

12 ’ 


p = 


ttW 1 

12/' 


In the case of a cncle, v the line drawn at the distance ztiiom the 
centie of giavity which is that of the cncle, is evidently equal to 
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2 \/ A 2 u , and ^ _j t / vul{ ^ u — ^ ^ k'-~n l mV/?/ =r by multi- 

pl> mg and dmding by V'lT^ur, 

k kPtfclu A 


, P A A 2 wV« A 

j-*' i/r=s“ j-j 


u^clu 


-ki f y/ 

now if we make u'zz.hi, these expiessions become iespecti\ely 

2A‘C A - _oz,r^ 

J-* /i=p’ 

the integral ofthefoimei ib 

-i*./izp + *.5 7 ^=, 

and that of the latter 


i*** V'l - ^ + 1 AH v 7 1 -a* - 1 A* £^7== * 

Now when this mtegial is taken between tliepiescnbed limitsA, —A', 
all the othei teims will vanish but the teim k l f — — — , which is evi- 

Al 4 Vi— ’ 

cleutly equal to — , hence the value of v becomes that in the text 

(w) If the aiea of the noimal section in the case of the squaio 
and aide mne equal, thongs.**, consequently, by substituting 
this value of /’ in the expiession foi p m the case of the squaio, ll 
v h rViA* 

becomes = which is to the value of p m the case of the cudo 

^ rpak' 

-~W- T 3 

(o) By making this substitution we obtain 


TJ^CL 

p = lP ( - g = S» + i l ) (8 n -8 •) , 

now if v(£ ,J — g 3 ), the aieaof the normal section, be supposed equal 
to n-h 2 , then g'' = A 2 + g\ consequently if A’ be substituted in place 

of and k° + g" m place of g", we shall obtain the expression 

m the tea 


(/') As ds 1S supposed to be the independent suable, (fi = --d$ 
7 (t& 

7 "U 7 0 

ih J = &c, consequently veto + \dy -f zdz — 
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d i . . dtj 7 , da 

\ , ds 4- Y-y-(h + / -7- OS 
th us (Is 


(q) Suite m tins case Jl the quantities m equation (b) vanish but 

LObfacosf, t os . cos h , v', it', an 1 t, — , , and as these thus* 

‘ (Is ds us 

last quantities aie equal to cosa', cos/3', cosy', it is evident that 

the values of i cos a 7 , l cos/3', rcosy' mo those given in the text 

(a) Fiom equation (1) wc obtain 

e*=±igz.-+a»i,+*'. 


dhf 2 3 4 i>^ 




24 


i^*+-2 3c : 


now since by hypotheses B ^ = /3 = — Q, when i = o, thou. 

lesults ^gywa*-{- 6c« + 2 c' =0, gywa + 2 3 c = — q 

Fiom the second of these equations we obtain, by substituting q 
foi gyuja, c = — l (q q- q), and by putting this value of c in the fhst 
equation, and substituting foi gyoua its value q , tlieic lesults 

\qa - (Q4- q)a + 2c' = 0, c' = 4 (a + \q)a, 
consequently ll these values of c and c' aie substituted m equation 
(1), theie lesults the value of Bj gnen m the text, foi it was shown 
by the conditions of the question that c"= 0 When Q = 0, this 
equation becomes 


to 




and when i = a, in whith case y ~ h 9 tbeio lesults 

pi>= Jj«’ - i ?« + ] qr? = ^ . 


and when q = 0, this equation becomes 

|3y = 

which, when x = a, and // — becomes 



and when q, the pieccdmg values of b aie evidently in the iatu> 
of 3 8 


4 o 



6 30 


NO i ES 


(s) Since in tin b ca'so s //= 0 when i = a, equation (l) becomes, 

q q 

because gyuo = - , 0 = a 4 + ca 3 -(- c f a% hence if it be multiplied 

by a, and then taken fiom equation (1), we obtain the e\ptession in 
the text 

(0 tfji = ^(* 3 ‘ - fl3 )+ c O ! - «')+■ c'(»- -< “)+ff^-+ 2c » 2 + c/ *> 

when t = 0, this expiession becomes 

' 3 £ = 'A a2 - cai - c/fl = 0 ’ c,= -(i +c ) a ’ 

when ^ = a, this expression becomes 

*s-£+**+*-* 

hence acompanson of these two values of c' gives c = — tt! 7? anl ^ 
consequently c' = -^aq 9 by substituting these values of c and c', 
equation (2) becomes 

fiy == a 9' 1 (* J — a ) + ’ix a 9 % ( l 

winch may be made to assume the form 


(3 !/ = J^(t— «)[(*' + ay + a 2 )— 2«(i + a) + a 1 ] = 


|r:(* -«)(**-«) = -E- (>-«)' 


__ ^ 


24a 


24a 


In the second case 3 ^ = — \- 2c# +- c' 4- 9 + 4c/ + 

r da’ 24 a 1 24a 

c'rnO, when # = 0, hence it follows that c' = 0, and when r = a, 
6c = — and c = — -y-jq, consequently, by substituting loi 
c, equation (2) becomes 

Ay = 0 2 -« ! ) = ^ (r - a) [V -j- at + a 2 - 

2a (a +a)] (#— a) [tf 2 — a#_a 2 ], which by changing the 

signs of the two factois of which this product is composed, becomes 

o> 

the value of /3 y given in the text , and when # = the value of 

A 

which in this case is £ becomes = ~~~ % x — r = r ffv r See note 

^ 24a 2 2 4 24 16 

a . No 324 
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hi this case also we have 

dUj 2 3 </« 2 9 # i 

”di J 24 a 24a 

which, when i =0, becomes = be = — and when 

>=a ^S = 4 + 2c + f/ + 4c =?-*? = { 

In the thud case, as = 0 foi i = 0, we have 
at 

P J = _g_c«*-c'„ = 0, 

cfo 24 

and as in this same case jS 44 = 0 when z = we have 

' <u 2 

d c ci -j - 2 o / ~ 0, 

consequently, companng the two values of c' denvedhom these two 
equations, we obtain 

[fc + c ] a = [! + 3c ] a ’ c =-l’ and c ' = -? + B" 

r=r — ; and, if these \alues be substituted in equation (2), we obtain 
16 


= «) [2? 1 "1“ ^ iU + 2« 2 — 5a (r + a) +■ 3«‘] 


= (i— a) [2f° — 3«t] = (by changing the signs of the factois) 

.(a— js) [3a — 2&] The value of (= e when i = 0), is in 


48a v 




this case 3 ^ = 6c = — 4r> and s4~((= — u when t = a) is in 
^dz' 8 /7>1 


this case ^ + be, 1 ° <1 — = tt = — 


3^ __ 

' Y~ TT 


HttI 


(m) By peifoumng (lie liitegiatiou with lespect to sin— , wlmli 

is the vanable of the second mombci of this equation, uc lmd 

S otiri , a nin , — ftC wwi , — a 2 

sm d i zz cos , and — \ < os — ~d f = — — sin — 

ft )\7t ft H7S J « W ff rt ’ 
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hence if this opeiation be continued foui times, the last mtegiation 
gives 

a 1 n7ri 

sm , 

n Sr 1 a 

fiom which, and by a suitable deteimination of the aibitiaiy con- 
stants intioduced by the mtegiation, fiom the consideration that 
y = 0 foi ?=0, and foi i = a, we obtain equation (b) 

x „ , , a n<rl f hir _ f*a , , . . 

(t>) vv hen t = sin = sin — and as V.. at 'at ' ~ ct the 

V 2 a 2 JO ^ 

Ca nnz f nv 

e\piession X^sin <p% , ai f m this case = asm — 

(0 In this case as n = 2i — I, and sm (2t — 1)~ = — (— 1)', 
we have the fust tcim of the second membei of equation (b) equal to 

^_y (- 1 ) (2 t —1)^1 

r l (2( — l) 1 a 

T t 

(j/) It in tms equation we substitute foi w its value — , ue shall 

tt 


obtain 


(-1 ) l (2i — 1 ) 

— — sin fjj J t — , 

a 24 a} 32 a 


r (2z~i y 

which, by reducing to a common denominatoi , becomes the expics- 
sion in the text 

(z) By diffeientiating we obtain 

4 =a < 3 -- 3 4 


which, when i — — , i e at the middle point of the cuivc, is equal to 

ciphei, theiefoie at this point the tangent is hon/ontal, and the 
sagitta then becomes equal to 


q / 3g ^ 4a^\ q a? 

/3 48 V 2 8 ) “ ^ 18 

(a ' } = 8 (3 “’~ 3 4 ^(="’hen * =0,t..ng u )=JtL, 

miM J' § ‘ an §“ lad /' / =|‘ang «, but/= fL = “ t ,u.g ,, 
f ! / 3 2, and m the second case of No 322, as 
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<ly _ g (a-t)(< t ’+^-* i )-g t ( a, + ftt -~ t ')+g t ( a — ^ 0(tt-2Q 
^dv 24a 


-n WL 


equal when i = 0, , 111 th lfa case f' — ^g* — T6~24 * 

quently it is to the value ot j in that No 8 5 

(b r ^) By multiplying the luhnito senes given at the commence- 
ment of this numbci by the denominatoi, theie lesults 
1 + 2 A cob 6 + 2 A 2 cos 2 0 + 2 A 3 cos 30 + &e 
1 — 2 A cos 0 + A 2 


f qa? q 8 cO 


conse- 


= 1 + Ih cos0 + 2 A’ ccs 20 + 2 A 1 cos 3d + &c 
-2A cos 0 — 4 A 2 cos’ 0 — 4 A 3 cos 20 cos 0 - 4A 4 cos 30 cos0 
+ A 2 + 2 A’ cos 0 + 2 A 1 cos 20 + 2 A j cos 30 + &c 

Now since 2 cos 2 0 = cos 2 0 +- 1, 2 cos 2 0 cos 0 = cos 30 + cos 0, 
2 cos 3 0 cos 0 = cos 4 0 + cos 2 0, by substituting these values in place 
of cos J 0, 2 cos 2 0 cos 0, 2 cos 30 cos0, and adding these lines togethei 

then sum will be equal to 1 + A 2 

This theoiem is pioved, apnoyi) m the JTheoyie de la Chaleui , 

pay Pcu>so?i, No 93 

When the values ot u aie infinitely small, 4 sin^(0 - *) = 

and if in the e^piession , . b t we substitute foi jN, c/0, 
1 g- + 4sin-(0— u) 

and 4sur+(0 — a) we will obtain the expiession in the text , and a*- 
the integial of this function between the lnmits x and 0, is — , and 
between the limits 0 and — x is also between the limits x and 


— x the integial is it 

When a = 7 i*, then cos n {6 — a) = cos nx cos ;i0, (= as cos wtf 
= ( — l)»)(— )» cos n9 

Since 0 = — , and as the limits lelative to 0 aie % and 0, the 
a 

limits lelative to ^Tnust be a (when 0 = w) and when 0 = it must 
he ciphei 

Since cos »* ( +) =cos-— cos-- rp sn. — - sin — , when 

the fust equation (5) is taken fimn the second, wo obtain the expics- 
sion in the text 

(c') Whcn/tf = 0, this iumtion becomes 
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i — bill 4- COS — , 

ib a 


which taken between the limits n and 0. is 


Hsr — 1 


consequently, since when n is an even numbei of the form 2 1 , cos >itt = 
1, and when n is an odd numbei, of the form 2i— l,cosn*- = — 1, m 

the formei case cos — — — r: 0, in thelattci it is equal to — — > 

hence the given equation becomes as dQ=~, and fa = a, 

* a** os(2i-l) a _cosf2i-l)« 7 1 . 

2~ 42 — *_-i> *=*«> 2 ~( k-r)> =s O'- 2 *) 5 

now in the expression when a =| +■ u, 

as cos(2i— l)g= 0, sin(2i-l)| = (-1)', (*_„) « = (£-«>), 

we have evidently, by changing all the signs, S(-I)‘ sin -jf? 
=: ~T ?r )i ^ lom w = — i to oj = -t 7T, foi these limits w = 

i ®* 

— 1 con espond to a 2 = 0, a = it 
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